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Towards Bridging the Gap between

Statistical and Structural Pattern

Recognition: Two New Concepts in

Graph Matching

H. Bunke, S. G�unter, X.Jiang

Dept. of Computer Science, Univ. of Bern, Switzerland

Email: fbunke,sguenter,jiangg@iam.unibe.ch

Abstract

Two novel concepts in structural pattern recognition are discussed

in this paper. The �rst, median of a set of graphs, can be used to

characterize a set of graphs by just a single prototype. Such a char-

acterization is needed in various tasks, for example, in clustering. The

second novel concept is weighted mean of a pair of graphs. It can be

used to synthesize a graph that has a speci�ed degree of similarity, or

distance, to each of a pair of given graphs. Such an operation is needed

in many machine learning tasks. It is argued that with these new con-

cepts various well-established techniques from statistical pattern recog-

nition become applicable in the structural domain, particularly to graph

representations. Concrete examples include k-means clustering, vector

quantization, and Kohonen maps.

Keywords: Graph matching, error-tolerant matching, edit distance, median
graph, weighted mean

1 Introduction

The �eld of pattern recognition can be divided into the statistical and the
structural approach. Statistical pattern recognition, including methods based
on neural networks, is characterized by the use of feature vectors to represent
patterns. A feature vector can be regarded as a point in an n-dimensional
feature space, and classi�cation is accomplished by dividing this space into
disjoint regions, each of which represents a di�erent pattern class. For a
recent survey on statistical pattern recognition see [12]. In the structural
approach, symbolic data structures, such as strings, trees, and graphs, are
used for pattern representation and pattern recognition is achieved by either
matching the data structure which represents an unknown input pattern with
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a number of known prototypes, or by parsing it according to a given grammar
[6, 10]. If grammars and syntactical parsing are involved, we usually refer to
syntactic, rather than structural, pattern recognition.

A comparison of the statistical and the structural approach reveals that the
latter is more powerful in terms of its representational capabilities, because
any feature vector can be represented by a string, a tree, or a graph, but
not vice versa. From the application oriented point of view, symbolic data
structures are able to model structural relationships between the various parts
of a complex pattern, while feature vectors are limited to the representation
of the values of individual features, considered in isolation. On the other
hand, the set of mathematical tools available in the statistical approach is
much richer than in the structural domain. Basically, the vast majority of all
structural and syntactic recognition methods rely on either nearest-neighbor
classi�ers using edit distance or some other similarity measure, or on some
kind of parsing to determine class membership [1, 2, 8, 21]. By contrast, a large
number of procedures have become available in statistical pattern recognition,
including various types of neural networks, decision theoretic methods, and
clustering techniques [12].

In this paper we present some novel work in the area of graph matching
that aims at bridging the gap between statistical and structural pattern recog-
nition in the sense that it may yield a basis for adapting various techniques
from statistical pattern recognition to the structural domain. In particular,
we consider the problem of computing the median and the weighted mean of
a set of graphs. Computing the median of a set of numbers or vectors is a
well understood problem. But for the symbolic domain it was only recently
that this problem has been studied. In [19] median computation of a set of
strings and its application to combining the results of several OCR devices
has been studied. A similar idea based on the longest common subsequence
of a set of strings was reported in [22]. As the complexity of mean string
computation is exponential in the number of strings involved, its applicability
is limited. To make it useful for large sets and long strings, several approxi-
mative procedures have been proposed [7, 18, 19, 22]. An application of the
method proposed in [7] to the synthesis of shapes has been described in [16].

In this paper we consider an extension of median computation from the
domain of strings to the domain of graphs. We �rst review recent work in this
area [5, 14] and then introduce a second new concept, namely, the weighted
mean of a pair of graphs. Given a set of patterns, each represented in terms
of a graph, the median graph of the set is a concept to represent the whole set
by just a single graph. Such a representation is needed, for example, in the
well-known k-means clustering algorithm [12]. The weighted mean of a pair of
graphs allows to interpolate between two given graphs. Such an interpolation
is required, for example, in self-organizing maps [17].

This paper is organized as follow. First, we introduce our basic notation
in Section 2. Then we review recent work on median graph computation
in Section 3 [5, 14]. In Section 4, the weighted mean of a pair of graphs
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is proposed and related computational procedures are discussed. Examples
and experimental results are given in Section 5. Finally, a discussion and
conclusions will be presented in Section 6.

2 Basic concepts and notation

Graphs are a exible and powerful data structure for the representation of
objects and concepts. In a graph representation, the nodes typically represent
objects or parts of objects, while the edges describe relations between objects
or object parts. Formally, a graph is a 4-tuple, g = (V;E; �; �) where V is
the set of nodes, E � V � V is the set of edges, � : V ! LV is a function
assigning labels to the nodes, and � : E ! LE is a function assigning labels
to the edges. In this de�nition, LV and LE is the set of node and edge labels,
respectively.

If we delete some nodes from a graph g, together with their incident edges,
we obtain a subgraph g0 � g. A graph isomorphism from a graph g to a
graph g0 is a bijective mapping from the nodes of g to the nodes of g0 that
preserves all labels and the structure of the edges. Similarly, a subgraph

isomorphism from g0 to g is an isomorphism from g0 to a subgraph of g.
Another important concept in graph matching is maximum common subgraph.
A maximum common subgraph of two graphs, g and g0, is a graph g00 that
is a subgraph of both g and g0 and has, among all possible subgraphs of g
and g0, the maximum number of nodes. Notice that the maximum common
subgraph of two graphs is usually not unique.

Graph isomorphism is a useful concept to �nd out if two objects are the
same, up to invariance properties inherent to the underlying graph representa-
tion. Similarly, subgraph isomorphism can be used to �nd out if one object is
part of another object, or if one object is present in a group of objects. Maxi-
mum common subgraph can be used to measure the similarity of objects even
if there exists no graph or subgraph isomorphism between the corresponding
graphs. Clearly, the larger the maximum common subgraph of two graphs is,
the greater is their similarity.

Real world objects are usually a�ected by noise such that the graph repre-
sentation of identical objects may not exactly match. Therefore it is necessary
to integrate some degree of error tolerance into the graph matching process.
A powerful alternative to maximum common subgraph computation is error-
tolerant graph matching using graph edit distance. In its most general form, a
graph edit operation is either a deletion, insertion, or substitution (i.e. label
change). Edit operations can be applied to nodes as well as to edges.

Formally, let g1 = (V1; E1; �1; �1) and g2 = (V2; E2; �2; �2) be two graphs.
An error-correcting graph matching (ecgm) from g1 to g2 is a bijective function
f : V̂1 ! V̂2, where V̂1 � V1 and V̂2 � V2. We say that node x 2 V̂1
is substituted by node y 2 V̂2 if f(x) = y. If �1(x) = �2(f(x)) then the
substitution is called an identical substitution. Otherwise it is termed a non-

identical substitution. Any node from V1 � V̂1 is deleted from g1, and any
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node from V2 � V̂2 is inserted in g2 under f .
The mapping f directly implies an edit operation on each node in g1 and

g2. I.e., nodes are substituted, deleted, or inserted, as described above. Ad-
ditionally, the mapping f indirectly implies edit operations on the edges of
g1 and g2. If f(x1) = y1 and f(x2) = y2, then the following situations are
possible:

� (x1; x2) 2 E1 and (y1; y2) 62 E2: in this case (x1; x2) is deleted from g1;

� (x1; x2) 62 E1 and (y1; y2) 2 E2: here (y1; y2) is inserted in g2;

� (x1; x2) 2 E1 and (y1; y2) 2 E2: in this situation (x1; x2) in g1 is substi-
tuted by (y1; y2) in g2; if �1(x1; x2) = �2(y1; y2), the substitution is an
identical substitution;

� (x1; x2) 62 E1 and (y1; y2) 62 E2: no edit operation is implied.

If a node x is deleted from g1, then any edge incident to x is deleted,
too. Similarly, if a node x0 is inserted in g2, then any edge incident to x0

is inserted, too. Obviously, any ecgm f can be understood as a set of edit
operations (substitutions, deletions, and insertions of both nodes and edges)
that transform a given graph g1 into another graph g2.

By means of the edit operations implied by an ecgm di�erences between
two graphs that are due to noise and distortions are modelled. In order to
enhance the noise modelling capabilities, often a cost is assigned to each edit
operation. The cost are real numbers greater than or equal to zero. They
are application dependent. Typically, the more likely a certain distortion is
to occur the lower is its costs. Some theoretical considerations about the
inuence of the costs on ecgm can be found in [3]. The cost c(f) of an ecgm

f from a graph g1 to a graph g2 is the sum of the costs of the individual edit
operations implied by f . An ecgm f from graph g1 to a graph g2 is optimal

if there is no other ecgm from g1 to g2 with a lower cost. The edit distance,
d(g1; g2), of two graphs is equal to the cost of an optimal ecgm from g1 to g2,
i.e.

d(g1; g2) = minfc(f)jf : V̂1 ! V̂2 is an ecgmg (1)

This means that d(g1; g2) is equal to the minimum cost taken over all ecgms

from g1 to g2. In other words, the edit distance is equal to the minimum costs
that are required to transform one graph into the other.

Obviously graph edit distance is a generalization of the well-known concept
of string edit distance [24].

3 Median of a set of graphs

Clustering is a key concept in pattern recognition. While a large number of
clustering algorithms have become available in the domain of statistical pat-
tern recognition, relatively little attention has been paid to the clustering of
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symbolic structures, such as strings, trees, or graphs [9, 20, 23]. In principle,
however, given a suitable similarity (or dissimilarity) measure, for example,
edit distance, many of the clustering algorithms originally developed in the
context of statistical pattern recognition, can be applied in the symbolic do-
main.

In this section we review work on a particular problem in graph clustering,
namely, the representation of a set of similar graphs through just a single
prototype [5, 14]. This problem typically occurs after a set of graphs has
been partitioned into clusters. Rather than storing all members of a cluster,
only one, or a few, representative elements are being retained.

Assume that we are given a set G = fg1; � � � ; gng of graphs and some
distance function d(g1; g2) to measure the dissimilarity between graphs g1
and g2. A straightforward approach to capturing the essential information in
set G is to �nd a graph �g that minimizes the average distance to all graphs
in G, i.e.,

�g = arg min
g

1

n

nX

i=1

d(g; gi) (2)

Let's call graph �g the median of G. If we constrain g to be a member of
the given set G, then the resultant graph

ĝ = arg min
g2G

1

n

nX

i=1

d(g; gi) (3)

is called the set median of G.
Given set G, the computation of the set median is a straightforward task.

It requires just O(n2) distance computations. (Notice, however, that each of
these distance computations has a high computational complexity, in general.)
But the set median is restricted in the sense that it can't really generalize from
the given patterns represented by set G. Therefore, median is the more pow-
erful and interesting concept. However, the actual computational procedure
for �nding a median of a given set of graphs is no longer obvious.

It was theoretically shown that for particular costs of the edit operations
and the case where G consists of only two elements, any maximum common
subgraph of the two graphs under consideration is a median [4]. Further the-
oretical properties of the median have been derived in [15]. These properties
are useful to restrict the search space for median graph computation, which
was shown to be exponential in the number of graphs in set G and their size.

A practical procedure for median graph computation using a genetic search
algorithm was proposed in [14]. An interesting feature of this algorithm is the
chromosome representation. This representation encodes both, a generalized
median graph candidate, and the optimal mapping of the nodes of this candi-
date to the nodes of the given graphs. Hence, the computationally expensive
step of computing the optimal mapping for each candidate arising during the
genetic search is avoided. Nevertheless, because of the high computational
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g 1 g g g2 3 4

b ba a a b b a

Figure 1: Both g3 and g4 are a mean of g1 and g2 (see text)

complexity inherent to the problem, the applicability of this procedure is still
limited to rather small sets of graphs consisting of a few nodes each.

4 Weighted mean of a pair of graphs

Let g1 and g2 be graphs. The mean of g1 and g2 is a graph g such that

d(g1; g) = d(g; g2) (4)

and
d(g1; g2) = d(g1; g) + d(g; g2) (5)

Hence, g has the same distance to g1 and g2 and is, intuitively speaking,
centred between g1 and g2. We call g a weighted mean of g1 and g2 if for some
number � with 0 < � < d(g1; g2) the following equations hold:

d(g1; g) = � (6)

and
d(g1; g2) = �+ d(g; g2) (7)

Clearly, eqs. (4) and (5) are special cases of (6) and (7) if d(g; g2) = � or,
equivalently, � = 0:5 � d(g1; g2).

Similarly to the median, the weighted mean of a pair of graphs isn't nec-
essarily unique. Consider, for example, the graphs g1 to g4 in Fig. 1. Let the
cost of each edit operation be equal to 1 (identical substitutions have cost 0).
Then d(g1; g2) = 2, d(g1; g3) = d(g1; g4) = d(g2; g3) = d(g2; g4) = 1. Hence,
both g3 and g4 are a mean of g1 and g2, or equivalently, both g3 and g4 are a
weighted mean of g1 and g2 for � = 1.

If d(g1; g2) ful�lls the triangular inequality1, then any weighted mean of
g1 and g2 is also a median. However, depending on the particular graphs and
the cost of the edit operations, the weighted mean may not exist for arbitrary
�. Therefore, not any median2 of a pair of graphs is necessarily a mean.
For the following considerations we assume that the costs associated with our
edit operations ful�ll the triangular inequality, i.e., if e1, e2 and e3 are edit
operations and the application of e2 followed by e3 has the same result as the
application of e1, then always

c(e1) � c(e2) + c(e3) (8)
1This property holds if the costs of the individual edit operations ful�ll the triangular

equality, see eq. (8) below.
2Notice that a median of a pair of graphs always exists.
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Notice that d(g1; g2) is a metric, if additionally the costs are symmetric and
strictly positive (i.e., c(e1) = c(e2) if e1 and e2 are inverse to each other, and
c(e) > 0 for any edit operation e di�erent from a non-identical substitution).

We now turn to the question how to compute the weighted mean of a pair
of given graphs, g1 and g2, and some �, 0 < � < d(g1; g2). Assume that
f : V̂1 ! V̂2 is an optimal ecgm from g1 to g2. Furthermore, assume that
there is a node x 2 V̂1 which is non-identically substituted by f(x) 2 V̂2, i.e.
�1(x) 6= �2(f(x)). Let the cost of this substitution be . Apparently, if we
replace the label of x by �2(f(x)) we obtain a new graph, g, that is identical
to g1, up to the label of x. Clearly d(g1; g) =  as one edit operation is needed
to transform g1 into g, and there can't be any other cheaper sequence of edit
operations because of the triangular inequality (8) for edit costs. Now consider
d(g; g2). Obviously, d(g; g2) can't be greater that d(g1; g2) �  because the
ecgm f from g1 to g2 can be used to map g to g2. In other words, f may not
only be regarded being an ecgm from g1 to g2, but also one from g to g2. In
the second case, its cost is d(g1; g2)�. Can there exist another ecgm f 0 from
g to g2 with a cost lower than d(g1; g2) � ? The answer to this question is
no, because the existence of such an ecgm would contradict the optimality of
f .

The considerations of the last paragraph hold not only for node substi-
tutions, but also for any other edit operation. Furthermore, they can be
extended form the case of a single edit operation to any sequence of edit op-
erations induced by an optimal ecgm (for details see [11].) This leads to the
following scheme for computing the weighted mean of a pair of graphs. Given
g1 and g2 we �rst compute an optimal ecgm f : V̂1 ! V̂2. Then a subset
fe1; :::; eng of the edit operations implied by f is taken and applied in any
order to g, resulting in a new graph, g. If � =

P
n

i=1
c(ei) then d(g1; g) = �

and d(g; g2) = d(g1; g2)��, i.e., g is a weighted mean of g1 and g2. Depending
on the cost of the edit operations, and on g1 and g2, there doesn't necessarily
exist a weighted mean of any given value of �. However, given a �xed value
of �, we �rst check for the existence of a subset fe1; :::; eng of edit operations
such that � =

P
n

i=1
c(ei). If such a subset doesn't exist, then we search for

another subset the cost of which are as close to � as possible. A pseudo-code
description of this procedure is shown in Fig. 2.

One step that is left unspeci�ed in Fig. 2 is how to �nd the subsets of edit
operations, E and E0. Actually, enumerating all possible subsets of the edit
operations implied by the ecgm f may be too expensive, as there exist 2n such
subsets for a total of n edit operations implied by f . In our implementation we
have actually used a suboptimal procedure that is much more eÆcient. Under
this procedure we �rst order all edit operations implied by the optimal ecgm f

according to their cost in descending order. Then we go sequentially through
the resulting list, beginning with the most costly edit operation, and check
the applicability of each edit operation. An edit operation e is applicable if
C + e � �, where C is the accumulated cost of all edit operations already
applied on g1. If the edit operation currently considered is applicable, we do

7Towards Bridging the Gap between Statistical and Structural Pattern Recognition



weighted mean(g1,g2,�)
input: two graphs, g1 and g2 and a constant � with 0 < � < d(g1; g2)
output: a graph g such that d(g1; g) = � and d(g; g2) = d(g1; g2)� �

begin
compute an optimal ecgm f : V̂1 ! V̂2;
if there exists a subset E = fe1; :::; eng of edit operations implied by f

such that � =
P

n

i=1
c(ei)

then apply the edit operations of E in any order to g1 to get graph g

else choose a subset E0 = fe0

1
; :::; e0

m
g of edit operations such that � =P

m

i=1
c(ei) approximates � as closely as possible and apply them in

any order to g1 to get graph g.
output g

end weighted mean

Figure 2: Algorithm for computing the weighted mean

apply it to the current graph. Otherwise we skip it and continue with the
next edit operation on the list. By means of this procedure, a sequence of
edit operations is applied to g with a cost that is an approximation of �. It
has been shown in practical experiments that very often the precise value of
� is actually obtained [11].

The case of continuous labels and continuous substitution costs deserves
special mentioning. This case occurs if the labels are real numbers, such as
angles between line segments, or vectors in the 2-D plane, and the substitution
cost is a linear function of the di�erence, i.e. the Euclidean distance, of
the labels. Here we can apply partial substitutions in order to increase the
similarity of g1 and g2 by any given degree. For example, if label x 2 R is
to be changed into label y 2 R and the corresponding cost is jx � yj, but
jx� yj > �, we can choose label y0 instead of y such that jx� y0j = �. Hence,
for this type of labels and cost functions, it is easier to �nd an exact weighted
mean for a given value of �.

5 Applications and experiments

Concrete application examples of median graph computation involving graph-
ical elements and hand-printed isolated characters have been given in [13, 14].
In the reminder of this section we describe a few experiments concerned with
weighted mean graph computation. Two distorted versions of letter \F" are
shown in Fig. 3a. In Fig. 3b various weighted means of these two line drawings
resulting from di�erent values of � are given. Apparently all of these weighted
means capture our intuitive notion of shape similarity very well. With an in-
crease of �, the original, left-most �gure becomes gradually more similar to
the right-most character.

The graph representation underlying Fig. 3 is quite simple. Each line
segment is represented through a node with the coordinates of both endpoints
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a) b)

Figure 3: An example of weighted mean; a) source and target object, cor-
responding to g1 and g2, respectively; b) source and target object and three
weighted means for � = 0:25, � = 0:5,� = 0:75, resp.

a) b)

Figure 4: The same example as shown in Fig. 3 using a di�erent graph rep-
resentation; a) source and target object, corresponding to g1 and g2, respec-
tively; b) source and target object and three weighted means for � = 0:25,
� = 0:5,� = 0:75, resp.

in the image plane as attributes. No edges are included in this kind of graph
representation. The representation preserves all information of the underlying
line drawing and is mathematically unique in the sense that two di�erent
line drawings will always have two di�erent graphs associated with them and
vice versa. Notice, however, that this representation explicitly includes only
geometric, but no topological information, i.e., the connectivity of the lines is
only implicitly represented in the node attributes.

The edit costs are de�ned as follows. The costs for deletion and insertion of
a line segment is proportional to its length, while substitution costs are given
by the summed distances of the end points of the considered line segments.

The experiment shown in Fig. 3 has been repeated for the same line draw-
ing, but with a di�erent graph representation. In the second graph repre-
sentation the nodes represent locations where either a line segment ends, or
where di�erent line segments touch or overlap each other. The attributes of
a node represent its location in the image. There is an edge between two
nodes, if the corresponding locations are connected by a line in the image. No
attributes are assigned to edges in this representation. Results for this type
of graphs are shown in Fig. 4. Again our intuitive notion of shape similarity
is well reected in these �gures. However, the connectivity of lines, which is
not captured in the graph representation used in Fig. 3, is preserved in Fig. 4.

For the second type of graph representation the edit costs are de�ned
as follows. The deletion and insertion cost of a node is constant, while the
cost of a node substitution is proportional to the Euclidean distance of the
corresponding points in the image plane. The deletion and insertion of an
edge has also a constant cost. As there are no edge labels, edge substitutions
can't occur with this type of graph representation.

9Towards Bridging the Gap between Statistical and Structural Pattern Recognition



For further experimental results with both graph representations see [11].

6 Conclusions

A rich set of tools have become available in the domain of statistical pattern
recognition during the past years. On the other hand, structural approaches
to pattern recognition are characterized by their high representational power.
It appears that most methods from statistical pattern recognition aren't di-
rectly applicable to structural representations. Nevertheless their adaption to
symbolic structures is highly desirable, resulting in a combination of sophis-
ticated recognition techniques with enhanced representational power.

In this paper two novel concepts were introduced in the domain of struc-
tural pattern recognition. The �rst, median of a set of graphs, is useful to
characterize a set of graphs by just one single prototype. Such a characteriza-
tion is needed in various tasks. In clustering it is often necessary to represent
a whole set of objects by just a single representative. An example is k-means
clustering, where in each iteration step a new center for each cluster has to
be computed. Median graphs as introduced in this paper can serve exactly
this purpose. Hence, median graph together with graph edit distance allow
to apply k-means clustering and related procedures in the domain of graphs.
Furthermore, given the median and all original graphs of a set, the average
distance of the set members to the median can be computed. This is similar
to standard deviation in statistical pattern recognition. Hence the median
of a set of graphs as de�ned in this paper is potentially useful to make con-
cepts such as normal distribution or Mahalanobis distance [12] applicable to
structural pattern recognition.

The second novel concept introduced in this paper is weighted mean of a
pair of graphs. It is useful to interpolate between two given patterns in the
sense that a new graph is constructed that has a given degree of similarity
to each of the two given patterns. In other words, it allows to make one of
the patterns more similar to the other. Weighted mean together with graph
edit distance make it possible to apply methods such as Learning Vector
Quantization and Kohonen Maps [17] in the domain of graphs. The crucial
operation of these methods is to move one pattern closer to another by a given
degree.

As strings and trees are special cases of graphs, median and weighted mean
as introduced in this paper are applicable to these data structures as well.
There are many more techniques in statistical pattern recognition that have
been applied to vector representations only. Their adaption to the structural
domain remains a challenge for future research.
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Abstract. Intelligent systems are required in knowledge engineering,
computer science, mechatronics and robotics. This paper discusses the
machine (system) intelligence from the viewpoints of learning and adap-
tation of living things. Next, this paper introduces computational intel-
ligence including neural network, fuzzy system, and genetic algorithm.
Finally, this paper shows some examples of intelligent robotic system:
brachiation robot and four-fingered robot hand.

1 Introduction

Intelligence for robot to grow and evolve can be observed both through growth
in computational power, and through the accumulation of knowledge of how
to sense, decide and act in a complex and dynamically changing world. There
are four elements of intelligence: sensory processing, world modeling, behavior
generation and value judgement. Input to, and output from, intelligent system
are via sensors and actuators. Recently, intelligent systems have been discussed
in knowledge engineering, computer science, mechatronics and robotics. Various
methodologies about intelligence have been successfully developed.

Artificial intelligence (AI) builds an intelligent agent, which perceives its en-
vironment by sensors, makes a decision and takes an action [1]. McCulloch and
Pitts suggested that suitably defined networks could learn [2], and furthermore,
Newell and Simon developed general problem solver [1]. Afterward, knowledge-
based system including expert systems has been developed [1]. In addition, lan-
guage processing, reasoning, planning, and others have been discussed in AI so
far [1]. Human language enables the symbolic processing of information, and
is translate into numerical information according to an objective, that is, word
is classified into a certain attribute out of much information. In this way, the
symbolic information processing have resulted in success in AI. Further, The re-
cent research fields concerning intelligence, include brain science, soft computing,
artificial life and computational intelligence [1]-[7].

Computational intelligence from the viewpoints of biology, evolution and self-
organization tries to construct intelligence by internal description, while classical
AI tries to construct intelligence by external (explicit) description. Therefore,
information and knowledge of a system in computational intelligence should be
learned or acquired by itself.

S. Singh, N. Murshed, and W. Kropatsch (Eds.): ICAPR 2001, LNCS 2013, pp. 12–23, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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Robot is required to have intelligence and autonomous ability when it works
far from an operator with large time delay, or when it works in a world contain-
ing ambiguous information. The robot collects or receives necessary informa-
tion concerning its external environment, and takes actions to the environment.
Both of them are often designed by human operators, but ideally, the robot
should automatically perform the given task without human assistance. Com-
putational intelligence methods including neural network (NN), fuzzy logic (FL)
and evolutionary computation (EC), reinforcement learning, expert system and
others, have been applied to realize intelligence on the robotic systems [2]-[14].
In addition, behavior-based AI has been discussed as learning methods depen-
dent on environmental information [1],[15]. The behavior-based AI stresses the
importance of the interaction between robot and environment, while classical
AI is based on the representation and manipulation of explicit knowledge. Re-
cently, behavior analysis and training as methodology for behavior engineering
and model-based learning, have been proposed [15]-[18]. In this paper, we intro-
duce a basic technique to build an intelligent system. After that, we introduce
adaptation algorithm for brachiation robot and evolutionary computation for a
four-fingered robot hand.

2 Intelligent System

Human being makes decision and takes actions based on the sensing informa-
tion and internal state, when we consider human beings as an intelligent system.
Furthermore, human beings can learn by acquiring or perceiving information
concerning reward and penalty from the external environment. Thus, human
beings perform the perception, decision making and action (Fig.1). In future,
a robot will work out of a factory, in which an environment was simplified so
that a robot could recognize it. The robot is required to have intelligence and
autonomous capability when it works far from an operator with large time delay
such as tele-operation, when sensing informations are contained ambiguous infor-
mation. Key technologies for system intelligence and autonomous are knowledge
representation, recognition, inference, search, planning, learning, prediction and
so on [1].

The system intelligence emerges from the synthesis of various intelligent capa-
bilities of the systems. Consequently, the whole intelligence of a system depends
on the structure for processing information on hardware and software, and this
means that the structure determines the potentiality of intelligence [20]. There-
fore, we should consider a whole structure of intelligence for information process
flow over the hardware and software.

3 Computational Intelligence

3.1 Neuro-Computing and Fuzzy Computing

Artificial neural network and fuzzy logic inference are based on the mechanism
and information process of human brain. The human brain processes informa-
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Fig. 1. Interaction between intelligent system and its environment

tion super-quickly. McCulloch and Pitts proposed that a suitably defined net-
work could learn in 1943 [2]. After that, the rediscovery of back-propagation
algorithm by Rumelhart, popularized artificial NN [2]. The artificial NN simu-
lating the biological brain can be trained to recognize patterns and to identify
incomplete patterns. The basic attributes of NN are the architecture and the
functional properties; neurodynamics. The neurodynamics plays the role of non-
linear mapping from input to output. NN is composed of many interconnected
neurons with input, output, synaptic strength and activation. The learning al-
gorithms for adjusting weights of synaptic strength are classified into two types:
supervised learning with target responses and unsupervised learning without
explicit target responses. In general, a multi-layer NN is trained by a back prop-
agation algorithm based on the error function between the output response and
the target response. However, the back propagation algorithm, which is known
as a gradient method, often misleads to local minimum. In addition, the learning
capability of the NN depends on the structure of the NN and initial weights of the
synaptic strength. Therefore, the optimization of the structure and the synaptic
strength is very important for obtaining the desired target response. The other
artificial NNs are Hopfield network, Boltzmann Machine, Adaptive Resonance
Theory and Self-Organizing Map [2],[9]. The Hopfield network is regarded as an
autoassociative fully connected network which has symmetrically weighted links
[2]. The Boltzmann machine is based on the simulated annealing according to
Metropolis dynamics [2]. The adaptive resonance theory model, which was devel-
oped by Grossberg and Carpenter, is composed of input/comparison layer and
output/recognition layer [9],[21]. The self-organizing map, which was proposed
by Kohonen, is a clustering algorithm creating a map of relationships among
input and output patterns [9],[22].

While NN simulates physiological features of human brain, fuzzy logic in-
ference simulates psychological features of human brain. Fuzzy logic provides us
the linguistic representation such as ’slow’ and ’fast’ from numerical value. Fuzzy
logic [5],[6],[9] expresses a degree of truth, which is represented as a grade of a
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membership function. It is a powerful tool for non-statistic and ill-defined struc-
ture. Fuzzy inference system is based on the concept of fuzzy set theory, fuzzy
if-then rule, and fuzzy inference. The fuzzy inference derives conclusions from
a set of fuzzy if-then rules. Fuzzy inference system implements mapping from
its input space to output space by some fuzzy if-then rules. The widely used
fuzzy inference systems are Mamdani fuzzy models and Takagi-Sugeno fuzzy
models, which are used as a fuzzy controller. The feature of the fuzzy controller
is the locality of control and the interpolation among local control laws. In the
fuzzy controller, the state space of the system is divided into some regions as
membership functions which are antecedent part, and the output (consequence)
for the system control is designed as singletons, linear functions or membership
functions. Next, the fuzzy rules are interpolated as a global controller. From
the viewpoint of calculation in the inference, inference types are classified into
min-max-gravity method, product-sum-gravity method, functional fuzzy infer-
ence method and simplified fuzzy inference method. In order to tune fuzzy rule,
delta rule has been often applied to the functional fuzzy inference method and
to the simplified fuzzy inference method like fuzzy-neural networks.

3.2 Evolutionary Computing

Evolutionary computation (EC) is a field of simulating evolution on a com-
puter /citeFogel. From the historical point of view, the evolutionary optimization
methods can be divided into three main categories, genetic algorithm (GA), evo-
lutionary programming (EP) and evolution strategy (ES) [3],[4],[10]-[14]. These
methods are fundamentally iterative generation and alternation processes op-
erating on a set of candidate solutions, which is called a population. All the
population evolves toward better candidate solutions by selection operation and
genetic operators such as crossover and mutation. The selection operation picks
up better solutions for the next generation, which limits the search space spanned
by the candidate solutions. The crossover and mutation generate new candidates.
EC methods can be divided into several categories from various points of view.
This paper divides EC methods into genetic algorithm (GA) and evolutionary
algorithm (EA) from the representation level.

GAs use simple symbolic operations from the viewpoint of genotype, and
GAs are often applied to combinatorial optimization problems such as knap-
sack problems, traveling salesman problems and scheduling problems [10]-[14].
It is experimentally known that the GAs can obtain near or approximately opti-
mal solutions with less computational cost. Other GAs are genetic programming
and classifier system. The genetic programming, which was proposed by Koza
[12],[13] can deal with the tree structure and have been applied for generating
computer programs. The classifier system, which is known as a GA-based ma-
chine learning method, can learn syntactically simple string rules to guide its
performance in an arbitrary environment.

On the other hand, EAs use numerical operations from the viewpoint of phe-
notype, but EAs also use symbolic operation such as mutation and crossover.
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EAs including EP and ES, have been often applied for solving numerical opti-
mization problems such as function optimization problems, weight optimization
of NN [11]. The important feature of EAs is the self-adaptation, especially self-
adaptive mutation is very useful operation. The search range can be adjustable
according to its performance [11]. In the EAs, tournament selection and deter-
ministic selection are often applied as the selection scheme.

In addition, the ECs provide the evolution mechanism for population dy-
namics, robot society and A-life [7]. From the viewpoint of simulated evolution,
GAs can maintain the genetic diversity in a population to adapt to dynamic en-
vironment. Therefore, ECs are often called adaptive systems. However, the ECs
eliminate worse individuals from the population only according to the evalua-
tion from the current environment. As a result, it is difficult that the population
adapts to a big change of the environment. Therefore the ECs often require meth-
ods to maintain genetic diversity in a population for the dynamically changing
environment.

3.3 Synthesized Approach

To realize higher intelligent system, a synthesized algorithm of various techniques
is required. Figure 2 shows the synthesis of NN, FL and EC. Each technique plays
the peculiar role for intelligent function. There are not complete techniques for
realizing all features of intelligence. Therefore, we should integrate and combine
some techniques to compensate the disadvantages of each technique. The main
characteristics of NN are to classify or recognize patterns, and to adapt itself to
dynamic environments by learning, but the mapping structure of NN is a black
box and incomprehensible. On the other hand, FL has been applied for represent-
ing human linguistic rules and classifying numerical information into symbolic
class. It also has reasonable structure for inference, which is composed of if-
then rules like human knowledge. However FL does not fundamentally have the
learning capability. Fuzzy-neural networks have developed for overcoming their
disadvantages [6]. In general, the neural network part is used for its learning,
while the fuzzy logic part is used for representing knowledge. Learning capability
is fundamentally performed as necessary change such as incremental learning,
back propagation method and delta rule based on error functions. EC can also
tune NN and FI. However, evolution can be defined as resultant or accidental
change, not necessary change, since the EC can not predict and estimate the
effect of the change. To summarize, an intelligent system can quickly adapt to
dynamic environment by NN and FI with the back propagation method or delta
rule, and furthermore, the structure of intelligent system can globally evolve
by EC according to the objective problems. The capabilities concerning learn-
ing adaptation and evolution can construct more intelligent system. Intelligence
arises from the information processing on the linkage of perception, decision
making and action.
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4 Intelligent Robotic System

4.1 Brachiation Robot

The brachiation robot is a mobile robot, which dynamically moves from branch
to branch like a gibbon, namely long-armed ape, swinging its body like a pen-
dulum [23],[24](Fig.3). A lot of research about a brachiation type locomotion
robot had been carried out. Saito et al [25]-[23] proposed the heuristic learning
method for generating feasible trajectory for two-link brachiation robot. Fukuda
et al [28] propose the self-scaling reinforcement learning algorithm to generate
feasible trajectory with robust property against some disturbances. The rein-
forcement learning method builds a fuzzy logic controller with four inputs and
one output. In these studies, the controller is acquired in a try-and-error learning
process and a dynamics model of the two-link brachiation robot is not used for
controller design. On the other hand, Nakanishi et al [31] took another approach,
using target dynamics, for controlling an underactuated system. The two-link
brachiation robot is an underactuated system with two degrees of freedom and
one actuator. As a two-dimensional extended model, seven-link brachiation robot
is studied by Hasegawa et al [30]. The seven-link brachiation robot has redun-
dancy to locomote so that it is able to take a dexterous motion like a real ape
in plane, however a dynamical locomotion robot with multi-degree of freedoms
is difficult to be controlled. A hierarchical behavior architecture is adopted to
design the controller with multi-input and multi-output efficiently. The behav-
ior controllers and their coordinators in the hierarchical structure are generated
using reinforcement learning method. The concept of the hierarchical behavior
controller is based on the behavior-based control, which has an advantage of
designing the controller for a higher-level behavior of the complex system from
simpler behaviors in reasonable process.
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We developed 13-link brachiation robot shown in fig.4, that has almost same
dimensions and weight as a real long-armed ape. The hierarchical behavior
controller shown in fig.5 generates dynamical motion controlling 14 actuators.
Hasegawa et al [31] proposed an adaptation algorithm for brachiation behav-
ior in order to locomote on different branch intervals successfully(Fig.6) and
achieve continuous locomotion(Fig.7). This adaptation algorithm adjusts four
coefficients from behavior coordinator ”locomotion” to four behavior controllers
using Newton Raphson method when the branch intervals are extended from
90cm to 101cm. In order to achieve the continuous locomotion, the end posture
of first swing should be useful for the second swing. We therefore applied the
adaptation algorithm to tune the secondary swing motion controller with two
parameters.

Fig. 3. Brachiation motion of a long-armed ape

Fig. 4. B13-link brachiation robot
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Fig. 6. Free hand’s trajectories before and after adaptation

4.2 Regrasping Motion of Four-Fingered Robot Hand

Multi-fingered robot hand has an advantage to change the object posture during
grasping as well as to grasp various shapes of objects. However, planing of this
regrasping motion is hard task, because of a lot of parameters to be determined:
grasping points, regrasping points, the object posture at regrasping moment,
grasping force and grasping finger to be used.
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Fig. 7. Continuous locomotion

We proposed the algorithm to generate a regrasping motion using evolution-
ary programming(EP) [32]. EP is more effective to find a numerical solution
like a grasping point than genetic algorithm. What we have to determine is the
initial posture, the final posture of the grasping object and regrasping times.
Evolutionary computation requires much iteration until it finds the solution,
therefore, the regrasping motion is generated in numerical simulation. The ob-
tained regrasping strategy is applied to the real robot system. Figure 8 shows
the block diagram, in which planner means the desired grasping forces and the
desired grasping points. The regrasping motion is shown in fig.9.
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Fig. 8. Block Diagram
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Fig. 9. Regrasping motions (Numerical simulation results and experimental results)

5 Summary

This paper presented recent research fields concerning computational intelli-
gence. The computational intelligence is including neural network, fuzzy logic
and evolutionary computation. The synthesis of neural network, fuzzy logic and
evolutionary computation is important for advanced information processing and
structure optimization. Furthermore, this paper showed the brachiation robot
as an example of adaptation algorithm for hierarchical behavior-based control
architecture, and the four-fingered robot hand as an application example of evo-
lutionary computation. Intelligence of both robots is limited into motion gener-
ation capability. They do not deal with perception and of decision making. As
future work, we should study about intelligent perception and decision algorithm
from ambiguous information and stored knowledge.
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Image-based self-localization by means of zero

phase representation in panoramic images?
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Abstract. The paradigm { image-based localization using panoramic
images { is elaborated. Panoramic images provide complete views of an
environment and their information content does not change if a panoramic
camera is rotated. The \zero phase representation" of cylindrical panoramic
images, an example of a rotation invariant representation, is constructed
for the class of images which have non-zero �rst harmonic in column
direction. It is an invariant and fully discriminative representation. The
zero phase representation is demonstrated by an experiment with real
data and it is shown that the alternative autocorrelation representation
is outperformed.

Keywords omni-directional vision, self-localization from images, computer vi-
sion, robot navigation.

1 Introduction

The location of an observer is given by its position and orientation. The image
based localization of an observer is a process in which the observer determines
its location in an image map of the environment as the location in the image
from the map which is the most similar to a momentary view. It is possible to
do image based localization because images of an environment typically vary as
a function of location.

Recently, it has been found that some species like bees or ants use vision ex-
tensively for localization and navigation [13, 14]. In contrary to techniques based
on correspondence tracking, they use whole images to remember the way to food
or nests [5, 3]. Attempts appeared to verify models explaining the behavior of an-
imals by implementing mechanisms of ego-motion, localization, and navigation
on mobile robots [12, 17, 16, 1].

Some animals like birds have developed eyes with a large �eld of view which
allow them to see most of a surrounding environment and to use many cues
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Fig. 1. A cylindrical panoramic image is obtained by projecting a panoramic image

from the plane onto a cylinder and then by mapping the cylinder back to the plane by

an isometry.

around them for localization and surveillance [6, 8]. Panoramic cameras, com-
bining a curved convex mirror with an ordinary perspective camera [17, 2, 15],
provide large �eld of view. The advantage of real time acquisition of images
of whole environment suggests to use the panoramic camera for image based
localization.

In this paper, we study image based localization using panoramic images . We
concentrate on �nding a proper representation of panoramic images in order
to make the localization eÆcient. In contrary to approaches taken in [17, 16, 1],
where rather straightforward methods were used to demonstrate image based
localization, we develop the representation of panoramic images allowing an
eÆcient storage of an image based map as well as fast localization while attaining
the full discrimination between the positions.

2 Image based localization from cylindrical panoramic

images

Cylindrical panoramic images are obtained by �rst projecting the panoramic
image [15] from the plane onto a cylinder, Figure 1, and then mapped back into
a plane by an isometry (cylinders are developable surfaces).

Cylindrical panoramic images can be modeled by a part of a cylinder I(u; v)
as shown in Figure 1. Function I(u; v):R2

! R is de�ned on an interval [0; U ]�R.
It is periodic with a period V , I(u; v) = I(u; v + V ), where U and V are called
vertical and horizontal image size respectively.

The rotation of the panoramic camera around its vertical axis by an angle
' induces the rotation of the cylinder I(u; v) to a cylinder J(u; v) around the
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axis z so that J(u; v) = I(u; v�'). The set of all such transformations of I(u; v)
forms the Abelian group of 1D rotations SO(1). We will call the above action
\shift" to be compatible with the notation used in Fourier analysis.

How do the cylindrical panoramic images change when the observer moves?

Firstly, a cylindrical panoramic image shifts if the observer rotates (changes
its orientation) at the same position. The images obtained at the same position
with di�erent orientations are same in the sense that there exists a shift (in-
dependent of the scene geometry) which maps images exactly onto each other.
Secondly, the image changes when observer's motion involves a translation (ob-
server changes its position). In this case, there is no image transform which
transforms two images at di�erent positions onto each other because images
depend on depth variations and occlusions in the scene.

It is the advantage of using a panoramic camera to have a complete view so
that image information content does not change when changing the orientation.
Ordinary cameras lack this property. Image based maps are better to construct
from panoramic images as it is suÆcient to store only one panoramic image at
each position to describe the environment seen from that position under any
orientation.

Images taken at close locations are likely to be very similar. In fact, it has
been found that they are quite linearly dependent [7]. In order to obtain an
eÆcient representation of the image based map of an environment, close images
have to be as similar as possible. If so, they can be compressed by using prin-
cipal component analysis [9] or a similar technique. The linear dependence of
panoramic images, however, is disturbed by the rotation of the observer. An eÆ-
cient map cannot therefore be directly constructed from images acquired under
di�erent non-related orientations of the observer. Each cylindrical panoramic
image has to be shifted before creating the map so that close images are similar.

Finding the most similar image in the map to the momentary image naturally
calls for a correlation based technique that compares a momentary image with
each image in the map and selects the one with the highest correlation. Each
comparison is done again by a correlation along the column direction in order
to �nd the best matching orientation of the momentary view.

The search for the orientation can be avoided by �nding a shift invariant

representation of each class of images taken at the same position. It means that
there is a procedure which gives the same representation for all images taken
at one position irrespectively of their orientations. The procedure of �nding an
invariant representation has to be able to transform each image into the invariant
representation just by using the information contained in the image alone. It is
required in order to get an invariant representation of individual momentary
views. If images in the map, as well as momentary views, are transformed into
an invariant representation, a simple squared image di�erence evaluates their
similarity.

In Section 3, the shift invariant representation of panoramic images is intro-
duced and limitations of its construction are discussed. In Section 4, the zero

phase representation (ZPR) is constructed for the class of images with non-zero
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�rst harmonic in the column direction. Section 5 demonstrates the ZPR by an
experiment. The paper concludes with comparison of the ZPR to an alternative
representation given in [1].

3 Shift invariant representations of panoramic images

The set of all cylindrical panoramic images I(u; v), as de�ned in Section 2,
can be partitioned into equivalence classes In' so that each class contains all
images which can be obtained by shifts from one image. The equivalence classes
correspond to the orbits of SO(1) in the image space.

If we single out one image I� for each class, we may use it to represent
the whole class In'. The ability to �nd a �xed representative image I�(u; v)
is equivalent to the ability of �nding the shift ' for each image I(u; v) so that
I�(u; v) = I(u; v � ').

There is no \natural" representative image of a shift equivalence class of
cylindrical panoramic images in the sense that it would be an intrinsic property
of all images in the class. If it was so, it would mean that we could �nd ' from
any image alone to transform it into the intrinsic representative image. In other
words, there had to be some preferred direction which one could detect in the
image. However, there cannot be any direction anyhow �xed if the images can
take any values.

On the other hand, a natural representative image is something what we
would really need as it is important to be able to obtain a representative image
from each image alone. Therefore, it is necessary to choose a \reference direction"
so that it is \seen" in each image. It can be done in each shift equivalence class
independently but we prefer doing it so that the images taken at close positions
have similar representative images of their shift equivalence classes. Only then
we can gain from approximating many close images by a few of their principal
components.

We do not want to prefer any direction by introducing something which could
be seen in the scene like a reference object because it needs to modify the scene.

In some cases, we may �nd (or force) images I(u; v) to come from a class
which allows us to de�ne a reference direction without augmenting the scene,
e.g. the images have non-zero �rst harmonic in v direction when expanded into
the Fourier series. The way, the reference direction is chosen, depends mainly
on the class of the images we can get. For practical reasons, we might want
to broaden the equivalence class of images from the shift equivalence class to
the class which allows also for all linear brightness transformations, some noise,
certain occlusions, etc. It may, in some cases, be possible but need not in others.

4 Zero phase representation

Let us assume that all images I(m;n) have non-zero �rst harmonic. Image
I(m;n) is acquired by a digital camera and therefore m and n are integers,
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not real numbers. However, there is some function I(u; v) behind, for which u

and v are real. We just sample it at discrete points. If the camera rotates by a
real angle �, we obtain J(m;n) = sampled[I(u; v � ')], where ' = N

2�
�, and M

and N are the row and the column sizes of the image respectively.
As the �rst harmonic of I(m;n) is assumed to be nonzero, its phase is af-

fected by shifting I(u; v). We can eliminate any unknown shift by shifting the
interpolation of I(m;n) and re-sampling it so that the �rst harmonic of the
the resulting representative image of each shift equivalence class I�(m;n) equals
zero. Let us show how to compute I� in 1D.

De�nition 1 (Shift). Let function f(n):Z ! R be periodic on the interval

[0; : : : ; N ], i.e.
f(n) = f(n+N) : (1)

Mapping �':R
Z ! RZ

�'[f(n)] = F�1fFff(n)g e�j
2�

N
'kg ; (2)

where F (k) = Fff(n)g denotes the Discrete Fourier Transform of f(n), and is

called the shift of f(n) by phase '.

De�nition 2 (Shift equivalence class). Let function f(n):Z ! R be periodic

on interval [0; : : : ; N ]. Then, the set

S[f(n)] = fg(n) j g(n) = �'[f(n)]; 8 ' 2 Rg (3)

is called the shift equivalence class generated by f(n).

De�nition 3 (Representative function of a shift equivalence class). Let
function f(n):Z ! R be periodic on interval [0; : : : ; N ]. Function r(n) is a

representative function of S[f(n)] i� it generates S[f(n)], i.e.

S[f(n)] = fg(n) j g(n) = �'[r(n)]; 8 ' 2 Rg : (4)

In other words, r(n) is a representative function of an equivalence class i� it is
its member, i.e. r(n) 2 S[f(n)].

De�nition 4 (Shift invariant representation). Let function f(n):Z ! R be

periodic on interval [0; : : : ; N ]. Let � : RZ ! RZ assign to each f(n) a function

s(n). The s(n) is called the shift invariant representation of f(n) i�

s(n) = �[�'[f(n)]]; 8 ' 2 R : (5)

Observation 1 There are shift invariant representations of f(n) which are not

representative functions of S[f(n)].

Autocorrelation of a function f(n) is an example of a shift invariant represen-
tation which is not a representative function of a shift equivalence class S[f(n)].
By shifting the autocorrelation function we get a shifted autocorrelation func-
tion but certainly not the original f(n). Moreover, all di�erent functions which
have the absolute value of their Fourier transform equal to the absolute value
of the Fourier transform of f(n) have the same autocorrelation representations.
So, the autocorrelation representation is quite ambiguous.
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De�nition 5 (Zero phase representation (ZPR)). Let function f(n):Z !
R be periodic on interval [0; : : : ; N ]. Function

f�(n) = F�1fFff(n)g e�j�[F (1)]kg : (6)

where F (k) = Fff(n)g is the Discrete Fourier Transform of f(n) and F�1 is
its inverse, is called the zero phase representation of f(n).

Lemma 1. Let functions f(n), g(n):Z ! R be periodic on interval [0; : : : ; N ]
with non-zero �rst harmonic, i.e. jF (1)j 6= 0, jG(1)j 6= 0, and let f�(n), g�(n)
be de�ned by (6). Then,

9' 2 R; g(n) = �'[f(n)] () g�(n) = f�(n) : (7)

Proof. Lemma is veri�ed by straightforward application of (2) and (6) on (7).
See [10] for details. Q.E.D.

Observation 2 f�(n) de�ned by (6) is a representative function of S[f(n)].

Observation 3 If f(n) has non-zero �rst harmonic then f�(n) de�ned by (6)
is an invariant representation S[f(n)].

Observations 2 and 3 show that the ZPR is a good representation of the class of
images which have non-zero �rst harmonic in column direction. The ZPR assures
that the images taken at di�erent positions will be represented di�erently and
the images taken at the same place will have the same representative image.

Observation 4 The �rst harmonic of f�(n) de�ned by (6) equals zero,
i.e. �[F �(1)] = 0.

Observation (4) explains why the name \zero phase representation" has been
chosen.

A straightforward generalization of 1D ZPR for 2D cylindrical panoramic
images can be achieved by replacing the 2D FFT by a 2D DFT so that (6) is
replaced by

I�(m;n) = F�1fFfI(m;n)g e�j�[F (0;1)]lg ; (8)

where F (k; l) = FfI(m;n)g is a Discrete Fourier Transform of I(m;n).

5 Experiment

Figure 2 shows real images taken with di�erent orientations (a, c) and position
(a, e) of a panoramic camera. Ideally, the images (a, c) should be related by a
shift but this is violated by the holder of the camera which stays at the same
place in the image because it rotates with the camera and by occlusions and
changes in the scene. Figures 2 (b), (d), (f) show the ZPR of the images. The
images (b) and (d) are quite correctly shifted so that their relative shift is almost
zero as expected even though there were changes in the scene. The relative shift
of the ZPR of the images (d) and (f) which were taken at di�erent positions
di�ers quite a lot.
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(a) (b)

(c) (d)

(e) (f)

Fig. 2. (a) A panoramic image and its ZPR (b), (c) a panoramic image taken at the
same position and di�erent orientation and its ZPR (d), (e) a panoramic image taken
at the di�erent position and same orientation and its ZPR (f).

6 Conclusion

The fundamentals of image based robot localization have been given by providing
the ZPR, an invariant and discriminative representation of cylindrical panoramic
images with non-zero �rst harmonic in column direction. The idea of rotation
invariant representation of panoramic images has independently been used by
Aihara et. al [1] where independent autocorrelation of each row of a cylindrical
panoramic image was used. The invariance for all images is achieved but it
is not discriminative as images of many di�erent scenes map into the same
autocorrelation. In this respect, the ZPR is better suited for global localization
as it is fully discriminative for the images with non-zero �rst harmonic in column
direction.

In the future, we like to study a suitable representation of the images with
zero �rst harmonic. The �rst experiments by Jogan and Leonardis [4] show
that the ZPR provides images which can be compressed by principal component
analysis. The question of further investigation is to �nd how smoothly the ZPR
behaves when changing the position. More attention has to be paid to illumina-
tion changes and occlusions. Preliminary experiments [11] show that ZPR is not
much a�ected by additive noise but it can strongly be a�ected by occlusions.
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Abstract

A modi�ed Genetic Algorithm (GA) based search strategy is presented here that is computationally more eÆcient
than the conventional GA. Here the idea is to start a GA with the chromosomes of small length. Such chromosomes
represent possible solutions with coarse resolution. A �nite space around the position of solution in the �rst stage is
subject to the GA at the second stage. Since this space is much smaller than the original search space, chromosomes of
same length now represent �ner resolution. In this way, the search progresses from coarse to �ne solution in a cascaded
manner. Since chromosomes of small size are used at each stage, the overall approach becomes computationally more
eÆcient than a single stage algorithm with the same degree of �nal resolution. Also, since at the lower stage we
work on low resolution, the algorithm can avoid local spurious extrema. The e�ectiveness of the proposed GA has
been demonstrated for the optimization of some synthetic functions and on pattern recognition problems namely dot
pattern matching and object matching with edge map.

Keywords: Genetic algorithm, search technique, chromosome, mutation, optimization, dot pattern matching.

1 Introduction

Genetic Algorithms (GAs) belong to a class of stochastic search method inspired by natural population genetics. They
represent a highly parallel adaptive search process. Central to the idea of GA is a population where individuals in the
population represent possible solutions. An individual is called chromosome, in analogy with the genetic chromosome.
New population is generated from old population with three basic genetic operators namely selection/reproduction,
crossover and mutation [1] which complete one cycle of operation. The process is explained in a more algorithmic
way in section 2.

The GAs have been employed in a wide variety of problems related to pattern recognition and image processing
among others. Some of the studies involving medical image registration, image segmentation and contour recog-
nition are available in [2-4]. Other practical applications like normalization of Chinese handwriting, classi�cation
of endothelial cells are also reported in literature [5-6]. Moreover, GAs have been used in optimization of feature
extraction chain and dot pattern matching [7-8]. Some variants of GA are also reported in the literature [9-10].

Usually, GAs need a large number of cycles to converge to a solution. In a pattern recognition or related
problems, generally one starts with chromosomes of length dependent on the accuracy of the solution required. The
length remains constant throughout the execution of the algorithm. Thus, if more accurate solution is required, the
chromosome length should be larger, thereby increasing the execution time of the GA. It is the purpose of this paper
to show that the speed of the search process can be improved if a coarse to �ne search strategy is employed in a
cascaded GA framework, where the chromosome size can be kept small at each stage.

In the proposed approach, we have otherwise employed conventional genetic method with constant chromosome
size at each stage. The chromosomes of small length in the �rst stage represents coarse resolution. A small space
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around the solution position in the �rst stage is considered for the next stage. Thus, at a higher stage the search
space is reduced and hence a chromosome of small length e�ectively represents higher resolution. This leads to an
overall speed up of the algorithm. Moreover, since we use coarse resolution at lower stage, the chance of getting
trapped at a spurious local optima is greatly reduced because of a kind of low-pass e�ect due to course resolution.

We have divided the paper as follows. The basic Genetic Algorithm for optimization is described in section 2.
The proposed CAscaded GA (CAGA) approach has been narrated in section 3. Section 4 deals with the experimental
results and the conclusion is in section 5.

2 Conventional GA Approach

Central to the idea of GA is a set of chromosomes, each representing a particular solution to the optimization problem.
The chromosome is usually represented as a string of 0's and 1's of �xed length. However, the chromosomes of variable
length [11] can also be maintained in the population. Initially, the set of chromosomes in the population are chosen
randomly.

An impotant parameter of GA is the �tness function that describes how well a chromosome represents the solution
to the problem. The genetic algorithm is an iterative approach with three basic operators called selection, crossover
and mutation. For the selection process the �tness values of the chromosomes are computed. There exist several
approaches of selection based on the �tness value [1],[9]. In the classical roulette wheel method, two mates are selected
for reproduction with probability directly proportional to their �tness. Thus, �tter chromosomes will contribute a
large number of o�springs to the next generation.

In crossover operation (illustrated below with chromosome pair C1, C2) the new chromosomes are formed due
to crossover i.e., interchange of a gene (bit) at a particular position of the two existing chromosomes. The value of
crossover probability, pc is usually maintained between 0.5 and 0.9. The algorithm may not generate new solution
for very small value of pc and can be unstable for too large value.

C1 : x1 x2 x3 x4 x5 x6 x7 x8 C2 : y1 y2 y3 y4 y5 y6 y7 y8
Chromosome pair before crossover operation.

C 0

1
: x1 x2 x3 j y4 y5 y6 y7 y8 C 0

2
: y1 y2 y3 j x4 x5 x6 x7 x8

Chromosome pair after crossover operation in 1 position.
(crossover operation is performed after j line)

The mutation operation shown below, is used to introduce new genetic materials to the chromosomes. The value
of mutation probability, pm usually lies between 0.001 and 0.03 [11] and reects the progress of search method. The
algorithm cannot easily converge for too high value of pm but converges to a spurious local optimum for very low
value. However, it is usually better to consider small value of pm initially and increase the value with the advancement
of search cycles.

C 0

1m : x1 x2 x3 y4 y5 y6 y7 y8
Mutation operation over chromosome, C 0

1
(given above).

(upper bar indicates bit complementation)
The performance and e�ectiveness of GA largely depend on the population size. The size is generally maintained

between 30 and 100. If it is small then the algorithm leads to a premature convergenge which is unacceptable for
searching a global optimum but the higher value of the population size increases the evaluation cost per iteration
which results in slow convergenge. However, the proper choice of the population size is mostly related to the problem
in hand.

Thus, the conventional GA called CGA works as follows.

Step 1: Initialize the crossover probability, pc and the mutation probability, pm. Set G=0.
Step 2: Randomly create the initial population P(G).
Step 3: Evaluate �tness of each individual (chromosome) in P(G).
Step 4: Increment G by 1.
Step 5: Select chromosome pairs randomly from P(G).
Step 6: Crossover two parents randomly to generate o�springs.
Step 7: Mutate randomly the chosen bits of the crossovered individuals in P(G).
Step 8: Evaluate �tness of each individual (chromosome) of P(G).
Step 9: Repeat Step 4 to Step 8 until G exceeds a prede�ned integer (say, N) or there exists a chromosome, Cfit
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whose �tness satis�es a prespeci�ed criterion. In the former case Cfit is the �ttest chromosome in the population
and the solution.

3 Proposed CAscaded GA Approach

In the conventional GA the area of the entire solution space is divided depending on the �nal resolution or the
accuracy of the solution. The size of the chromosome is, therefore, set accordingly and remains constant till the
termination of the algorithm which eventually slows down the convergence if highly accurate solution is needed. To
overcome the drawbacks we have proposed an algorithm called CAscaded GA (CAGA), employing coarse to �ne
search strategy where the search space is exponentially reduced. At the �rst stage, small length chromosomes (say, l)
are used to get an approximate location of solution. A small space around this solution is considered as search space
for the second stage GA. Since the search space is reduced, a chromosome of length, l represents higher resolution.
After a few stages the solution is obtained at the desired resolution.

This cascading approach has two advantages. First, it increases the overall speed of achieving a solution due to
small chromosome size. Second, it reduces the risk of being trapped in a local optimum for employing the search in
coarse to �ne resolution.

The cascading process is illustrated in 2-D by Figure 1. Suppose an optimization problem should be solved by
the GA in a space bounded by the largest square of Fig.1. Here we show a three stage procedure. The chromosome
size is 4 bits at each stage, two bits for each x and y-axis to partition the solution space into smaller sixteen squares.
Suppose the solution at the �rst stage is obtained at the hatched square marked by a dark line. Then at the next
stage, this square along with the surrounding hashed region are considered as the search region and the GA is again
invoked. Thus, the search space is reduced at each subsequent stage and the chromosome of the same length (4 bits)
represents higher resolution. Since the spurious local optima are avoided, the algorithm converges faster and works
more eÆciently than the CGA.

Let us now address the choice of other remaining parameters for CAGA. The chromosome length in general
depends on the search space size and the degree of freedom as well as the required solution accuracy. Consider, for
example, the problem of pattern matching in 2-D where an unknown pattern is matched with some known patterns
and the best matching pattern is to be found. For this purpose the unknown pattern is to be translated and then
rotated in the known pattern space. If the space has a rectangular area with length Lx in x-direction and Ly in
y-direction and the resolutions are rx and ry in those directions respectively and also the angular resolution, r�, then
for the CGA we should have the chromosome length, Lc given byLc = n + m + k (1)

where n = dLx
rx

e, m = d
Ly
ry

e and k = d 2�
r�

e. A chromosome, C may be written as C = p1 p2 p3 ::: pn q1 q2 q3 ::: qm

�1 �2 �3 ::: �k where pi's and qi's represent chromosome bit for x-direction and y-direction, respectively and pi, qi
and �i can take values in (0,1).

A set of randomly chosen chromosomes constitutes the initial population in the �rst stage. In the following stages
the initial population is generated using the same procedure except the solution chromosome which is picked up
from the population of the previous stage. A population, P is represented as P = fCi j i = 1; 2; 3; :::; Mg where
M=population size.

The intermediate populations are created using the basic genetic operators namely selection, crossover and mu-
tation. In CAGA the operations of the three operators are performed using the same method as described in section
2. The selection operation selects a chromosome pair using roulette wheel method.

The crossover operation accepts the chromosome pair and produces two o�springs using either one-point or multi-
point crossover to interchange information between them. The type of operation (one-point or multi-point crossover)
depends on the number of parameters which are represented by a single chromosome and the cohesive nature of the
parameters. Two-point crossover operation in CAGA and CGA is illustrated below.

Ci = xi1 xi2 xi3 xi4 xi5 xi6 yi1 yi2 yi3 yi4 yi5 yi6 �i1 �i2 �i3 �i4 �i5 �i6
Cj = xj1 xj2 xj3 xj4 xj5 xj6 yj1 yj2 yj3 yj4 yj5 yj6 �j1 �j2 �j3 �j4 �j5 �j6

Multi-parameter chromosome pair before two-point crossover operation
C 0

i = xi1 xi2 xi3 xi4 xi5 j xj6 yj1 yj2 yj3 yj4 yj5 yj6 �i1 �i2 j �j3 �j4 �j5 �j6
C 0

j = xj1 xj2 xj3 xj4 xj5 j xi6 yi1 yi2 yi3 yi4 yi5 yi6 �j1 �j2 j �i3 �i4 �i5 �i6
Multi-parameter chromosome pair after two-point crossover operation
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As described before, the mutation operator is used to maintain the heterogeneity in a population. As the number
of cycles increases and the system goes towards convergence, it is better to increase the value of pm. In CAGA we
have rede�ned the rate at the starting of each stage. Now if (Lc)1 and (Lc)t are the total length of the chromosome
initially and in the t-th step, respectively and (pm)t is the mutation probability in the t-th stage, then we can de�ne
pm in each step as follows.

(pm)t = (pm)t�1 X
(Lc)t
(Lc)1

X t (2)

Therefore, the CAGA can be described by the following steps.

Step 1: Initialize pc and pm. Set generation, G=0 and step, t=1.
Step 2: Randomly create the initial population P(G,t).
Step 3: Evaluate �tness of each individual (chromosome) in P(G,t).
Step 4: Increment G by 1.
Step 5: Select chromosome pairs randomly from P(G,t).
Step 6: Crossover two parents randomly from P(G,t) to generate o�springs.
Step 7: Mutate randomly the chosen bits of the crossovered individuals in P(G,t).
Step 8: Evaluate �tness of each individual (chromosome) of P(G,t).
Step 9: Repeat Step 4 to Step 8 until a solution is obtained for the t-th step.
Step 10: Rede�ne the solution space for �ne resolution (as this is a coarse to �ne resolution approach) and pm using
equation 2.
Step 11: Increment t by 1.
Step 12: Again randomly create the population P(G,t) and propagate the elite chromosome from (t-1)-th stage.
Step 13: Go to Step 4 if t � tmax and G does not exceed a prede�ned integer (say, N) or t � tmax and there does
not exist a chromosome, Cfit whose �tness satis�es a prespeci�ed criterion. Cfit is the �ttest chromosome in the
population.
Step 14: Cfit represents the solution.

The value of tmax depends on the problem in hand. Usually, it does not exceed 4.

4 Experimental Results

We have demonstrated the e�ectiveness of the CAGA on some classical functions in one or more dimensions. More-
over, in our experiment we have considered pattern recognition problems of object matching from edge map as well
as dot pattern matching.

The mathematical functions (f1 to f8) contain various types of unimodal and multimodal functions for optimiza-
tion. We tried to evaluate maximum value for f1 to f4 and minimum value for f5 to f8. The functions (f1-f4)
are de�ned in Table 1 along with their global maximum value, the search range and dimensionality. Among these
functions, f1 and f2 have several local maxima but only one global maximum. However, the monotonic function, f3
and the bell-shaped function, f4 have only one maximum. The schematic diagrams of some functions are depicted
in Figure 2(a)-(c).

Similarly, the functions (f5-f8) are de�ned in Table 2. Of them, f5-f7 are high-dimensional, while f8 is a low-
dimensional one. Also, f5 is a unimodal function, while f6 and f7 are multimodal where the number of local minima
increases exponentially with the problem dimension. f8 has only a few local minima. We have chosen various classes
of functions to make the experiment unbiased and to test the robustness of the proposed technique.

TABLE 1: Mathematical Functions for Maximization

Function Dimension (n) Range Maximum Value

f1(x) =

�
2 + ex�10cos(x � 10) if x � 10
2 + e10�xcos(10� x) if x > 10

1 0 � x � 20 3.00

f2(x) =
Pn

i=1fxie
1�xi + (1� xi)e

xig 5 0 � xi � 1 8.30
f3(x) =

Pn

i=1 xi
2 3 0 � xi � 10 300.0

f4(x) = 1 +
Pn

j=1
1

1+
P

4

i=1
(xi�1)6

4 0 � xi � 10 5.00
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TABLE 2: Mathematical Functions for Minimization

Function Dimension (n) Range Minimum Value

f5(x) =
P

n

i=1
jxij +

Q
n

i=1
jxij 15 �10 � x � 10 0.00

f6(x) =
1

4000

P
n

i=1
xi

2 �
Q

n

i=1
cos( x1p

i
) + 1 15 �15 � xi � 15 0.00

f7(x) = �20exp
�
�0:2

q
1

n

P
n

i=1

�
15 �32 � xi � 32 0.00

� exp
�
1

n
cos(2�xi)

�
+ 20 + e

f8(x) = 4x2
1
� 2:1x4

1
+ 1

3
x6
1
+ x1x2 2 �5 � xi � 5 -1.031628

� 4x2
2
+ 4x4

2

In the experiment we have evaluated the eÆciency of CAGA compared to CGA. In both cases the same initial
population, initial mutation probability (pm) and initial crossover probability (pc) have been considered as starting
inputs of the algorithms. The mutation rate (pm) remains constant in CGA throughout the entire search process
but in CAGA the input, pm (according to equation 2) and the search space are altered at each stage. For all the
functions the starting input value of pc is taken in the range [0.5-0.9], that of pm is in the range [0.001-0.008] and the
population size is set to 30 with the same initial population for both methods. The chromosome size in CGA is larger
since the initial and �nal resolutions of the search domain are unaltered. On the other hand, the chromosome length
is small in CAGA since the resolution is gradually increased at each stage due to the reduction of search space. The
�tness value of a chromosome for each mathematical function is its functional value.

The �rst set of experimental results which are the average of 30 independent runs is shown in Table 3. It is noted
that CAGA performs better than or equal to CGA for f1� f4. The performance of both methods is identical for f2.
In CAGA f1 and f4 can attain the exact global maximum. f1 and f4 reach close to the global maximum value in
CGA with an oscillation for f4. The functional value of f3 in CGA is close to the global maximum but in CAGA it
is more closer to the solution.

TABLE 3: Results of the functions considered for maximization

Function Number of CAGA CGA
Generations Mean Best Std. Dev. Mean Best Std. Dev.

f1(x) 100 3.00 0.00 2.99 2.98
f2(x) 1000 8.24 0.00 8.24 0.00
f3(x) 400 299.99 0.00 299.41 0.00
f4(x) 100 5.00 0.00 4.97 1:4X10�2

TABLE 4: Results of the functions considered for minimization

Function Number of CAGA CGA
Generations Mean Best Std. Dev. Mean Best Std. Dev.

f5(x) 1000 2:8X10�4 0.00 7:0X10�1 1:6X10�1

f6(x) 2000 0.00 0.00 1:1X10�1 9:0X10�3

f7(x) 3500 5:1X10�5 0.00 1.46 1.00
f8(x) 200 -1.03 0.00 -1.07 6:4X10�2

Similarly, the results of f5� f8 is shown in Table 4 considering the average of 30 independent runs. Here, f5� f8
perform much better in CAGA compared to CGA and there is a uniformity in convergence in all individual runs.
Among them, f6 and f8 can attain the exact global minimum value. However, the uniformity is not maintained for
f5 � f8 in all individual runs in CGA. Such oscillation is maximum for f7 and minimum for f6. However, f5, f6 and
f8 can reach close to the global minimum value compared to f7 which is far from the solution.

The convergence speed of CAGA is faster than or equal to that of CGA except for f2. The speed of CAGA is
2.5 times faster than that of CGA for f1. However, CGA converges faster than CAGA for f2 (with dimension 5)
although none of the two methods can attain the exact global maximum value in this case.
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As mentioned before, we have also performed our experiment on dot pattern matching and object matching
from edge map. A dot pattern is a set of dots or points in 2-D or 3-D space arranged to represent some physical
object or class of objects in a feature space. In the multidimensional space the dot patterns are located either
wide apart or overlapped with each other. We encounter dot patterns in astronomy and astrophysics, geographic
and cartographic data, remote sensing, spatial information system, biomedical imaging, image texture analysis and
many other deciplines of computer science. The studies involving dot pattern includes shape identi�cation and set
estimation, classi�cation and clustering, and point process parameter identi�cation.

The dot pattern matching problem has been performed in the following way. We have taken S as a set of dot
patterns of di�erent shapes shown in Figure 3. Let one of them be a test pattern, T and matched it with S. Usually
CAGA performs better than CGA in speed. However, in both the methods sometimes T does not match with the
correct pattern of S.

DP1

DP2

DP3

DP4

 

Figure 3: A scene of multiple dot patterns in 2-D

The matching score of two dot patterns, T and S are computed as follows. T is translated to a point, P and
rotated by an angle, � with respect to the origin, O. Now the distance, d(ti; sj) between a point, ti of T and each of
the points, sj of S is measured and the minimum distance is taken into consideration. If the number of points of T
is �, then the sum of minimum distances, Dmin for all � points is

Dmin =

�X

i=1

Min[d(ti; sj)]j=1;� (3)

where t1; t2; ::: t� and s1; s2; ::: s� are the points of T and S, respectively and in our test � � �. The value of
Dmin is the best matching score of two dot patterns for a solution chromosome in a population.

In our experiment the number of dots in patterns of S shown in Figure 3 is 2215. Let T be the test pattern which
can be one of the four patterns in Fig. 3. The best matching scores of T and S are shown in Table 5 for CAGA
and CGA methods. The patterns are either matched or unmatched. We can consider two types of matching namely
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perfect matching and imperfect but visual matching. For visually matched patterns we see that T is superimposed
over S without any visible error although the error of the matching is computationally reasonable. On the other
hand, in perfectly matched situation the error of the matching between T and S is very close to zero. Naturally, the
patterns are also visually matched.

TABLE 5: Results of CAGA and CGA Methods on Dot Patterns

CAGA CGA
Success Rate Unsuccess Rate Success Rate Unsuccess Rate

Dot Perfectly Visually Not Perfectly Visually Not

Patterns Matched Matched Matched Matched Matched Matched

DP1 33% 47% 20% 0% 20% 80%
DP2 53% 20% 27% 0% 7% 93%
DP3 66% 27% 7% 7% 40% 53%
DP4 27% 66% 7% 0% 33% 67%

For each dot pattern we have performed our experiment for 15 independent runs. The population size is 30,
the value of pc lies between 0.6 and 0.8, the value of pm is in the range [0.004-0.008] and the maximum number
of iterations required is 100. It is noticed that in CGA the search stuck to a local optimum for most cases. The
chromosome size is always considered 50% longer in CGA to provide equal resolution of solution space with CAGA.
The results of Table 5 show that the performance of CAGA is much better than that of CGA. The rate of failure in
CAGA is less than 30% at most while in CGA it is at least 50%. In CGA the dot patterns did not exactly match
except for DP3.

The other pattern recognition experiment is matching with edge map. Initially, the object was a gray-tone digital
image in the space of 256X256 pixels with 256 possible gray levels. It is then converted into a two tone edge map
using Sobel Operator [12]. The edge map may be considered as a discrete dot pattern where a dot is represented by
1 and a blank (white space) is by 0. See Fig. 4(a)-4(b).

The number of pixels in the edge map is 6856. The object, S is the original one and T is the test pattern (a
distorted form of S). We have distorted the original object by rorating it with a certain angle. The angle may be
between 0 and 360 degrees. In the experiment the parameters are pc =[0.6-0.9], pm =[0.005-0.008], the population
size is 30 and the maximum number of iterations allowed is 100 for both methods. We have considered several
independent runs to perform the experiment for both methods. The patterns are matched in the same way as
described before. In CGA the chromosome length is always 60% larger. Fig. 4(c) and Fig. 4(d) show the position
of the dot patterns after the convergence of the search in CAGA and CGA, respectively.

From the experiment it is observed that the performance of CAGA is better than that of CGA. The success rate
is also encouraging but not 100%. The rate of successful matching (visually matched) of CAGA is at least 70%
whereas in CGA it is 60%. Moreover, the convergence speed of CGA is slower than that of CAGA when the object
is visually matched.

In pattern recognition problems we have considered the �tness function as sum of shortest distances between the
points of S and T. The �tness value at a single point is de�ned as follows.

F = Dmin (4)

5 Conclusion

We have proposed the cascaded GA method to enhance the computation eÆciencey of the conventional GA. Here,
the genetic search starts with small chromosome size. The choice of chromosome length is determined by the search
space dimensionality and size, the degree of freedom as well as the required solution accuracy. Initially, the small
chromosome size represents the solution space with coarse resolution. However, since in successive stages the search
space is reduced and the chromosome size remains constant, the resolution is eventually increased. Thus, the small
chromosome size saves the computation cost per iteration as well as the memory space, and restricts the search from
falling in the spurious local extrema.
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We have demonstrated our approach on a number of synthetic functions for optimization as well as on the pattern
recognition problems. We have considered two pattern recognition problems, one on dot pattern matching and the
other on object matching from edge map.

Two sets of experiments have been performed on eight mathematical functions in single or multi-dimensional
space. All functions contain either one or multiple local optimum. However, there are some functions for which
the number of local optima increases exponentially with the problem dimension. The CAGA method can attain the
exact global optimum for most of the functions and there is a uniformity in convergence.

Next, we have taken the matching problem between two dot patterns. The match between two dot patterns is
obtained by �rst translating the test pattern to a point, P and then rotating by an angle, � with respect to the mean
point, O as origin. From the test results it is observed that CAGA makes the search eÆcient with a success rate
between 70% and 90% for smaller chromosome length compared to the chromosome size in CGA.

In object matching with edge map the object is a digital image with 256 possible gray levels in a space of 256X256
pixels. It is then converted to a two-tone edge map using Sobel Operator [12] and transformed to a dot pattern where
the edge is indicated by a series of dots. The match between two objects is performed similar to the dot pattern
matching problem. Here the test object is considered as a distorted form of the sample object. In the experiment
CAGA proforms better with a success rate of at least 70%.
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Abstract

This paper presents an approach to using both labelled and
unlabelled data to train a multilayer perceptron. The unlabelled data
are iteratively pre-processed by a perceptron being trained to obtain
the soft class label estimates. It is demonstrated that substantial gains
in classification performance may be achieved from the use of the
approach when the labelled data do not represent adequately the
entire class distributions. The experimental investigations performed
have shown that the approach proposed may be successfully used to
train neural networks for learning different classification problems.

�
������: Classification, Multilayer Perceptron, Neural Networks, Unlabelled Data
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Artificial neural networks proved themselves very useful in various applications.
Many of the neural network applications concern classification. One of the most
important features of neural networks is learning from examples. There are three
main types of learning: supervised, unsupervised, and reinforcement. In the
supervised learning case, the decision function sought is learned from training pairs:
input vector, class label. Numerous classifiers and associated learning algorithms
have been developed. A common feature of nearly all the approaches is the
assumption that class labels are known for each input data vector used for training.
The training for such classifiers typically involves dividing the training data into
subsets by class and then using the maximum likelihood estimation to separately
learn each class density.

It has been recently recognised the value of the use of both labelled and unlabelled
data for learning classification problems [1,2,3,4,5]. Labelled data can be plentiful
for some applications. For others, such as medical imaging, quality control in
halftone multicoloured printing, the correct class labels can not be easily obtained for
a significant part of the vast amount of training data available. The difficulty in
obtaining class labels may arise due to incomplete knowledge or limited resources.
An expensive expertise is often required to derive class labels. Besides, labelling of
the data is often a very tedious and time-consuming procedure.

S. Singh, N. Murshed,  W. Kropatsch (Eds.): ICAPR 2001, LNCS 2013, pp. 40−49, 2001.
 Springer-Verlag Berlin Heidelberg 2001



The practical significance of training with labelled and unlabelled data was
recognised in [2]. Towell [5], Shashahani and Landgrebe [4], Miller and Uyar [3]
have obtained substantial gains in classification performance when using both
labelled and unlabelled data. However, despite the promising results, there has been
little work done on using both labelled and unlabelled data for learning classification
problems. One reason is that conventional supervised learning approaches such as
the error back propagation have no direct way to incorporate unlabelled data and,
therefore, discard them. In this paper, we propose an approach to using both labelled
and unlabelled data to train a multilayer perceptron. The unlabelled data are
iteratively pre-processed by a perceptron being trained to obtain the soft class label
estimates.

����
��
������

It has been shown that the MLP trained by minimising the mean squared error can be
viewed as a tool to estimate the posteriori class probability from the set of input data:
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where )()( ���� /

M  is the output signal of the � th output node, �  stands for the

number of output nodes of the perceptron, and �  is the number of layers in the
network. In [6], this estimate of the posteriori class probability obtained for an
unlabelled data point served as target value when learning the point. In [7], the
decision classes are treated as fuzzy sets. The membership degrees to the fuzzy sets
are estimated for each data point and used as target values to train a multilayer
perceptron. The learning algorithm proposed by Towell uses a conventional
supervised training technique except that it occasionally replaces a labelled sample
with a synthetic one [5]. The synthetic sample is the centroid of labelled and
unlabelled samples in the neighbourhood of the labelled sample. Therefore, the
algorithm uses both labelled and unlabelled samples to make local variances
estimates.

Another approach to using unlabelled data for learning classification problems
relies on probability mixture models. A mixture-based probability model [3,4] is the
key to incorporate unlabelled data in the learning process. In [4], the conditional
likelihood is maximised, while Miller and Uyar [3] maximise the joint data
likelihood given by
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( / )� θ  is one of �  component densities, with non-negative mixing

parameters α
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density,  X  is the unlabelled data set and  O  is the labelled data set. The class

labels are also assumed to be random quantities and are chosen according to the
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model is given by the following selector function with range in the class label set:
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The expectation maximisation (EM) algorithm [8] is used to maximise the
likelihood. The EM algorithm iteratively guesses the value of missing information.
The algorithm uses global information in this process and, therefore, it may not
perform well on some problems. We use the approach chosen by Miller and Uyar [3]
for our comparisons.

!�����������"
�#
����

!$����"
�#
����

The network used is a multilayer perceptron. Let � M

T( )  denote the output signal of the

� �� neuron in the � �� layer induced by presentation of an input pattern � , and

�LM

T( )  the connection weight coming from the � �� neuron in the ( )� − 1  layer to the

� �� neuron in the � �� layer. Assume that �  is an augmented vector, i.e. �0 1= .
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where ��� M

T( )  stands for the activation level of the neuron, �
T−1  is the number of

neurons in the � −1  layer and � ���( )  is a sigmoid activation function.
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We assume that the learning set �  consists of two subsets },{
XO

��� = , where

},...,{ 1
XOO

111X ++= ���  is the unlabelled data subset and

)},)...(,(),,{( 2211 OO 11O ��� ���� =  is the labelled data subset, �Q .	∈  is the � th

data vector, { }� 
 �Q ∈ = 1 2, , ... ,  is the class label, �  is the number of classes, �
O

and �
X

 are the number of labelled and unlabelled data points, respectively;

� � �
O X

= + . The target values for the labelled data subset O1 ,...,1  are encoded

according to the scheme 1���� i.e. 1=Q

N
� , if � �Q =  and 0=Q

N
� , otherwise.
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In this study, we treat the decision classes as fuzzy sets and assume that the neural
network’s output values provide membership degrees to the fuzzy sets. Suppose that
the � th input pattern �Q  is presented to the network. The membership degree

)( Q

& M
�µ  of the � th input pattern �Q  to the � th fuzzy set is then given by the

output signal )()( �� �� Q/

M  of the � th output node of the network. Next, the contrast
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This implies that the membership assignment is possibilistic. Let � Q  be the set of

indices of the �
QQ

 nearest neighbours of the unlabelled data point �Q , i.e.
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Then, the target vector �Q for the unlabelled data point �Q  is given by
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O
.

The problem of an optimum choice for the value of �
QQ

 is equivalent to the

problem of finding the optimum value of �  in the � -nearest-neighbours based
probability density estimation task.

�������	
�������
����

We assume that regions of lower pattern density usually separate data classes.
Therefore, decision boundary between the classes should be located in such low
pattern density regions. First, the network is trained using labelled data only. The
target values for unlabelled data are then estimated using (8). Next, the network is
retrained using both the labelled and unlabelled data and the target values for the
unlabelled data are re-estimated. In the following, the training and re-estimation
steps are iterated until the classification results obtained from the network in a
predetermined number of subsequent iterations stop changing or the number of
iterations exceeds some given number. We use the error backpropagation algorithm
to train the network. The network is trained by minimising the sum-squared error
augmented with the additional regularisation term
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where 
:

�  is the number of weights in the network and β  is the regularisation

coefficient. The learning algorithm is encapsulated in the following four steps.
1. Train the network using labelled data only.
2. Calculate target values for the unlabelled data using (8).
3. Train the network using both the labelled and unlabelled data.
4. Stop, if the classification results obtained from the network in a

predetermined number of subsequent iterations stop changing or the number
of iterations exceeds some given number; otherwise go to Step 2.

���������	�
��������
�

The learning approach developed was compared with the EM algorithm based
approach proposed in [3] and the conventional error backpropagation learning when
only labelled data are exploited. We used data of two types to test the approach: the
2D artificial data, and the data from three real applications.

�����������������������������

We performed two series of experiments with artificial data. In the first series, a two-
class separation problem that requires a linear decision boundary was considered. In
the second series, the network had to develop highly non-linear decision boundaries
for classifying two-dimensional data into three classes.

�����������	�
�����	����

The data set is shown in Fig. 1. The data classes are Gaussian with the same
covariance matrix. The optimal decision boundary for the data is linear. There are
2000 data points in the class ‘o’ and 400 in the class ‘+’. The black dots illustrate the
labelled data. Only 40 data points from each class are labelled. As it often happens in
practice, the labelled data do not adequately represent the entire class distributions.
A single layer perceptron can yield the optimal solution. However, to have some
redundancy in the model, we used a one hidden layer perceptron with two nodes in
the hidden layer.

Fig. 1 (left) illustrates the typical classification result obtained from the MLP
trained on the labelled data only. The classification errors are shown in black ‘+’ and
‘o’. As can be seen from the figure, the labelled data are classified correctly.
However, the average classification error for the unlabelled data is 8.98%.

The classification result obtained using the proposed training approach is shown in
Fig. 1 (right). The number of nearest neighbours used in the experiment is �

QQ
= 8 .

The improvement obtained from the use of both the labelled and unlabelled data in
the learning process should be obvious. In this experiment, the EM based approach
yielded a very similar solution. The error rate obtained was 1.77% for the approach
proposed and 1.89% for the EM based approach.
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������� A two-class (‘+’ and ‘o’) classification problem. Classification result obtained from
the MLP trained on: (left) labelled data only, (right) both labelled and unlabelled data.

��������	
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��	���	������

The next experiment aims to justify that the decision boundary found is situated in a
place sparse in data points. First, we uniformly distribute some number of data
points, let say 100, on the line connecting centres of the classes. The connecting line
is shown in Fig. 1 (right). The asterisks stand for the centres of the classes. For each
data point on the line we then evaluate the average distance to the �

QQ
 nearest

neighbours in the data set. To evaluate the distance we always used the same number
of the nearest neighbours as for the target value estimate when training the network.
The average distance evaluated for all the data points on the line reflects the density
of the data points in the neighbourhood of the line. Fig. 2 (left) illustrates the
distribution of the average distance obtained using eight nearest neighbours
( �

QQ
= 8 ). The characters ‘+’ and ‘o’ show to which class the points of the line are

assigned. As can be seen from Fig. 2 (left), the class label changes in the place of the
lowest pattern density. A more accurate estimate of the average distance, the
generalised average distance, is obtained by averaging the estimates conveyed by
several lines drawn in parallel to the line connecting the centres of the classes. The
end points of the � th line are given by
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where L

M�  is the average distance from the � th point on the � th line. Fig. 2 (right)

illustrates the distribution of the generalised average distance evaluated using
�

OLQ
= 15 , ∆� = 01. , and �

QQ
= 50 . As we can see, the class label changes in the

place of the lowest pattern density.
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������� Distribution of the average distance (left). Distribution of the generalised average
distance for �

QQ
= 50  (right).

���� ����������
�����	����

The data set used in this experiment is shown in Fig. 3. There are three classes in the
set: ‘o’, ‘+’, and ‘ �����������	�
����
��������
����������������������������������
40 data points from each class, shown as black dots, are labelled. The labelled data
extremely badly represent the class distributions. The one hidden layer perceptron
used in this experiment contained ten nodes in the hidden layer.

������� A three-class (‘o’, ‘+’, and ‘ ��������������������������� �����������������!�����������"
(left) from the network trained according the approach proposed,�(right)�from the EM based

approach for � = 3  mixture components.

Fig. 3 (left) shows a typical classification result of the data set obtained from the
network trained according to the approach proposed. The black dots illustrate the
labelled data. The unlabelled data points shown in grey are correctly classified. The
classification errors are shown in black ‘o’, ‘+’, and ‘ ��

We have experimented with the EM based approach using different number of
mixture components. In all the trials, the obtained classification accuracy was far
bellow the accuracy depicted in Fig. 3 (left). Fig. 3 (right) displays the best outcome
from the EM based approach, which was obtained for � = 3. It is obvious that it is
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not enough to use three mixture components for modelling the class distributions
properly. Using more mixture components, however, causes errors in the estimate of

the probabilities ],/[
LLL

�
! � . The ellipses shown in the figure illustrate the

constant density contours at the level given by the standard deviation equal to one.
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�����
���	�

Nowadays, multi-coloured pictures in newspapers, books, journals and many other
places are most often created by printing dots of cyan ("), magenta (#), yellow ($),
and black (%) inks upon each other through screens having different raster angles.
Fig. 4 (left) illustrates an example of an enlarged view of a small area of a newspaper
picture that contains dots of all the four inks.

������� An enlarged view of a part of a newspaper picture that was created by printing dots of
cyan, magenta, yellow, and black inks (left) and magenta ink (right).

In graphic arts, it is important to accurately measure the size of halftone printing
dots. Such a need arises when studying interaction between different types of ink,
paper and printing devices. It is not an easy task if we have to deal with very small or
very large tonal values. Fig. 4 (right) represents an example of such a task.
Approximately 96% of the area of the picture the image was taken from is covered
by the magenta ink. The task is to determine the percentage of the “white” areas. Fig.
5 and Fig. 6 visualise two solutions to the problem. The same set of labelled data has
been used in both experiments. The result obtained from the MLP trained on labelled
data only is shown in Fig. 5. Fig. 6 illustrates the result obtained from the approach
proposed. The results are presented in both the ��� and the image spaces. Comparing
Fig. 5 and Fig. 6, we find that an obvious improvement in classification accuracy has
been obtained when using the proposed training approach.

In this experiment, every pixel was described by the normalised variables
�=&'('), �=&*), and �=&*2('). These variables are obtained by performing a
linear transformation of the {&�(�)} vector by eigenvectors of the covariance matrix
of the &��( and ) variables (under the assumption that the variables are of equal
variances and covariances).

47Using Unlabelled Data



������� Classification result obtained from the MLP trained on labelled data only. The result
presented: (left) in the image space, (right) in the ��� colour space.

������� Classification result obtained from the MLP trained on both labelled and unlabelled
data. The result presented: (left) in the image space, (right) in the ��� colour space.

�������"�����
���	��������	������+�+�����	��
�

The +,!&-. Basic Research Project Number 6891 /+�+��0 provides databases and
technical reports designed for testing both conventional and neural classifiers. All the
databases and technical reports are available via anonymous ftp: ������
���
���
��� in
the directory� ���1������1+�+��1�������. From the +�+�� project we have
chosen two data sets representing real applications, !�	�����and ,�����2�.
���� ��������� ���� ���� was generated from Landsat Multi-Spectral Scanner

image data. The database contains 6435 36-dimensional patterns. There are six
classes in the database. The database also contains the five-dimensional description
of the data. The five dimensions were obtained by using discriminat factorial
analysis. In this study, we used the 5-dimensional description of the ,�����2� data.
�����	
��������� �����The aim of this database is to distinguish between nasal

and oral vowels. Thus, there are two different classes: the ���� in class ω 0  and the

3��� in class ω1 . There are 3818 patterns from class ω 0  and 1586 patterns from

class ω1 .

For both databases, the data available were divided into training and testing sets of
the same size. Fig. 7 visualises the classification performance as a function of the
number of the labelled training data exploited in the training process. The superiority
of the training approach proposed should be obvious from the figure.
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We have presented an approach to using both labelled and unlabelled data to train a
multilayer perceptron. The approach banks on the assumption that regions of low
pattern density usually separate data classes. Decision boundaries developed during
training according to the approach proposed are positioned in such low pattern
density regions. We have demonstrated experimentally that substantial gains in
classification performance may be achieved from the use of the approach when the
labelled data do not adequately represent the entire class distributions. In all the tests
performed, we found superiority of the proposed training approach over the EM
based approach and the MLP trained on labelled data only.
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Abstract

The current research efforts in the field of video parsing and
analysis are mainly focused on the use of pictorial information,
while neglecting an important supplementary source of content
information such as the embedded audio or soundtrack. In
contrast, in this paper we address the issue of exploiting audio
information that can be jointly used with video information for
scene changes detection. The proposed method directly works
on MPEG encoded sequences so to avoid computationally
intensive decoding procedures. It is based on a multi-expert
classification system made up of a hierarchical ensemble of
neural networks.
Finally, after presentation of a large audio database, suitably
designed for assessing the performance of the approach,
preliminary experimental results are discussed.

Keywords: Audio segmentation, MPEG audio stream, Scene changes detection,
Neural Networks, Multi-Expert Systems, Hierarchical classification.

1  Introduction

It is part of common life experience that a video can be defined as a combination of
images and sounds. Soundtracks have a very significant role in defining the essence
of a video footage; so the video can completely change its meaning if embedded
into different soundtracks. Despite of these considerations, the current efforts for
content characterization are mainly focused on the use of pictorial information
[1-3], while only a modest number of research works related with the use of audio
for video analysis is present in the literature [4-6].
A problem in this kind of applications is that the input audio stream is composed of
different audio types (speech, music, silence, noise) which should be processed in

S. Singh, N. Murshed, and W. Kropatsch (Eds.): ICAPR 2001, LNCS 2013, pp. 50−59, 2001.
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different ways depending on the particular application considered. As an example,
in speech recognition only intervals containing a speaker are considered [7], while
distinguishing between music and speech sequences is necessary for recognizing
different types of TV programs [6]. Techniques for partitioning the audio stream
into homogeneous segments of different audio types are thus required as a
necessary preliminary step for a reliable interpretation of an audio signal.
While the silence detection is a simple task, generally performed by thresholding
the energy of the signal, the speech and music detection represents a quite
complicated task. The typical approach used to distinguish between the two classes
is based on the computation of a suitable set of features from the PCM samples of
the audio stream [8-10]. Anyway, video sources are more often provided in
compressed form, according to standards like MPEG. Only few papers [11,12] have
faced the problem of audio classification by using features directly computed in the
MPEG coded domain, so avoiding the computationally intensive task of decoding
audio. In particular, in [11] Patel et al. in order to distinguish among silent, dialog
and non-dialog segments propose a method based on features (pitch, pause rate,
bandwidth) computed without performing any MPEG decoding step. The
classification is performed by using such features in a rule based framework. In
[12], Nakajima et al. detect silent, speech, music and applause segments using
temporal density, bandwidth and center frequency of subband energy.
In this paper, the proposed classification system also works directly on MPEG
encoded sequences. It is based on a hierarchy of neural networks suitably
cooperating so as to face the classification task at different levels. Each classifier
belonging to the multi-expert system provides, together with the classification
decision, a reliability parameter which is used, in the final classification stage, to
weight the decision of each classifier. So, classifiers exhibiting higher values of the
reliability parameters receive more credit in the final classification decision.
Another relevant point is the experimental assessment of the system performance.
To this aim, a very large database of audio is built and used for extensively
verifying the performance of the system either in real situations or even in more
crucial conditions, occurring fi. when speech and music overlap.

2  The Audio Classification System

The adopted classification strategy is based on a multi-expert system. Multi-expert
systems have recently gained more and more popularity within the field of Pattern
Recognition. The rationale of a multi-expert system lies in the fact that facing
complex classification problems with a single classifier typically leads to crucial
choices both in the process of selecting the features and in the determination of the
classification paradigm, and again in the design of suitable training strategies of
the classifier.
Anyway, no matter how complex the single classifier is, the whole system will be
particularly strong in recognizing a large amount of input patterns, but unavoidably
some other pattern will be wrongly classified. It is widely recognized by people
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working on Pattern Recognition that the effort in reducing the error rate, by
iteratively intervening on the different parts of the system, grows more and more.
After a certain number of successive improvements in the classifier performance, a
lot of efforts are necessary for further decrease the error rate of a bit.
This problem has been addressed by making an ensemble, according to different
architectures (parallel, serial and hierarchical topologies are the most common
ones), of a set (typically under 10) of simple classifiers, as much as possible
"complementary" each other; complementariness lies in the feature set, in the
classification model, in the learning strategies, and so on. This way, the lack of a
classifier can be, at least partially, recovered by the strength of the other classifiers
participating to the multi-expert system. The approach experimented in various
areas of Pattern Recognition, within different applications, revealed to be very
promising, and the number of papers reporting related researches increased
significantly [13-15].
The problem we are dealing with, can be profitably faced by using a multi-expert
system, as the segmentation of audio within an MPEG stream is undoubtedly a very
hard classification problem: the audio contains speech, music, silence, being each
of them widely variable. Speech comes from people of different age, nationality,
culture, can be slow or rather speedy, can vary in tone, volume and so on.
Moreover, it is trivial to recognize that music is even more variable.
The detection of the instants in which an audio break can occur it is not a simple
task, due to the fact that the interval in which a break happens is not constant and
because of the high number of different break types. Typically, it is very difficult to
choose an observation interval in such a way to ensure the presence of a break
inside it. All these reasons make particularly difficult the design of a recognition
system devoted to detect audio breaks.
So, an alternative solution can be given. Let us consider a system which does not
try to directly detect audio breaks, but is able to recognize if a portion of an audio
stream belongs to one of the classes introduced above. If it is possible to define a
reliability measure for the decisions that this system performs, we could use this
kind of information to detect audio breaks. In fact, if the decision of the system
about a given audio portion is very reliable, it can be inferred that the audio portion
examined is made of a unique audio type. Vice versa, if the classification act is not
reliable enough, this unreliable decision could be due to the contemporary presence
of more than one audio type and thus a break inside the audio portion considered
could be present.
Neural networks can be used to implement such a recognition system efficiently.
The design of a system for the detection of audio breaks could be made by
employing the audio type recognition system described in a multi-expert system. In
particular, the first level could be composed by a neural network devoted to classify
a frame of the audio stream into one of four possible classes (silence, voice, music
and noise). If the classification act of the network is judged reliable, it will be
assumed that in the audio frame considered there are no breaks (and the system will
consider the next audio frame). On the contrary, the audio frame considered is split
into n subparts, each of which is classified by another neural network belonging to
the second level of the whole system. On the basis of the responses supplied by
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these networks it is possible to use a combination module devoted to detect if there
is really a break into the original audio frame or not. The combined decision will be
supplied on the basis of the decisions of the second level classifier and of the
reliability associated to them.
In figure 1 the whole system architecture is presented, while in the next section the
features extracted from the MPEG audio stream are discussed in detail.

Silence

Not Silence

MPEG/audio stream

First Level Neural
Network Classifier

Voice Music Reject

Partitioning audio signal
into n frames

Noise

Silence Voice Music Noise Silence Voice Music Noise

frame 1 frame n

Combiner
(Audio Break Detection)

Silence detection

Not Silence

Second Level Neural
Network Classifier

Silence detection

Not Silence

Second Level Neural
Network Classifier

Silence detection

Fig. 1: The architecture of the proposed multi-expert classification scheme.

3  The Proposed Features

Before describing the proposed features let us introduce some useful notations:
• T is the duration of the observation interval expressed in seconds or the

observation interval itself; the meaning is clear from the context; its value can be
5 or 1;

• xs,i  is the i-th sample in T of the s-th sub-band;
• N is the number of samples for each sub-band in T.
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Each of the following features is computed with respect to intervals of five or one
seconds, depending on which level of the multistage classifier the computation is
performed. As a consequence, the features extracted from the MPEG audio stream
and used for classification by the first level neural network are 14, while the second
level neural classifiers has, as input, a feature vector based only on the first 13
features.
Energy (E0, E1, E2, E3, E4): this group of five features models the different energy
profiles of speech and music signals. In particular, we compute the energy of audio
signals by dividing the whole range of audible frequencies in five bands, each
containing an increasing number of MPEG/audio sub-bands. In this way, we try to
model the decreasing sensibility of the human auditive system to the increasing
frequencies. We aggregate the MPEG/audio sub-band in energy bands according to
the following table:

Band MPEG/audio sub-bands
1 0-1
2 2-4
3 5-8
4 9-16
5 17-31

Then, computation of the energy profile of the signal in T is performed on the basis
of the following formulas:
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Temporal Energy Variability (TEV): considering generic speech and music
waveforms it is possible to observe that speech has an intermittent energy behavior
due to the alternation between voiced and unvoiced speech; differently music is
usually characterized by a more continuous behavior. Modeling such behavior is
performed through the feature that we call temporal energy variability, which
simply computes the variance of the duration of the short segments with low energy
and whose calculation is carried out according to the following steps. Firstly, it is
computed:
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Then, a new series {y′i} is constructed by binarizing the {yi} series with a
predetermined threshold ThTEV :
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The {y′i} series results to be constituted by alternating groups of 0s and 1s.
Starting from {y′i} it is constructed the {rj} series, whose generic element rj

represents the number of element in the j-th group of 0s in {y′i}. Finally, we
compute the temporal energy distribution as:
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where M is the number of groups of 0s.
Average and Variance of the Number of Significant Bands (ASB, VSB): other
characteristics of speech and music are that the bandwidth of speech is usually
narrower than that of music. In fact the spectrum of speech signals is generally
concentrated in the first 5-6 kHz. This property can be modeled through the
average and the variance of the number of sub-band with significant energy level.
In fact if the audio signal in T is characterized by a broad bandwidth, this number
becomes large. The computation of these features is performed respectively
according to the following formulas:
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where SBi is the number of significant bands in the i-th group of sub-band samples,
for i = 1,…,N, defined as:
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Sub-band centroid mean and variance (SCM, SCV, SCT, DSC): the spectral
centroid represents the “balancing point” of the spectral power distribution. We
estimate it by calculating the sub-band centroid for each MPEG audio group of sub-
band samples. The sub-band centroid is given by:
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When computed on music, the values of SCi are usually larger than when computed
on speech because of the different spectral distributions. This behavior can be
modeled considering the mean value of the sub-band centroid on T, as:
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Furthermore, SCi has different values for voiced and unvoiced speech; on the
contrary when computed on music SCi tends to be more stable. Hence, we compute
the variance and the third order central moment of SCi in T, respectively as:
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and the difference between the number of SCi greater (GCF) and lower (LCF) than
SCM in T, as:
DSC = GCF - LCF .
Pause rate (PR): continuity of the signal is another major property found in non-
speech signals, differently from speech that is characterized by stops due to
separation of words and sentences. The pause rate measures the rate of stop in
speech signals and can be computed by counting the number of silent segments in a
talk. Let us denote with ST the number of silent segments in T; then ST is given by:
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meaning that if energy Ej of the j-th segment in T is lower than the silent threshold
ThS, and the previous window is non-silence, ST is incremented by 1 otherwise 0.
Then the pause rate is given by:
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It is worth noting that in (1), the energy Ej is given by: ∑ ∑
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is the number of sub-band samples in the j-th segment in T. The duration of the
segments is 0,2 seconds.
Energy sub-band ratio (ESR): the speech signals are characterized by the fact that
the energy is mostly accumulated in the first 1,5 kHz; differently from music which
is characterized by a spectrum usually spread on all the audible frequencies. This
characteristic can be easily modeled in the sub-band domain by the energy sub-band
ratio given by:
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after considering that the bandwidth of each MPEG audio sub-band is about 650
Hz, more or less depending on the sampling rate.

4  Experimental Results

In this paper we report a preliminary experimental analysis of the proposed system.
In particular results obtained by the first level classifier (based on features
evaluated with reference to intervals of five seconds) are reported with reference to
a large audio database.
This database contains speech, music and noise: all the audio components have
been sampled at a 44,1 kHz rate digitized in MPEG/audio Layer 2 stereo format
with a bit rate ranging from 96 to 192 kbit/s. Particular care in the construction of
the database has been adopted to include a large representative of major genres of
speech and music. Speech material includes examples extracted from movies with
male, female and child voices alone or mixed, while music material includes
examples of the most representative genres as blues, classical, pop, rock, etc. The
total duration of each class in the database is about twelve hours. In the following
table a complete review of the speech and music audio track types included in our
audio database is presented. It is worth noting that the different size of the various
classes in the database also tries to reflect their real distribution in videos. For
instance, the size of the child one-voice class is smaller than that of the man one-
voice class since in general is more probable to watch a man as a character of a
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movie, or as an anchor in TV-news, than a child.
From the above described database three sets have been extracted: one for training
the neural network (the training set, in the following TRS) made up of about 5700
samples (40% of the whole database), one for evaluating the training performance
of the neural network (the so-called training-test set – in the following TTS) made
up of about 4300 samples (30% of the whole database), and one for testing the
neural network (the test set, in the following TS) made up of the remaining 30%
(about 4300 samples).

Speech Music

Type of voice
Number
of voices

Duration (total sec.)
Music
genre

Duration (total sec.)

Child 1 9′ 54″ - (  594) Alternative 55′ 19″ - (3319)
Female 1 27′ 49″ - (1669) Blues 1h. 39′ 49″ - (5989)
Male 1 1h. 36′ 45″ - (5805) Children 58′ 40″ - (3520)

Child + Adult 2 39′ 01″ - (2341) Classical 1h. 25′ 27″ - (5127)
Child 2 19′ 28″ - (1168) Country 1h. 39′ 41″ - (5981)

Female 2 50′ 55″ - (3055) Dance 1h. 44′ 53″ - (6293)
Male 2 1h. 13′ 30″ - (4410) Folk 54′ 39″ - (3279)

Male + Female 2 54′ 28″ - (3268) Gospel 59′ 18″ - (3558)
Child + Adult > 2 33′ 55″ - (2035) Jazz 2h. 11′ 04″ - (7864)

Child > 2 17′ 12″ - (1032) Latin 1h. 37′ 12″ - (5832)
Female > 2 30′ 33″ - (1833) Metal 50′ 26″ - (3026)
Male > 2 40′ 37″ - (2437) New Age 1h. 58′ 01″ - (7081)

Male + Female > 2 42′ 42″ - (2562) Pop 2h. 20′ 27″ - (8427)
Punk 1h. 03′ 35″ - (3815)
Rap 2h. 09′ 40″ - (7780)

Reggae 1h. 41′ 38″ - (6098)
Religious 1h. 11′ 34″ - (4294)

Rock 1h. 12′ 08″ - (4328)

Total 8h. 56′ 49″ (32209) Total 26h. 33′ 40″ (99611)

Table 1: A description of the audio database used.

The chosen network architecture was a Multi-Layer Perceptron with a single
hidden layer. The learning algorithm was the standard Back-Propagation one, with
a constant learning rate equal to 0.5. The sigmoidal activation function was chosen
for all the neurons. The input and the output layer were made up of 14 and 2
neurons respectively.
Before using this classifier, we perform the silence detection separately on each
audio segment. This is due to the fact that silence signals are characterized by a
very low energy level, so that they can be simply detected on the basis of an energy
thresholding. We compute the total energy of the signal in T according to the
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introduced in Section 3. The value ETOT is compared with a predefined threshold
(ThSIL): if ETOT < ThSIL, then the considered audio segment is classified as silence,
otherwise it is forwarded to the neural classifier.
On the database used about 93% of correct silence detection has been obtained.
In table 2 results obtained on TTS and TS by neural classifiers with different values
of hidden neurons are reported.

# of hidden neurons TTS TS
10 95.87 94.22
15 97.17 93.56
20 98.03 94.59
25 97.80 94.43
30 97.89 93.96

Table 2: Results obtained on the considered database as a function of the number of
neurons.

In order to test the ability of the neural classifier in rejecting transitions, the
method proposed in [16] for selecting a reject threshold ensuring the best trade-off
between error and reject rates has been applied. In table 3 the results relative to the
use of the reject option on a set of samples not containing only speech or music are
reported. As it is evident, almost all of these samples are correctly rejected,
confirming the effectiveness of using such a technique for detecting transitions.

# of hidden neurons Error Rate Reject Rate
10 0.99 99.01
15 1.33 98.67
20 3.33 96.67
25 2.67 97.33
30 2.67 97.33

Table 3: Results obtained on a set of samples not containing only speech or music, as a
function of the number of neurons.

Conclusions

In this paper a multi-expert system for the segmentation of audio MPEG stream is
proposed.
The proposed method works directly on MPEG encoded sequences so as to avoid
computationally intensive decoding procedures.
Preliminary results on a large audio database, specifically constructed for the
performance assessment of the method, confirming the effectiveness of the
proposed approach.
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Pattern Recognition
with  Quantum Neural Networks

A.A.Ezhov
Troitsk Institute of Innovation and Fusion Researches

   Troitsk, Moscow region, Russia

                                                   Abstract.

New model of  quantum neural nework able to solve classification problems is
presented. It is based on the extention of the model of quantum associative memory
[1] and also utilizes Everett’s interpretation of quantum mechanics [2-4]. For pre-
sented model not neural weights but quantum entanglement is responsible for asso-
ciations between input and output patterns.  Distributed form of queries permits the
system to generalize. Spurious memory trick is used to control the number of
Grover’s iterations which is necessary to transform initial quantum state into the
state which can give correct classification in most measurements. Numerical mod-
elling of counting problem  illustrates  model’s behavior and its potential benefits.

Keywords quantum neural networks, entanglement, many universes interpretation,
pattern recognition, counting problem

1. Quantum neural networks

The study of quantum neural networks (QNN) combines neurocomputing with
quantum computations. Therefore, QNN models share main features both of quan-
tum computers and of artificial neural networks. Pre-history of quantum computa-
tions started with works of R.Feynman [5],  D.Deutsch [6] and Yu.Manin [7] in 80-
s. Great break-through in this field is connected with the invention of factoring
algorithm by P.Shor [8] in 1994 and also with the development of Grover’s algo-
rithm for the search in unsorted database in 1996 [9].The main advantages of
quantum computing are connected with the use of quantum phenomena, which are
not inherent to classical computations. These phenomena are as follows:

•   quantum superposition, which suggests that n-bit register can in some sense

exist in all its possible 2n  states in a moment;
•   quantum interference gives the possibility for multiple decisions of given

problem to compete each other in such a manner, that wrong decisions disappear
in destructive interference, while correct decision survives and a probability to
detect it grows due to the constructive interference;

•  quantum entanglement – this purely quantum phenomenon has no classical
analog and sometimes is characterized as super-correlation which can cause the
appearance of classical correlations.
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   Quantum computations promise to solve problems untractable on classical com-
puters. For some of them they can give exponential acceleration for the time of the
solution and also permit to create memory with exponential capacity. It is well
known that power of artificial neural networks is due to:

• ability to process wide-band signals (patterns);
• non-algorithmicity (neural networks can be trained using restricted set of ex-

amples, not programmed);
• generalization ability  – neural networks can classify novel patterns;

     There are many approaches to the development of QNN models, proposed by
M.Peruš [10], D.Ventura and T.Martinez [1], R.Chrisley [11], T.Menneer [2-4],
E.Behrman [12], S. Kak[13] et al. These models focuse on different aspects of
quantum computations and neural processing. M.Peruš outlined some similarities
existing between formalisms of quantum mechanics and also of neural networks.
E.Behrman et al. [12] clarified a role of nonlinearity using Feynman pass integral
approach and proposed possible physical implementation of their model. D.Ventura
showed how quantum superposition can be used to develop associative memory
with exponential capacity. R.Chrisley described how quantum neural networks with
continuous weights   able to process gradual signals can be implemented. It is sug-
gested that quantum neural network can have many advantages such as exponential
aceleration of computations, smaller number of hidden units and, as the conse-
quence, better generalization [14]. Many features of classical neural networks seem
to be hardly realized in quantum analogs. For example, processing of wide-band
signals is complicated because it demands maintainence of coherence of the system
consisting of many qubits. However, one of the most important problem which
have to be decided for quantum neural networks to be effective pattern recognition
systems is generalization. T.Menneer investigated this questions in her thesis [3].
Together with D.Deutsch [15]  A.Naraynan and T.Menneer argued a necessity to
use Everett interpretation of quantum mechanics for clear undestanding of the
source of power of quantum computations.
    In this presentation we outline some new approach to the generalization problem,
considering QNN model based on Grover’s algorithm.

 

 2. Menneer’s approach
 
 T. Menneer defines quantum neural network as a superposition of single compo-
nent networks each trained on only one pattern. Everett’s interpretation of quantum
theory suggests that each component network exists in separate universe.
T.Menneer has performed computer simulations to show that her model is more
effective in classification than classical neural networks.
    First reason for this effectiveness is that training of component network using
single pattern is very fast. Second reason is that, because of the absence of pattern’s
interference, the model escapes the problem of “catastrophic forgetting”, which is
typical for networks trained on many patterns. Third reason is that QNNs can learn
more complicated classification problems than their classical analogs. It was also
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found that there is no loss of generalization and scheme is independent on quantum
hardware. However, this approach has some other advantages and  shortcomings
which would be briefly outlined.
     First, training of component neural network using only one pattern is very rason-
able approach which can be considered as natural extention of the tendency in
neurocomputing to use modular systems consisting of single-class modules (neural
networks trained using only patterns belonging to particular class [16,17]). But it
seems unreasonable  to use backpropagation to train single-pattern networks be-
cause weights of corresponding network can be directly calculated either for simple
linear neuron-associator or for Hopfield network with Hebbian interconnections.
Below we shall argue that there is no need to associate input and output values
using weights of component neural networks, because suitable mechanism of asso-
ciation of qubit’s states already exists in quantum mechanics. Corresponding phe-
nomenon is known as entanglement, which can be considered as super-correlation
generating ordinary correlations or, in other words, associations.
     Seconds, catastrophic forgetting does a real problem for passive memory systems
which try to memorize all training patterns. But this problem disappears if neural
networks are considered as the models of active memory which suggests just non-
trivial mapping of the set of learned patterns onto the set of attractors which leads
to prototype-based classification and emergency of  predictive abilities [16] .
    Third, it seems preferable to outline how QNN model can be implemented. From
this point of view the Menneer’s model seems to be  questionable, because it sug-
gests unphysical mechanisms of wave-function collapse [3]. At last, her approach
classifies patterns according to minimal Hamming distance.
     It is also necessary to comment the problem of generalization. Apart of evident
practical achivements,  the theoretical belief in effectiveness of neural networks is
based on some principal results. Among of them are: ability of perceptrons with
single hidden layer to approximate any multivariable and multivalue function; ex-
istence of effective training algorithms for multilayered systems, and the ability of
neural networks to generalize data, which is expressed in finitness of VC-
dimension. It means that given neural network with restricted number of hidden
neurons should not realize any patterns dichotomy. On the other hand, the expo-
nential capacity of quantum associative memory [1] can be considered as argument
in favor to infinite VC-dimension for considered quantum systems. Indeed, the
ability of network to memorize any set of patterns means that any Boolean function
can be realized using Grover scheme for the search of item in a “phone book”, if
“number” field is used to represent argument and “name” field – value of this func-
tion. It seems that to obtain quantum systems with finite VC-dimension it is neces-
sary to restrict a number of iterations in Grover algorithm or, in general,  to restrict
a number of transformations (steps) in given quantum computational process. In
any case, problem of generalization has not been clarified yet for quantum neural
systems. For quantum associative memory the attempt to treat this problem using
notion of distributed queries has been done in [18]. Below we shall show, how
promissing Menener’s approach can be used in schemes based on powerful Grover
algorithm, which has been already implemented in NMR systems [19] .
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 3. Quantum associative memory
 

 We use some extention [18] of the model of quantum associative memory proposed
by D.Ventura [1] as the prototype of quantum pattern recognition system  able to
classify novel patterns, e.g. to generalize.  Ventura’s model is based on the use of
Grover’s algorithm, which is treated as prototype for other effective quantum algo-
rithms [20]. In simplest form it starts with the initiation of quantum memory

| |ψ 〉 = 〉
=

−

∑ a xx
x

d

0

2 1

 in a form of uniform superposition1 of the states belonging to the

prescribed subset Μ (these states will be refered to as memory states) of the com-
plete set of basic states (the last one includes all possible states of  d-qubit register
| | ... |x x xd1 2〉⊗ 〉⊗ ⊗ 〉 , where⊗  denotes tensor product):
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1 2 .                                   (1)

 In (1) Μ denotes memory set, and | |Μ  – number of patterns in it. It is assumed that

we know only a part of qubit’s states  of external stimulus | p〉 . The problem is to

complete it  to one of the memory states2. To solve this problem Grover’s iterations
can be applied [9]. Each iteration is performed in two steps:
    1. Oracle invertes the phase of such memory state which has a part coinciding
with known part of presented stimulus | p〉  (let us denote this situation as x p⊃ )  :

                                                    a
a x p

a otherwisex
x

x

→
− ⊃




,

,
                             (2)

    2. NameFinder-in-Memory  inverts amplitudes of all memory states  around their
average value

                                     a a ax x→ 〈 〉 −2 Μ ,                                              (3)

 leaving zero amplitudes of basic states which do not belong to memory.
    After sufficient number of iterations module of amplitude of memory state having
part coinciding with known part of | p〉 takes value near 1, while amplitude modules

of other memories vanish. If measurement process is performed after proper num-
ber of iterations, then completed version of stimulus | p〉  can be detected in quan-

tum register.  There is a problem connected with this scheme: it fails if known part
of presented stimulus coincide with no part of any memory state. Moreover, this
approach cannot realize associative memory of general type, when no exact part of
memory is known and arbitrary noised version of it is presented. Some extention of

                                                          
 1 The algorithm of this initializing is rather complicated and has been comprehensively
described in [20].
 
 2 It is assumed that only one memory state has a part which exactly coincides with known
part of stimulus.
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described model, which can find memory state nearest to the stimulus has been

presented in [18]. According to this approach distributed query |b p 〉 should be

used. Distributed query is a quantum superpositional state having maximal ampli-
tude in a central basic state, defined by true query  | p〉 , and non-zero amplitudes of

other basic states, decreasing with the Hamming distance from this center. For
example it can be chosen in the form

                        | |b b xp
x
p

x

d

〉 = 〉
=

−

∑
0

2 1

,           b q qx
p

p x d h p x

= −
− − −

|
| | | |

( )2 21  .                  (4)

    In (4) | |p x−  denotes Hamming distance between binary strings p and x and q

tunes a width of distribution ( . )0 0 5< <q . It has been shown, that using distributed

queries it is possible to model correcting associative memory [18].  The problem
connected with this memory is a necessity to estimate needed number of Grover’s
iteration. The difficulty arizes from the fact that the number of iterations depends
on a number of stored memories and on their distribution in configurational space.
To solve this problem “spurious memory” trick can be used. It can be shown, that
amplitudes of basic states, which do not reperesent memories, oscillate with the
same phase value in Grover’s iterations. So, if instead of formation of memory
using desired basic states we shall use only all other possible states, than effec-
tively, desired memories states will become “spurious” one and, therefore, will be
in-phase in iterations. This situation facilitates the control of memories detection
because if the number of desired memory states  is relatively small, then it is possi-
ble to calculate approximate number of iteration steps, for probability of detection
of memories states be maximal [18]3. Only restriction of this trick seems to be the
neccessity to have small memory sets. It can be considered as disadvatnage because
just  high capacity is the most important feature of quantum memory.
    However, for the case of real pattern recognition systems4, it is preferable and
only possible to train them using small part of <pattern,class> associations. Of
course, corresponding system should generalize data in order to be able to classify
novel patterns. Below, we shall outline an approach to this problem, using as the
basis the model of correcting quantum associative memory.

 4. Quantum pattern recognition
 
 Consider a register consisting of d +1  qubits. Let first d qubits contain classified
binary pattern x , while last qubit contains pattern’s binary classification index
Cx ∈{ , }0 1 . So, this register has a form | |x Cx〉⊗ 〉 . We shall call first d qubits

input register and last  ( d +1 )-th qubit – class qubit. Let Τ   be a training set,

                                                          
 3 We shall further give a formal expression for this number of steps for the case of pattern
classification
 4 It is true in general for any neural system processing many component patterns.
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Τ Τ Τ= + −! , where Τ±  – training subsets corresponding to  two object classes
C±  and | |Τ  – number of elements in Τ ). Consider quantum superposition

             |
| |

| | | (| | )m x C x
d xx x

〉 =
−

〉⊗ ¬ 〉 + 〉⊗ 〉+ 〉
+ ∈ ∉∑ ∑1

2
0 1

1 Τ Τ Τ
                (5)

 According to “spurious memory” trick all basic states are included in this superpo-
sition apart of those belonging to training set: {| | , }x C xx〉⊗ 〉 ∈Τ . It can be seen

from the expression above that in superposition |m〉  only the inputs |x〉 ∈Τ  are

entangled with the (wrong) state of class qubit.    Let  | p〉  be a d -bit pattern we

want to classify. Consider ( d +1)-qubits distributed query  of the form:

                                                 | | (| | ) /b b xp
x
p

x

d

〉 = 〉⊗ 〉+ 〉
=

−∑ 0

2 1
0 1 2                      (6)

 for which bx
p  are given by expression (4).   Introduce quantum system

|ψ 〉 consisting of d +1  qubits and let its initial state be given by (5), so

∀ ≡x a mx x
( )0 , where | |ψ 〉 = 〉

=

−∑ a xxx

d

0

2 1
.   Let us iterate the state |ψ 〉  using

Grover’s scheme generalized to the case of distributed queries [18]:

                                                   a a a b bx x
p

x
p( / ) ( ) ( ) |τ τ τ+ → − 〈 〉1 2 2    ,

                                                   a a m m ax x x
( ) ( / ) ( / )|τ τ τ→ 〈 〉 −+ +2 1 2 1 2 ,                     (7)

 where τ  counts interation step. It is possible to find a number of iterations for
which amplitudes of “spurious” states  take their equal maximal values:

                                            Tmax /= π ω2   ,         ω = 〈 〉2 arcsin( | )b mp               (8)

    If a number of associations in training set is small comparing to full number of

( d +1 )-bit binary patterns, | |Τ << +2 1d , then we can approximately set

                               ω ω≅ = 





−
=

−∑~ arcsin /2 2 2

0

2 1d
x
p

x
b

d

,    ~ / ~
maxT = π ω2             (9)

    The last approximation for the number of iterations will be used in all examples
considered below.

 
 Counting problem
 
 This problem has been investigated by T.Menneer for the case d = 4 . Average
number of items in training sets equals to 10, so 60% of all possible patterns were
used for training. Note that, in opposite to our approach, this training set was not
small. We start with simpler symmetrical problem: in this case d = 3, and 3-bit
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string is classified as belonging to the class C−  if number of zeros is less or equal

to 1, otherwise it is classified as belonging to C+ . We use training set consisting of

only 2 patterns:  (000)  ( C− ) and (111)  ( C+ ). Note, that exact number of Grover’s

iterations depends on the stimulus to be recognized (center of presented query). It is

not difficult to show that it is the same ( T train
max ) for two  chosen training patterns

and also the same ( T test
max ) for all test patterns. It is interesting to note, that approxi-

mate value of iteration number ~
maxT  is closer to  T train

max  rather than to T train
max  and is

near to T train
max  for q = −0 2 0 3. .  (see Table 1).    So, approximation for iteration

number is more suitable for novel stimuli, which are not presented in training set.
Therefore, our scheme is well-suited for generalization.
 
 Table 1. Angular  frequences and corresponding maximal numbers of Grover’s iterations
calculated using (8) for training and test patterns together with their approximated values (9)
calculated for different value of parameter q. Zone of close correspondence between ap-
proximate frequence and ones for test patterns is greyed.
 
 q  ω train  ω test  ~ω  T train

max
 T test

max
 ~

maxT
 0  0.190  0.388  0.361  8  4  4
 0.05  0.493  0.645  0.654  3  2  2
 0.1  0.641  0.766  0.797  2  2  1
 0.15  0.760  0.863  0.916  2  1  1
 0.2  0.864  0.946  1.023  1  1  1
 0.25  0.956  1.019  1.123  1  1  1
 0.3  1.037  1.082  1.217  1  1  1
 0.35  1.107  1.135  1.308  1  1  1
 0.4  1.161  1.175  1.397  1  1  1
 0.45  1.197  1.201  1.484  1  1  1
 0.5  1.209  1.209  1.571  1  1  1

 

 The results of application of described scheme for different widths of distributed
query are summarized in Table 2.
1. Compare the second and the third columns in Table 2. In the second one mod-
ules of amplitude corresponding to the probablility to find query’s center | p〉 in the

first d qubits together with the correct value of class (d+1)-th qubit are presented. It
is evident, that for  q=0.2-0.35 probability to check just query’s center (clasified
pattern) is high enough (0.4-0.6), and ones to classify it correctly is very near to 1.
 2. If we ignore what state of input register is measured, then correct classification
can be obtained by performing multiple classification trials for the same values of
q=0.2-0.35. It is not expensive procedure because each trial demands only one
Grover’s iteration.  Comparing these two approaches we can reveal those stimuli
(input patterns)  which really have been used in training. Indeed, if we fix some
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pattern measured in input register, and if this pattern was not used for training, then
measured state of class qubit will be completely random. It is due to the amplitudes
of the pairs of novel (not used for training) states, which differ only by the state of
class qubit,  retain equal values because they have equal initial values mx  and also

have equal bx
p values. Taking into account the form of equation (7) we are con-

vinced that amplitudes of these states are equal at any iteration’s step. It follows
from this fact, that our quantum system can operate as novelty detector.    Unfortu-
nately, this equality of amplitudes of novel states corresponding to two basic values
of class qubit give no possibility to classify them for fixed value of input register.
So, we must ignore its value if we want to have generalization! Really, in this case
correct classification of presented pattern (it defines query’ center) also can be
obtained statistically (see 6th and 7th columns of Table 2) though it should be
reacher than for the case of trained patterns. It can be qualitatively explained.

 Table 2.  Final parameters of quantum system for different values of parameter q (1st
column) are presented (zone with best recognition parameters is greyed)
 For training set:
• 2nd and 3rd columns: probabilities to find center of query in input register together
with correct (incorrect) value of class qubit;
• 4th  and 5th columns: probabilities to find correct (incorrect) class qubit for any state
in input register;
For test set:
• 6th and 7th columns: probabilities to find correct (incorrect) class qubit for any state
in input register;
• 8th and 9th columns: Recognition rate for training (test) sets.

q | ( )|a Cx
2

(train)

| ( )|a Cx¬ 2

(train)

〈 〉| ( )|a Cx
2

 (train)

〈 ¬| ( )|a Cx
2

 (train)

〈 〉| ( )|a Cx
2

 (test)

〈 ¬| ( )|a Cx
2

(test)
Rtrain Rtest

0 0.517 0.464 0.527 0.473 0.500 0.500 100 50

0.05 0.468 0.200 0.660 0.340 0.526 0.474 100 100

0.1 0.521 0.369 0.580 0.420 0.546 0.454 100 100

0.15 0.582 0.274 0.670 0.330 0.572 0.428 100 100

0.2 0.592 0.175 0.737 0.263 0.590 0.410 100 100

0.25 0.563 0.092 0.771 0.229 0.597 0.403 100 100

0.3 0.509 0.035 0.770 0.230 0.594 0.406 100 100

0.35 0.439 0.006 0.735 0.265 0.580 0.420 100 100

0.4 0.363 0.001 0.674 0.326 0.558 0.442 100 100

0.45 0.288 0.015 0.592 0.408 0.531 0.469 100 100

0.5 0. 219 0.040 0.500 0.500 0.500 0.500 50 50

Indeed, taking into account a form of iteration scheme (7), and  remembering that

a mx x
0 = , we can obtain after single iteration (which is sufficient for intermediate q

values):
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                       a m b m m b bx
p

x
p

x
p(1) ( | ) |= − 〈 〉 + 〈 〉1 4 22                              (10)

   Here it is crucial, that first factor in the first term of right side is as a rule nega-
tive. Actually, because we use for training only small set of patterns,

                               〈 〉 ≅ =−
=

−∑m b b F qp d
x
p

x

d

| ( )(1 )/2 2

0

2 1
.                                   (11)

It is easy to see that for our problem for q>0.05  F q( ) .> 0 25 , so this factor is

really negative. It follows from the expression (10), that for training patterns after
one iteration the associations between states of input register and correct value of
classifiaction qubit have higher amplitudes, than associations with incorrect value
of this qubit. This is because of only for training state mx = 0  and the first term

does not reduce the sum in right side in (10). What about inputs which were not
used in training? Despite of we ignore the state of input register it sometimes will
collapse to novel or also training pattern. In the first case the state of class qubit
will be completely random for given detected state of input register. In the second
case, when input register is detected in training pattern, class qubit will take both
values with different probabilities. So, for the input pattern | p〉 ∉Τ class qubit will

attribute it to both classes with the probabilities:

        Pr( ) | | | |C a ax
x

x
x

± ∈ ∉
= +±∑ ∑2 2

Τ Τ
                                      (12)

From (12) it follows that

      Pr( ) Pr( ) | | | |C C a ax
x

x
x

+ − ∈ ∈
− = −+ −∑ ∑2 2

Τ Τ
                            (13)

   Taking into account that for training pairs mx = 0 , after first iteration we have:

Pr( ) Pr( ) | | | | | | | |C C b b b bx
p

x x
p

x x
p

x x
p

x+ − ∈ ∈ ∈ ∈− ∝ − ∝ 〈 〉 − 〈 〉+ − + −∑ ∑2 2 2 2

Τ Τ Τ Τ

   The brackets in the right side ofthe last expression means averaging by patterns of
training set belonging to given set.  It is evident, that vector | p〉 ∉Τ will be pre-

sumably classified as belonging to that class, for which averaged  by class states

module of query’s amplitudes  | |bx
p 2  is maximal. Because of amplitude modules

decrease with the Hamming distance from the query’s center, those states which are
nearest to one of trained pattern will be classified just as the last one.   In our case
only two patters form training set. Therefore, pattern classification is directly per-
formed according to the class label of nearest (in the sense of Hamming distance)
training pattern. So, described quantum system will be used for statistical decision
of simplest counting problem. We conclude, that because all patterns are correctly
classified by our quantum system, then, at least for this variant of counting prob-
lem, generalization is possible. General situation corresponds to the case when
fixed number of ones in a string plays a role of classificational threshold. Assume
that it is just 2 for any string’s length and consider counting problem corresponding
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to the case d = 6 . In this case there is no symmetry between number of ones and
zeroes  in a pattern. Consider the training set consisting of  9 patterns:
C+ ={000000, 010000, 011000, 100010};  C− ={001111,010111,111011,111101,111111}.

Note, that it containes only about 14% of 64 6-bit patterns. Simulations shows, that
for q>0.22 approximate number of Grover’s iterations coincides with ones given by
(8) and equals to 1. In this region probability to find correct class bit for any de-
tected argument-register (x-value) has well-defined maximum located near
q ≅ 0 67. both for training and also for test sets – about 0.61 and 0.55 correspond-
ingly (Figure 1). In this region generalization ability of the system is about 75%.
Higher values (87%) can be reached for q ≅ 016.  after two iterations (this correct

value is also given by (9)). But for this q value probabilities to find correct class bit

for any detected argument-register are lower (0.55 and 0.51 correspondindly). It
means that reacher statistics is needed for the training set, while for the test set
statistical estimation is extremely difficult. Note, that for training set perfect recog-
nition is observed for almost all q -values ( q < 0 49. ). Moreover, for fixed state of

argument’s register , corresponding to trained pattern, probability of correct classi-
fication exceeds 75%.

              Figure 1.  Probability of correct pattern classification for training and test sets.

Conclusions

We present quantum neural network model which uses not weights but entangle-
ment of qubit’s states to provide associations. Therefore, this model is similar to
“weightless” neural networks [22]. Some examples are presented to show that the
system can generalize data, though generalization is not high enough. It can be
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happened that quantum systems are too flexible to  generalize well without using
special means. Nevertheless, presented approach seems to be promissing because
the system can be trained using small number of examples, it can be physically
implemented, and also can be used as novelty detector.
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Pattern Matching and Neural Networks based Hybrid
Forecasting System

Sameer Singh and Jonathan Fieldsend

PANN Research, Department of Computer Science, University of Exeter,
Exeter, UK

Abstract. In this paper we propose a Neural Net-PMRS hybrid for
forecasting time-series data. The neural network model uses the traditional
MLP architecture and backpropagation method of training. Rather than using
the last n lags for prediction, the input to the network is determined by the
output of the PMRS (Pattern Modelling and Recognition System). PMRS
matches current patterns in the time-series with historic data and generates
input for the neural network that consists of both current and historic
information. The results of the hybrid model are compared with those of
neural networks and PMRS on their own. In general, there is no outright
winner on all performance measures, however, the hybrid model is a better
choice for certain types of data, or on certain error measures.

1.  Hybrid Forecasting System

The science of forecasting relies heavily on the models used for forecasting, quantity
and quality of data, and the ability to pick the right models for a given data. A number
of past publications on pattern matching have argued the need for using historic
information through pattern matching for forecasting. A number of these pattern
matching techniques, such as our previous PMRS model, have been very successful
on a range of economic and financial data. The main philosophy behind these pattern
matching techniques is to identify the best matching past trends to current ones and
use the knowledge of how the time series behaved in the past in those situations to
make predictions for the future. A range of nearest neighbour strategies can be
adopted for this matching such as the fuzzy Single Nearest Neighbour (SNN)
approach.

Neural networks do not normally use historic matches for forecasting.  Instead, their
inputs are taken as recent lags [2]. However, their ability to formulate a non-linear
relationship between inputs and output has a considerable advantage for producing
accurate forecasts [3].
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In this paper we combine the pattern matching ability with the determination of non-
linear relationship between inputs and output by generating a hybrid model for
forecasting. The hybrid model uses the PMRS model [6,7] for determining historic
matches used as inputs to a neural network model. The results are shown on a range
of scientific time series data and financial market data. We first describe our PMRS
and neural network models on a stand-alone basis, and then their combination.

1.1  PMRS Component

If we choose to represent a time-series as y = {y1, y2, ... yn}, then the current state of
size one of the time-series is represented by its current value yn. One simple method
of prediction can be based on identifying the closest neighbour of yn in the past data,
say yj, and predicting yn+1 on the basis of yj+1. Calculating an average prediction based
on more than one nearest neighbour can modify this approach. The definition of the
current state of a time-series can be extended to include more than one value, e.g. the
current state sc of size two may be defined as {yn-1, yn}. For such a current state, the
prediction will depend on the past state sp {yj-1, yj} and next series value y+

p given by
yj+1, provided that we establish that the state {yj-1, yj} is the nearest neighbour of the
state {yn-1, yn} using some similarity measurement. In this paper, we also refer to
states as patterns. In theory, we can have a current state of any size but in practice
only matching current states of optimal size to past states of the same size yields
accurate forecasts since too small or too large neighbourhoods do not generalise well.
The optimal state size must be determined experimentally on the basis of achieving
minimal errors on standard measures through an iterative procedure.

We can formalise the prediction procedure as follows:

ÿ = f(sc, sp, y
+

p, k, c)

where ÿ is the prediction for the next time step, sc is the current state, sp is the nearest
past state, y+

p is the series value following past state sp, k is the state size and c is the
matching constraint. Here ÿ is a real value, sc or sp can be represented as a set of real
values, k is a constant representing the number of values in each state, i.e. size of the
set, and c is a constraint which is user defined for the matching process. We define c
as the condition of matching operation that series direction change for each member
in sc and sp is the same.
   In order to illustrate the matching process for series prediction further, consider the
time series as a vector y = {y1, y2, ... yn} where n is the total number of points in the
series. Often, we also represent such a series as a function of time, e.g. yn = yt, yn-1 =
yt-1, and so on. A segment in the series is defined as a difference vector d = (d1, d2, ...
dn-1) where di = yi+1 - yi, "i, 1�i�n-1. A pattern contains one or more segments and it
can be visualised as a string of segments r = (di, di+1, ... dh) for given values of i and h,
1�i,h�n-1, provided that h>i. In order to define any pattern mathematically, we
choose to tag the time series y with a vector of change in direction. For this purpose, a
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value yi is tagged with a 0 if yi+1 < yi, and as a 1 if yi+1 � yi. Formally, a pattern in the
time-series is represented as r = (bi, bi+1, ... bh) where b is a binary value.
   The complete time-series is tagged as (b1, ...bn-1). For a total of k segments in a
pattern, it is tagged with a string of k b values. For a pattern of size k, the total
number of binary patterns (shapes) possible is 2k. The technique of matching
structural primitives is based on the premise that the past repeats itself. It has been
noted in previous studies that the dynamic behaviour of time-series can be efficiently
predicted by using local approximation. For this purpose, a map between current
states and the nearest neighbour past states can be generated for forecasting.
Pattern matching in the context of time-series forecasting refers to the process of
matching current state of the time series with its past states. Consider the tagged time
series (b1, bi, ... bn-1). Suppose that we are at time n (yn) trying to predict yn+1. A
pattern of size k is first formulated from the last k tag values in the series, r’ = (bn-k, ...
bn-1). The size k of the structural primitive (pattern) used for matching has a direct
effect on the prediction accuracy. Thus the pattern size k must be optimised for
obtaining the best results. For this k is increased in every trial by one unit till it
reaches a predefined maximum allowed for the experiment and the error measures are
noted; the value of k that gives the least error is finally selected. The aim of a pattern
matching algorithm is to find the closest match of r’ in the historical data (estimation
period) and use this for predicting yn+1. The magnitude and direction of prediction
depend on the match found. The success in correctly predicting series depends
directly on the pattern matching algorithm.
   The first step is to select a state/pattern of minimal size (k=2). A nearest neighbour
of this pattern is determined from historical data on the basis of smallest offset ¶.
There are two cases for prediction: either we predict high or we predict low. The
prediction ÿn+1 is scaled on the basis of the similarity of the match found. We use a
number of widely applied error measures for estimating the accuracy of the forecast
and selecting optimal k size for minimal error. The forecasting process is repeated
with a given test data for states/patterns of size greater than two and a model with
smallest k giving minimal error is selected. In our experiments k is iterated between
2�k�5.

1.2 Neural Network Component

In this paper we use the standard MLP architecture with backpropagation mode of
learning.  In order to enable consistency between the Neural Network model and the
PMRS model, the Neural Network inputs are the 6 most recent lags of the time series
(i.e. Yt-1, Yt-2, Yt-3, Yt-4, Yt-5 & Yt-6, when the value to be predicted is the actual Yt).
This mimics the PMRS approach of pattern matching of up to 5 historic differences (d
values) which therefore uses the information contained in the most recent 6 lags. (In
other circumstances the 6 lags chosen would be those with the highest partial
autocorrelation function value when correlated with the actual [5]).
In our study, neural networks have two hidden layers with 5 sigmoidal nodes in each
and the networks are fully connected.
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The learning rate was set at 0.05 with a momentum of 0.5. The Neural Networks
training was stopped when the combined RMSE on the test and training set had fallen
by less than 0.025% of their value 5 epochs ago. The inclusion of the validation error
prevents over- fitting, however by summing the two errors (as opposed to strictly
using the test error on its own), a slight trade-off is permitted between the errors while
pushing through local minima. In addition this stopping operator was only used after
at least 1000 epochs had passed during training.

1.3  Neural Net-PMRS

Neural Networks with PMRS generated inputs have the same stopping regime as the
standard neural network described above with only topological difference in the form
of number of inputs. Two hybrid models were trained. The first was training on the
matched deltas d found by the PMRS algorithm, the predicted delta and the lags used
to find them, i.e. a PMRS model fitting two historic deltas would use 3 lags. A single
asterisk in Table 2 denotes this model (NNPMRS*). The second model used the
matched deltas d found by the PMRS algorithm, the predicted delta and the most
recent lag (this model is denoted by a double asterisk in Table 2 - NNPMRS**).

2.  Experimental Details

Each data set was partitioned into consecutive segments of 75% (training data) 15%
(test data) and 10% (validation data). The Neural Network model weights are adjusted
using the Backpropagation algorithm on the training set and stopped (using the
stopping method described later) using the root mean square errors on the training set
and test set. In the case of PMRS, four different PMRS models with pattern sizes of
2,3,4,and 5 were fitted to the training set and compared on the test set data. The best
performing PMRS model on the test set was then chosen for use on the validation set
and as the input to the NN-PMRS model. The ‘best performing’ model was judged as
the PMRS lagged model which had the highest number of ‘best’ error statistics out of
the six statistics used: R2, Percentage direction success, Root Mean Square Error
(RMSE), Geometric Mean Relative Absolute Error (GMRAE), Mean Average
Percentage Error (MAPE) and Percentage better than random walk (BRW). When
two PMRS models performed equally well using this criteria, two NN-PMRS models
were fitted.
As the PMRS model needs a store of historical data before it can make predictions
(and therefore be of use as an input to a non-linear system such as a Neural Network),
the data split is slightly different for the NN-PMRS models. The end 10% of the data
is again set aside as an ‘unseen’ validation set, and of the remaining 90% data, the
first 40% is used as the estimation data for the PMRS model to be fitted to. The
remaining 50% is split such that the neural network is fitted to the next 40% and
tested on the following 10%. This results in a 40/40/10/10 split as opposed to the
75/15/10 split used in the other models.
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3.  Results

The results for the performance of the two hybrid models, PMRS and Neural
networks is shown in Table 2 on a range of error measures recommended by
Armstrong and Collopy [1]. It is evident that no single model performs the best on all
error measures. In this table, we have picked the best performing PMRS models on
the basis of how it performs on test data. For PMRS, we vary the parameter k (pattern
size for matching) between 2 and 5 and select those models that perform the best on
most number of error measures. In some cases, more than one model is chosen as the
best performer as two models can perform equally well on different error measures.
Out of the two hybrid models, we find that NNPMRS* model consistently
outperforms the second model and therefore we use this as our base hybrid model for
comparison with other methods. It is difficult to visualise an overall winner on each
measure. In order to interpret results we simplify this process in Figure 1. We find
that on most time-series, the hybrid model is the best for generating the lowest
GMRAE error and is significantly good on generating high direction rate success. It
outperforms the two other models on all error measures in a small proportion of cases,
and there is no generic trend to comment on. From these experiments it is abundantly
clear that the hybrid model has a considerable future in the forecasting domain. Some
of the improvement in results is small, however any improvement is of considerable
importance in financial domains, where the capital involved can be extremely large.

4.  Conclusions

In this paper we have proposed a novel method of combing pattern matching
techniques with neural networks. This hybrid strategy has the advantage that it
becomes possible to use historic information efficiently, which is not possible in
traditional neural network models. In general, the hybrid model is a better choice in
situations where the model selection process relies heavily on low error on GMRAE
and high direction success. On other error measures, the hybrid model does not, in the
majority of time series, outperform the PMRS and neural net stand-alone models. Our
understanding is that the hybrid strategy is of considerable use in a range of prediction
domains and it is only through empirical analysis, we can interpret its advantages.
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Table 1. 1991 Santa Fe Competition data & exchange rate data

Data set Description Observations

A Laser generated data 1000

B1, B2, B3 Physiological data, spaced by 0.5 second intervals.
The first set is the heart rate, the second is the chest
volume (respiration force), and the third is the blood
oxygen concentration (measured by ear oximetry).

34000 each

C tickwise bids for the exchange rate from Swiss francs
to US dollars; they were recorded by a currency
trading group from August 7, 1990 to April 18, 1991

30000

D1, D2 Computer generated series 50000

E Astrophysical data. This is a set of measurements of
the light curve (time variation of the intensity) of the
variable white dwarf star PG1159-035 during March
1989, 10 second intervals.

27204

USDBRL Daily Exchange Rate of Brazilian Reals to the US
Dollar (4 & ¾ years) 22nd Oct 95 to 2nd August 2000

1747

USDCAN Daily Exchange Rate of Canadian Dollars to the US
Dollar (8 years) 3rd August 1992 to 2nd August 2000

2722

USDDEM Daily Exchange Rate of German Marks to the US
Dollar (8 years) 3rd August 1992 to 2nd August 2000

2722

USDJPY Daily Exchange Rate of Japanese Yen to the US
Dollar (8 years) 3rd August 1992 to 2nd August 2000

2722

USDCHF Daily Exchange Rate of Swiss Francs to the US
Dollar (8 years) 3rd August 1992 to 2nd August 2000

2722

USDGBP Daily Exchange Rate of Pounds Sterling to the US
Dollar (8 years) 3rd August 1992 to 2nd August 2000

2722

Exchange Rates are daily average Interbank rates (where the average is calculated as
the mid point of the low and the high of that day), 14 Data sets in all, longest being
50,000 points, shortest 1,000 points.
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Table 2.  Table of results for each time series.

Dataset Model k R2 % Dir.
Suc

RMSE GMRAE

(�10-3)

MAPE BRW

A PMRS 4 0.98326 97.000 0.98933 1.635 10.28 95.000

NN (bp) - 0.99707 94.949 0.39313 1.2764 7.0041 92.929

nn-pmrs* 4 0.9845 93.137 0.86214 1.6978 11.287 93.137

nn-
pmrs**

4 0.9826 95.098 0.90955 1.7974 12.146 88.235

B1 PMRS 2 0.99366 70.647 0.077997 0.29556 11.024 35.794

PMRS 5 0.98997 63.471 0.098606 0.26968 14.356 44.735

NN (bp) - 0.98204 78.464 0.131870 0.25546 847.26 38.364

nn-pmrs* 2 0.97110 78.182 0.15517 0.25512 10011 47.636

nn-pmrs* 5 0.94505 76.125 0.21848 0.2678 1446.6 50.346

nn-
pmrs**

2 0.98657 75.577 0.10449 0.26309 646.56 22.405

nn-
pmrs**

5 0.97112 76.009 0.15474 0.26463 1007.6 38.322

B2 PMRS 2 0.83335 60.147 72.295 0.50022 67.339 41.647

PMRS 5 0.77703 67.412 90.893 0.44723 81.976 49.324

NN (bp) - 0.91510 70.315 44.175 0.84700 58.310 56.899

nn-pmrs* 2 0.90470 65.542 44.439 1.09990 59.607 52.422

nn-pmrs* 5 0.91469 67.734 42.434 0.88111 59.270 53.749

nn-
pmrs**

2 0.89625 60.438 46.421 0.94134 64.565 44.867

nn-
pmrs**

5 0.9028 64.475 44.652 0.95816 61.165 50.865

B3 PMRS 3 0.98993 51.029 21.219 0.43080 1.3969 30.882

PMRS 4 0.99009 54.529 21.052 0.40880 1.3522 33.735

PMRS 5 0.98993 54.647 21.229 0.39971 1.4022 35.588

NN (bp) - 0.98660 55.075 23.318 4.16300 4.6472 51.368

nn-pmrs* 3 0.82640 49.683 69.114 1.9272 7.1579 41.522

nn-pmrs* 4 0.989100 65.484 22.449 1.4900 2.5309 60.467

nn-pmrs* 5 0.989100 65.484 22.449 1.4900 2.5309 60.467

nn-
pmrs**

3 0.021970 69.550 5.9163 0.2390 4.51
�1013

49.510

nn-
pmrs**

4 0.99040 48.875 20.420 1.2641 2.1728 43.080

nn-
pmrs**

5 0.99033 48.320 20.25 1.4067 2.2562 42.762

C PMRS 2 1.00000 47.800 2.15�10-5 0.19019 0.0485 36.333

NN (bp) - 0.99950 43.481 0.000524 0.19000 1.9894 43.481

nn-pmrs* 2 0.99820 43.399 0.000873 0.18932 3.3581 43.431

nn-
pmrs**

2 0.99829 43.399 0.000854 0.18932 3.2846 43.431
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Dataset Model k R2 % Dir.
Suc

RMSE GMRAE

(�10-3)

MAPE BRW

D1 PMRS 4 0.98671 77.660 0.000931 0.19888 10.457 63.400

PMRS 5 0.98787 79.540 0.000894 0.19884 10.069 66.120

NN (bp) - 0.99640 86.737 0.000489 0.19900 6.3906 70.454

nn-pmrs* 4 0.98973 80.804 0.000709 0.19485 8.3753 64.804

nn-pmrs* 5 0.99416 85.275 0.000549 0.19477 6.7570 69.647

nn-
pmrs**

4 0.99204 81.961 0.000647 0.19486 7.7160 61.941

nn-
pmrs**

5 0.99287 82.627 0.000617 0.19483 7.5616 63.882

D2 PMRS 4 0.98535 79.680 0.000929 0.19885 11.869 64.500

NN (bp) - 0.99230 83.957 0.000644 0.19900 8.8072 65.913

nn-pmrs* 4 0.99440 86.863 0.000542 0.19469 8.2082 72.314

nn-
pmrs**

4 0.99173 83.980 0.000654 0.19481 9.2745 63.49

E PMRS 4 0.57996 56.487 0.003196 0.36995 7.929
�1017

41.455

NN (bp) - 0.59060 67.929 0.001641 0.36600 2.076
�1013

39.757

nn-pmrs* 4 0.58428 67.916 0.001628 0.35847 2.343
�1013

40.159

nn-
pmrs**

4 0.51360 65.321 0.001759 0.35890 2.283
�1013

35.400

USD
BRL

PMRS 2 0.99988 56.000 0.001336 2.8258 0.5106 17.143

NN (bp) - 0.99994 46.552 0.000943 2.8445 0.5700 33.333

nn-pmrs* 2 0.99989 64.423 0.001690 4.7359 0.8820 39.423

nn-
pmrs**

2 0.99989 64.423 0.001656 4.7359 0.8581 39.423

USD
CAD

PMRS 2 0.99998 47.44 0.000324 1.9101 0.2729 27.645

NN (bp) - 0.99998 54.983 0.000328 1.9211 0.3115 40.893

nn-pmrs* 2 0.99998 54.027 0.000352 1.8900 0.3411 42.953

nn-
pmrs**

2 0.99998 54.362 0.000354 1.8900 0.3425 42.617

USD
CHF

PMRS 2 0.99991 48.805 0.000817 1.9384 0.6265 27.645

NN (bp) - 0.99856 44.674 0.003165 1.9493 2.8534 43.299

nn-pmrs* 2 0.9979 41.275 0.003481 1.8639 3.2294 40.604

nn-
pmrs**

2 0.9976 42.282 0.003727 1.8638 3.4605 40.940

USD
DEM

PMRS 2 0.99993 50.853 0.000898 1.6618 0.5617 26.621

NN (bp) - 0.99730 40.550 0.005284 1.6771 3.7971 40.550

nn-pmrs* 2 0.99622 40.604 0.005600 1.6064 4.1274 40.604

nn-
pmrs**

2 0.99641 41.611 0.005539 1.6062 3.9973 41.611
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Dataset Model k R2 % Dir.
Suc

RMSE GMRAE

(�10-3)

MAPE BRW

USD
GBP

PMRS 2 0.99995 52.218 0.000229 2.9284 0.4277 29.693

NN (bp) - 0.99997 51.890 0.000189 2.9496 0.3805 30.584

nn-pmrs* 2 0.99996 45.973 0.000199 2.8721 0.3839 29.866

nn-
pmrs**

2 0.99995 46.309 0.000206 2.8721 0.3934 29.866

USD
JPY

PMRS 2 0.99988 47.440 0.060916 3.7303 0.6552 24.915

NN (bp) - 0.99993 51.890 0.047101 3.6057 0.5727 31.271

nn-pmrs* 2 0.99987 55.034 0.058962 3.7064 0.7538 37.919

nn-
pmrs**

2 0.99985 56.376 0.063695 3.7870 0.8195 38.255

The results are on the performance of the chosen PMRS model, NN model and the
two fitted NN models using PMRS inputs on the test set. Results in bold indicate the
best result for that error term.

1 (a) Highest R-Squared value 1 (b) Highest direction success

1 (c) Lowest RMSE 1 (d) Lowest GMRAE

PMRS
38%

NN
49%

NNPMRS*
13%

PMRS
35%

NN
36%

NNPMRS*
29%

PMRS
43%

NN
36%

NNPMRS*
21%

PMRS
21%

NN
14%NNPMRS*

65%
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1 (e) Lowest MAPE 1 (f) Highest BRW
Fig. 1. (a)-(f) Proportion of models with the best performance on the error measures averaged
across all data tested.

APPENDIX:  DATA SETS
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Abstract 

 

This paper proposes an automatic face detection system that combines two 
novel methods to achieve invariant face detection and a high discrimination 
between faces and distractors in  static color images of complex scenes. 
The system applies Orthogonal Fourier-Mellin Moments (OFMMs), 
recently developed by one of the authors [1], to achieve fully translation-, 
scale- and in-plane rotation-invariant face detection. Support Vector 
Machines (SVMs), a binary classifier based on a novel statistical learning 
technique that has been developed in recent years by Vapnik [2], are 
applied for face/non-face classification. The face detection system first 
performs a skin color-based image segmentation by modeling the skin 
chrominance distribution for several different chrominance spaces. Feature 
extraction of each face candidate in the segmented images is then 
implemented by calculating a selected number of OFMMs. Finally, the 
OFMMs form the input vector to the SVMs. The comparative face 
detection performance of the SVMs and of a multilayer perceptron Neural 
Network (NN) is analyzed for a set of 100 test images. For all the 
chrominance spaces that are used, the application of SVMs to the OFMMs 
yields a higher detection performance than when applying the NN. 
Normalized chrominance spaces produce the best segmentation results, and 
subsequently the highest rate of detection of faces with a large variety of 
poses, of skin tones and against complex backgrounds. The combination of 
the OFMMs and of the SVMs, and of the skin color-based image 
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segmentation using normalized chrominance spaces, constitutes a 
promising approach to achieve robustness in the  task of face detection. 
Keywords: Automatic face detection; Skin color-based image segmentation; 
Invariant moments; Support vector machines; Multilayer perceptron 
 

1 Introduction 
 
  Images of human faces play a central role in intelligent human-computer 
interaction. As a result, in recent years, automatic face detection has been receiving 
increasing attention in the pattern recognition community [3]. Face detection, as a 
first step for higher-level face recognition tasks, is a challenging task, because 
human faces are highly non-rigid objects, and real-world applications require that 
they be detected regardless of their positions, scales, orientations, poses, of the 
illumination conditions and of the complexity of the scene backgrounds. In fact, in 
[4], Jain et al. consider that face recognition is an emerging application at the 
frontier of pattern recognition and stress the desirability of invariant pattern 
recognition in applications such as face recognition. Therefore, two important 
issues that must be addressed in order to build a robust face detection system are 
invariance and also a high discrimination between faces and distractors (other 
objects with similar attributes as faces in terms of color and shape). 
  Invariant face detection has not been explored until recently [5,6,7]. In [6], partial 
in-plane rotation invariance is achieved by use of a neural network-based, 
template-based algorithm. In [7], we proposed to use non-orthogonal Fourier-
Mellin moments (FMMs) in combination with a multilayer perceptron NN for fully 
translation-, scale- and in-plane rotation-invariant face detection in color images. In 
this paper, we use Orthogonal Fourier-Mellin Moments (OFMMs), that have been 
recently developed by one of the authors [1]. In addition to the same invariant 
properties as the FMMs and owing to their orthogonality, the OFMMs have the 
advantages that they do not suffer from information redundancy, are more robust 
with respect to noise, and they can be used to reconstruct the original object [1]. 
We recently applied the OFMMs to face detection in combination with the same 
NN architecture as in [7] for face/non-face classification, and found the OFMMs to 
yield a slightly superior face detection performance than the FMMs [8]. 
   In order to achieve a high discrimination between faces and distractors in a 
complex scene image, we propose to use Support Vector Machines (SVMs), with 
the OFMMs as the input features. The application of SVMs to real-life pattern 
recognition problems is very recent and is receiving rapidly growing attention. 
SVMs are a new type of classifier which is a generalization of a large class of NNs, 
Radial Basis Functions (RBFs) and polynomial classifiers for solving binary 
classification problems [2]. To our knowledge, the only work published until now 
on the application of SVMs to the specific task of face detection is that of Osuna et 
al. [9], where they used grey-level images. 
   As a first step in the face detection process, we propose a skin color-based image 
segmentation. Color is a powerful fundamental cue that can be used at an early 
stage to detect objects in complex scene images. Robustness of image 
segmentation is achieved if a color space efficiently separating the chrominance 
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from the luminance in the original color image and a plausible model of the 
chrominance distribution of human skin are used for thresholding. This requires a 
suitable transformation from a 3-D RGB color space into a 2-D chrominance space 
(and into a separate luminance component). In this work, we segment images for 
seven different chrominance spaces and by use of two skin chrominance models, 
namely the single Gaussian model and a Gaussian mixture model. A selected 
number of OFMMs are calculated for each cluster representing a face candidate 
that remains in the segmented binary images after a connected-component analysis, 
and the resulting feature vector is used to train or test the SVM. 
  The paper is organized as follows : in section 2, we briefly examine the 
chrominance distribution of human skin for each of the seven chrominance spaces, 
and summarize the calibration method used to find a suitable threshold for image 
segmentation. In section 3, we present a brief description of the mathematical 
formulation of the OFMMs, based on the analysis in [1], and of the selection of an 
appropriate combination of OFMMs, which is presented in details in [8]. Section 4 
summarizes the theoretical foundations and the properties of SVMs. Experimental 
results of face detection with the SVMs are presented and discussed in section 5. A 
comparison is made with the corresponding results obtained with a multilayer 
perceptron NN, and that we presented in [8]. Conclusions are drawn in section 6. 
 

2 Skin Color-based Image Segmentation 
 
Original color images are segmented by use of the seven following color spaces : 
the standard normalized r-g and CIE-xy spaces, where r=R/(R+G+B) and 
g=G/(R+G+B), the perceptually plausible CIE-DSH and HSV spaces, the 
perceptually uniform CIE-L*u*v* and CIE-L*a*b* spaces, and finally a 
normalized, perceptually plausible Tint-Saturation (T-S) space, which is defined in 
[8].  Images of 11 Asian and 19 Caucasian subjects were recorded under slowly 
varying illumination conditions in an office environment with a single video 
camera mounted on an SGI computer. 110 skin sample images were manually 
selected to calculate the cumulative skin pixel histogram in each of the 
chrominance spaces and to calibrate the camera for color segmentation. The 
histograms are shown in figure 1. Visually, the skin distribution in the normalized 
chrominance spaces (T-S, r-g and CIE-xy) fits well to the single Gaussian model 
whereas in the un-normalized spaces, it is complex and cannot be described well 
by a simple model. In the simplest case where the skin chrominance distribution 
for both Asians and Caucasians is modeled by a single Gaussian, the Mahalanobis 
metric is used for skin color calibration and for thesholding of test images. The 
calibration requires finding a “standard” threshold value of the Mahalanobis metric 
for each chrominance space such that the proportion of true positives TP over the 
ensemble of skin pixels in the 110 skin sample images is equal to the proportion of 
true negatives TN over an ensemble of “non-skin” pixels in 5 large images not 
containing skin [7]. The single Gaussian model is a particular case of a Gaussian 
mixture model. The latter model is flexible enough to describe complex-shaped 
distributions. The estimation of the skin distribution is then performed by use of 
the Expectation-Maximization (EM) algorithm. For each chrominance space where 
the skin distribution is estimated with the Gaussian mixture model, we chose to use 
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8 Gaussian components, which yield visually plausible estimates even for 
complex-shaped distributions. The color calibration and the thresholding of the 
original color images are based on the same method as for the single Gaussian 
model, but use the likelihood [10]. Together with the accuracy of estimation of the 
skin chrominance distribution, the degree of overlap between skin and non-skin 
distributions in a given chrominance space ultimately limits the quality of 
segmentation, and subsequently the performance of face detection [10]. 
 

   
                   normalized T-S                 r-g                      CIE-xy                        CIE- SH 

   
                                    H-S                                              CIE-u*v*                            CIE-a*b* 
 
Figure 1.  2-D top view of the cumulative histograms in seven different chrominance spaces of 110 skin 
sample images (Ns = 1.5 x 10E + 05 skin pixels) of 11 Asian and 19 Caucasian subjects used to 
calibrate the SGI camera. Total histogram dimensions are 100 x 100 bins in all spaces except in CIE-
u*v* and CIE-a*b* spaces where the dimensions are 200x200 bins. 
 

3 Orthogonal Fourier-Mellin Moments 
 
  The OFMMs are defined in polar coordinates (r, θ) as ([1]) : 

Φn,m  =   1
2π an

  
0

2π

f(r, θ)
0

1

 Qn(r) exp(-imθ) r dr dθ
                        (1) 

where f(r, θ)  is the object or image to be analyzed, an = 1/[2(n +1)]  is a 
normalization constant, Qn(r) is a polynomial in r of degree n, and where i2 = -1.  
The radial order n = 0, 1, 2, …, and the circular harmonic order m = 0, ±1, ±2, .... . 
The set of Qn(r) is orthogonal over the range 0 ≤ r ≤ 1. Hence the basis functions 
Qn(r) exp(-imθ) of the OFMMs are orthogonal over the interior of the unit circle. 
The polynomials Qn(r) are defined as 

Qn(r)  = αns 
s=0

n
rs

                                                    (2) 
where αns  = (-1) n+s (n + s + 1)! / [ (n -s)! s! (s + 1)!  ] . The basis functions 
Qn(r) exp(-imθ) can be expressed as complex polynomials in (x + iy)  and (x – iy). 
After a transformation from polar to cartesian coordinates, the translation- and 
scale-invariant OFMMs are given by 

Φn,m  =  exp(imα) n + 1
π  αns

M'0,0
 s/2 + 1

s=0

n
   (x + iy) (s-m)/2  (x - iy) (s+m)/2 f(x, y) dx dy 

-∞

∞

(3) 
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where M'0,0  is the zero-order geometric moment of the object to be analyzed f(x,y) 
(the area of the object in a binary image) and where α is an arbitrary angle. The 
modulus of the OFMMs,  Φn,m  , is rotation invariant. Also, in the case of binary 
images, the moments are independent of illumination. 
   The selection of an appropriate combination of OFMMs to be used in the face 
detection system is an important task. It is based on the object reconstruction 
capability of the set of OFMMs that is considered, but most importantly, as we 
showed in [8], on the underlying assumption that frontal views of faces are 
approximately elliptical, with holes at the location of the eyes and of the mouth in 
the segmented images. If we use a pure ellipse as a model to describe segmented 
frontal views of faces, the modulus of every OFMM depends only on the aspect 
ratio a/b of the ellipse, where a and b are respectively the semi-major axis and the 
semi-minor axis of the ellipse.  The value of  Φn,m  as a function of a/b should 
have a small variability, at least in the range of values of a/b that characterizes 
human faces, in order to obtain a small intra-class variability. This range was 
assumed to be 1/2 ≤ a/b ≤ 2.0. Also, in order not to amplify the effects of noise, only 
a small number of the lowest-order OFMMs, in particular the lowest radial orders n, 
should be used for face detection [1]. In [9], we selected 11 OFMMs from an 
ensemble of 27 low-order OFMMs, with an upper bound for n of n=2 and for the 
circular harmonic order m of m=8.  As an example, Figure 2 show the graphs of 
 Φ1,0  ,  Φ1,2  ,  Φ2,0  , and  Φ2,2  as a function of a/b. We note that  Φ1,0  and 
 Φ2,0   have a small variability over the desired range of a/b, while  Φ1,2  and 
 Φ2,2  exhibit a high variability and were considered unsuitable for face detection. 
On the basis of the analysis of the OFMMs for an ellipse and of object 
reconstruction experiments (of faces and non-faces), the following combination of 
OFMMs was selected for the face detection task :  Φ0,1  ,  Φ0,3  ,  Φ0,4  ,  Φ0,6  , 
 Φ1,0  ,  Φ1,1  ,  Φ1,3  ,  Φ1,4  ,  Φ2,0  ,  Φ2,1 , and  Φ2,6  . When a face is detected, 
either by use of an SVM or of a NN, it is marked by an ellipse, as described in [7]. 
 

  
 

Figure 2.  Graphs of the moduli of four low-order OFMMs for a pure ellipse versus a/b=x,  From left to  
right : n=1, 2 and m=0, 2 (  Φ1,0  ,  Φ1,2  ,  Φ2,0  and   Φ2,2 ).respectively). 

 

4 Support Vector Machines 
 
   In a binary classification problem where feature extraction is initially performed, 
a Support Vector Machine (SVM) determines, among the infinite number of 
possible hyperplanes in Rn that separate two classes described by l feature vectors 
xi ∈ Rn , i =1, …, l , which hyperplane yields the smallest generalization error.  As 
is shown in [11], such an optimal hyperplane is the one with the maximum margin 
of separation between the two classes, where the margin is the sum of the distances 
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from the hyperplane to the closest data points) of each of the two classes, which are 
called support vectors. In practical applications, two classes are not completely 
separable, so that a hyperplane that maximizes the margin while minimizing a 
quantity proportional to the misclassification error is determined. Just as for the 
separable case, this is a Quadratic Programming (QP) problem [11].  When training 
an SVM, the training data always appear as a dot product xi . xj . It is also unlikely 
that real-life classification problems can be solved by a linear classifier, so that an 
extension to non-linear decision functions (or surfaces) is necessary.  In order to do 
this, an initial mapping ΦΦΦΦ  of the data into a (usually significantly higher 
dimensional) Euclidean space H is performed as ΦΦΦΦ : Rn → H , and the linear 
classification problem is formulated in the new space with dimension d.  The 
training algorithm then only depends on the data through dot products in H of the 
form ΦΦΦΦ(xi) . ΦΦΦΦ(xj) .  Since the computation of the dot products is prohibitive if the 
number l of training vectors ΦΦΦΦ(xi)  is very large, and since ΦΦΦΦ  is not known a 
priori, the Mercer-Hilbert-Schmidt theorem ([11]) for positive definite functions 
allows to replace ΦΦΦΦ(xi) . ΦΦΦΦ(xj) by a positive definite symmetric kernel function 
K(xi , xj)  , that is, K(xi , xj) = ΦΦΦΦ(xi) . ΦΦΦΦ(xj)  . Only K is needed in the training 
algorithm and we do not need to know ΦΦΦΦ  explicitly.  The QP problem to be solved 
is exactly the same as before.  Some examples of possible  K(xi , xj) that lead to 
well-known classifiers are : K(xi , xj) = ( xi . xj +  1 ) p  , a simple polynomial of 
degree p ;  K(xi , xj) = exp ( -γ ||  xi - xj ||  2 ) , a Gaussian RBF with real parameter γ 
(with d → ∞  ) ; and K(xi , xj) = tanh ( κ xi . xj - δ ) , a multilayer perceptron NN 
with real parameters κ and δ. 
    A great advantage of the SVMs over other classifiers such as a multilayer 
perceptron NN is that they use structural risk minimization which minimizes a 
bound on the generalization error, and therefore they should perform better on 
novel test data [11], whereas the other classifiers use empirical risk minimization 
and only guarantee a minimum error over the training data set.  The solution found 
by the SVM classifier is always global, because it originates from a convex QP 
problem [11].  The mapping to a higher dimensional space significantly increases 
the discriminative power of the classifier. The requirement of maximum margin 
hyperplanes in H obviates the “curse of dimensionality”, and thus ensures the 
generalization performance of the SVM [11]. Finally, the SVM approach is better 
founded theoretically and more general than that for the other classifiers, so that 
less training (and testing) are needed to achieve good results.  Two limitations of 
the SVMs are the selection of a suitable kernel and of the associated parameter(s) 
to solve a given problem, and the size of the training data sets [9], [11].  A detailed 
analysis of the SVMs is presented in [11]. 
 

5 Experimental Results of Face Detection 
 
The face detection system is implemented on a SGI Indigo computer. All images 
were captured by use of an inexpensive SGI camera.  As when we applied a 
multilayer perceptron NN in [8], the training file consists here of a total of 227 
feature vectors (or clusters), obtained from 108 segmented images of 9 Asian and 
20 Caucasian subjects. The segmentation was performed with the normalized T-S 
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chrominance space when using both the SVMs and the NN.  The T-S space 
produces the best results in the chrominance analysis and the color calibration 
when using the single Gaussian chrominance model [10]. Considering then that the 
faces in the training set are well segmented, it is reasoned that the training need not 
be performed for each chrominance space separately, so that the same trained SVM 
(or NN weights) may be applied to test images segmented by use of the other 
chrominance spaces. The test file (for both the SVM and the NN) consists of 100 
images with 144 faces and 65 subjects (30 Asians, 34 Caucasians and one subject 
of African descent), with a large variety of poses and against various complex 
backgrounds.  All the kernels defined in Section 4, as well as a kernel consisting of 
linear splines with an infinite number of points, were used to train and test the 
SVM, and several different values were selected for the associated parameter(s).  
The NN is a feed-forward 3-layer perceptron, with one hidden layer containing 6 
nodes and with one output unit [8]. All the units take on continuous bipolar-
sigmoid activation values in the range [-1.0;1.0].  The NN is trained by use of the 
backpropagation algorithm. The face detection performance is measured in terms 
of the rate of correct face detection CD and of the rate of correct rejection of 
distractors CR. When comparing the performance of the SVM with that of the NN, 
the selection of the kernel and of the value of its associated parameter(s) can be 
based on two different criteria : one might favor a higher detection rate CD to the 
detriment of CR, or one might try to find the best tradeoff between CD and CR.  
Figure 3a) shows the general results of face detection with both the SVM and the 
NN for the single Gaussian model and for five chrominance spaces, while Figure 
3b) shows the results for the Gaussian mixture model and for the CIE-L*u*v* and 
CIE-L*a*b* spaces. The total number of blobs is the cumulative number of face 
candidates in the test file remaining after the connected-component analysis.  The 
shaded areas emphasize the best comparative results.  Here the results reflect the 
best tradeoff between CD and CR.  In the case of the single Gaussian model, the 
kernel yielding the best performance was found to be the Gaussian RBF for all five 
chrominance spaces, and generally for intermediate values of  γ (0.5<γ<2.0).  CD is 
significantly higher with the SVM than with the NN for almost all chrominance 
spaces, while CR is slightly higher for most spaces.  Independently of the type of 
classifier that is used, the face detection performance is generally reduced for the 
un-normalized CIE-DSH and HSV spaces, owing to a lower goodness of fit of the 
corresponding skin chrominance distributions to the single Gaussian model. 
However, the SVM partially compensates the detrimental effects of a lower quality 
of segmentation because it always finds a global solution to a binary classification 
problem.  In the case of the Gaussian mixture model, three different types of 
kernels have been found to yield a suitable tradeoff between CD and CR, as 
compared to the performance of the NN : they are, once again, a Gaussian RBF, 
with γ = 1.0, a simple polynomial with degree p=3, and linear splines with an 
infinite number of points, for both color spaces. CD is less significantly higher than 
when applying a NN, because the overlap between the skin and non-skin 
distributions in both color spaces is higher than in the other spaces [10].  Overall, 
whatever the skin chrominance model that is used, the performance of the SVM is 
superior to that of the NN.  Figure 4  shows  the variation  of CD and of  CR  as a 
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                                     a)                                                                               b) 
Figure 3.  General  results  of face detection with the SVM and with a 3-layer perceptron NN for the 
single Gaussian skin chrominance model and for five different chrominance spaces, and for the 
Gaussian mixture density model and for the CIE-L*u*v* and CIE-L*a*b* color spaces. In the left table, 
the kernel used to train the SVM is a Gaussian RBF with parameter γ = 0.5, 1.0, 2.0, 1.0 and 10.0 
respectively ; In the right table, the kernels are a Gaussian RBF (with γ = 1.0 for both spaces), a simple 
polynomial (with degree p=3 for both spaces) and linear splines with an infinite number of points . 
 

        
                                 a)                                                                                  b) 

        
                                   c)                                                                                  d) 
Figure 4.  Graphs of CD and of CR  as a function of the parameter γ when applying a Gaussian RBF 
kernel to train an SVM for face detection in binary images segmented by use of the single Gaussian 
chrominance model in the CIE-xy (a), CIE-DSH (b) and HSV (c) color spaces, and by use of the 
Gaussian mixture model in the CIE-L*a*b* color space (d) . The CD and CR obtained with the NN are 
shown for comparison in each graph . 
 
 function of the parameter γ when applying a Gaussian RBF kernel for the single 
Gaussian model (in the CIE-xy, DSH and HSV spaces) and for the Gaussian 
mixture model (in the CIE-L*a*b* space).  The CD and CR obtained with the NN 
are shown for comparison. A strong negative correlation between CD and CR is 
observed in all cases.  If one favors CD to the detriment of CR, a value of 
CD=84.8% is obtained for the CIE-xy space for  γ=0.5 (against 55.2% with the 
NN), compared to 75.2% if a tradeoff between CD and CR is favored (as shown in 
Figure 3a), with  γ=2.0), but the value of CR is then low (CR=53.5%, against 
CR=75.6% with the NN).  The same significantly higher value of CD than with the 
NN is produced for the HSV space, which is again strongly detrimental to CR. The 
best tradeoff between CD and CR produces values of CD and CR that are both 
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higher than the corresponding values obtained with the NN for the CIE-DSH, HSV 
and CIE-L*a*b* spaces (Figures 4b), c) and d) ), but this is clearly not the case for 
the CIE-xy space (Figure 4a) ). In the latter case, it is therefore not easy to find a 
suitable tradeoff. Figure 5 shows a graph of the experimental value of the OFMM  
 Φ1,0  versus the aspect ratio a/b calculated for a subset of the detected faces.  The 
graph shows also the non-face data points with the same ordinate as the face data 
points from the same image, and the theoretical curve of  Φ1,0  for an ellipse.  The 
distribution of moment values for faces clusters reasonably well near the 
theoretical curve, thus validating the analysis of the modulus of the OFMMs for an 
ellipse in the selection process of the OFMMs for face detection.  Non-face data 
points are diffusely distributed and have a relatively small intersection with the 
face distribution. 

 
 
Figure 5.   Experimental values of   Φ1,0   for 30 faces (+) and 44 distractors (o) for 30 images selected 
from the test file . The solid line is   Φ1,0 

  versus  a/b  for an ellipse . 
 
    Finally, Figures 6 and 7 show examples of the successful detection of faces as 
well as of errors occurring with the present face detection system.  The examples 
of Figure 6 show that faces of Asian, Caucasian and Indo-Caucasian subjects are 
equally well detected, with a large variety of poses that include small out-of-plane 
rotations. They show also that the general performance in terms of CR (Figure 3) 
can be considered to be high given the variety and complexity of the scene 
backgrounds.  Figure 7 shows examples of different types of detection errors :  face 
localization errors, false positives (in part due to the invariant properties of the 
OFMMs), and false negatives. 
 

          
 
Figure 6. Examples of the detection of faces with different poses and different skin colors against 
various complex backgrounds  (normalized T-S  space, single Gaussian model). 
 

          
 

Figure 7. Examples of errors occurring with the present face detection system 
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6 Conclusions 
 
   In conclusion, for all chrominance spaces and for both skin chrominance models 
that were used, the most robust face detection system when applying SVMs to 
invariant OFMMs for binary face/non-face classification in segmented images is 
obtained by use of a Gaussian RBF kernel and generally for intermediate values of 
the associated parameter γ .  A simple polynomial with degree p=3 and linear 
splines with an infinite number of points also produce good results with the 
Gaussian mixture model.  One might favor the face detection rate CD to the 
detriment of the rate of correct rejection of distractors CR if a suitable post-
processing of detected face candidates, using the luminance for example, reduces 
the proportion of false positives FP. Overall, the performance of the SVMs is 
superior to that of a 3-layer perceptron NN, if a suitable kernel function used to 
train the SVMs and a suitable value of the associated parameter are selected. 
However, the SVMs require much less training and tuning than a NN, and always 
find a global solution.  Owing to their invariant properties and to their better 
capability to describe an object than other types of moments such as the FMMs [1], 
the OFMMs are powerful new features for face detection and for pattern 
recognition in general. The best choice of kernel and of the value of the associated 
parameter for a given problem is an important issue that requires further research. 
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Abstract 
 

The sipping of ink through the pages of certain double-
sided handwritten documents after long periods of storage 
poses a serious problem to human readers or OCR systems. 
This paper addresses this problem through the recovery of 
content on the front side of a page from the interfering image 
caused by the handwriting on the reverse side. First, by 
adapting the Gaussian stochastic model, the interfering model 
based on norm-orientation-discontinuity is proposed in 
analyzing the properties of the interfering strokes. Secondly, an 
improved canny edge detector with edge norm-orientation 
similarity constraint is applied. At the same time, two low 
thresholds are used to detect edges instead of a single low 
threshold. This improvement could link weaker foreground 
edges without introducing noises in the 
overlapping/overshadowed area. The proposed algorithms 
perform well regardless of the intensity differences between the 
image on the front side and the interfering image from the 
reverse side. The segmentation results of real images are shown 
and evaluated 

 
Keywords.  Document image analysis, historical documents, 
double-sided interfering images, text extraction, Canny edge 
detector, orientation constraint 

 
1. Introduction 

 
    Document image analysis is an important research area of image 
processing and pattern recognition. As an essential step, traditionally, 
text extraction is the segmentation of text from the background. But this 
paper introduces a rather different problem, that is, how to extract clear 
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text strings on the front side from the seriously sipping, dominating, 
overlapping and interfering images originating from the reverse side.  
    The motivation of this paper comes from a request from the National 
Archives of Singapore. Two original images are shown in Figure 1. We 
can see that reading of the contents is often difficult and sometimes even 
impossible. Thus, there is a request to find some way to remove such 
interfering noises to produce readable copies for public viewers in a 
digital library or on the internet. 
    Many segmentation and binary approaches have been reported in the 
literature [1]. In considering help for researchers in humanities to 
compare old manuscripts with printed matters on the internet, Negishi et 
al.[2] presented several automatic thresholding algorithms based on 
Otsu’s [3] method in extracting the character bodies from the noisy 
background. Also, for complex background, Liu and Srihari [4] presented 
a thresholding algorithm based on texture features to extract characters 
from the run-length featured texture background, in that, the characters 
normally occupy a separable gray-level range in the gray-scale histogram 
and that the text images contain highly structured-stroke units.  Similar 
works could be seen in Liang and Ahmadi’s algorithm [5] which adopts a 
morphological approach to extract text strings from regular periodic 
overlapping text/background images. In their work different typical 
geometric background patterns were used as the mathematical 
morphological masks. White and Rohrer’s [6] method may be more 
traditional. It is basically an image thresholding technique based on 
boundary characteristics to suppress unwanted background patterns. 
 

  
(a) (b) 

 
Figure 1. Two samples of the original archival documents, (interfering, 

dimming and overlapping) 
 

    Since the interfering strokes appear in varying intensities relative to 
the foreground text in different documents, it is difficult to apply the 
above methods directly to solve this problem [10]. It is observed that the 
edges of the strokes that sipped from the reverse side are not as sharp as 
those on the front side (cf Figure 1, Figure 2). This prompts us to adopt 
an edge detection algorithm followed by the use of boundary 
characteristics to suppress unwanted interfering strokes. The edge 
detection algorithm chosen here is an improved Canny edge detector [7] 
as its double-threshold method could provide us with the selection of the 
front stroke edges and its candidates.  
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    The paper is organized as follows: In section 2, we describe the norm-
orientation-discontinuity interfering model based on a Gaussian 
stochastic model in analyzing the properties of the interfering strokes. In 
section 3, we describe the improved canny edge detector with an edge-
orientation constraint to detect the edges and recover the weak ones of 
the foreground words and characters; In section 4, we illustrate, discuss 
and evaluate the experimental results of the proposed method, 
demonstrating that our algorithm significantly improves the segmentation 
quality;  Section 5 concludes this paper. 
 
2. The norm-orientation-discontinuity 

interfering stroke model  
     
   Figure 2 shows three typical samples of original image segments from 
the original documents and their magnitude of the detected edges 
respectively. The magnitude of the gradient is converted into the gray 
level value. The darker the edge is, the larger is the gradient magnitude. 
It is obvious that the topmost strong edges correspond to foreground 
edges. It should be noted that, while usually, the foreground writing 
appears darker than the background image, as shown in sample image 
Figure 2(a), there are cases where the foreground and background have 
similar intensities as shown in Figure 2(b), or worst still, the background 
is more prominent than the foreground as in Figure 2(c). So using only 
the intensity value is not enough to differentiate the foreground from the 
background. 
 

                        
(a)                                  (b)                                   (c) 

                        
(d)                                  (e)                                   (f) 

 
Figure 2. Sample images with different properties: (a) ~ (c) the original 

images; (d) ~ (f) the magnitude of all detected edges; 
     
  Assume that the pixels in background strokes are scattered on the 
foreground. For each noise spot at position ),( ji , a Gaussian-shaped 
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function is assumed to be superimposed on the foreground image, then 
N(m,n), the neighbor pixels of ),( ji could be modeled as [8] : 
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     The interaction of the adjacent pixels of the scattering of the 
background stroke pixels could be modeled as: 
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where ),( jiI is the background stroke pixel, G denotes 

),0( 2σGaussian , ),( jiI i is the interfering stroke pixel which appears 

as noise in the foreground.. 
  Due to the anisotropy of the absorption/dispersion properties of the 
paper materials, x(m,n) differs greatly even in the adjacent pixels, 
usually σσ >>1

 [8], which means that the high frequency of x is induced 
into the interfering image. And this results in the ripples appearing in the 
interfering strokes, such that the edges become “wandering” and the 
norm-orientation becomes a discontinuity when applying Canny’s non-
maximum suppression. Figure 3 (a) and (b) show the 3D surfaces of the 
interfering background and foreground strokes respectively, while Figure 
4 (a) and (b) show the numerical values of their norm orientation along 
the detected edges respectively. From Figure 3 and Figure 4, we could 
see clearly that the standard deviation between the norm-orientation of 
the front stroke and that of the interfering stroke differs greatly. This 
means that for the edges in the interfering stokes, the norm-orientation 
between the connected pixels will not be modeled as a smooth function 
in contrast with that of the front strokes [11]. And this performance 
between the foreground and interfering strokes, which we call the norm-
orientation-discontinuity, will be favored in picking up the weak 
foreground strokes as discussed in the next section 

 
3. Improved canny edge detector: the norm-

orientation similarity constraint 
     
    Traditional canny edge detector [7] works in detecting most of the 
foreground edges. The detected edges for the samples in Figure 2 are 
shown in Figure 5. Note that the algorithm fails when the interfering 
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edges are present nearby and edge tracing is misled along the interfering 
edges. In the overlapping area, the foreground edges are often broken and 
the resultant boundary is not complete [9]. For the existing broken 
foreground edges in the overlapping area, it is necessary to pick them up 
in recovering the complete edges of the foreground characters. In many 
cases, in order to detect the “weak” foreground strokes in the seriously 
overlapping/overshadowed area, the low-level threshold often has to be 
traded off in favor of the foreground edges over the interfering stroke. In 
the case that interfering strokes are “strong” enough to be detected in the 
low-threshold stage and adjacent with the seeds of the front edges, these 
“strong” interfering strokes would be regarded as the foreground edges in 
the final results. Thus, in practice, the low-threshold (denoted as low-
threshold1) is often selected a little higher so as not to introduce too 
much “strong” interfering strokes and the result is that some “weak” 
foreground edges, especially in the overlapping area, are often lost. 

                                           
(a)                                                                    (b) 

 
Figure 3. Three-dimensional illustration of dark strokes written on a 
light background, obtained from Figure 2(c) marked by the two 
white boxes respectively: (a) a normal stroke on the front side; (b) an 
interfering stroke from the reverse 

 
    In order to connect more of the weak foreground edges and reduce the 
risk of linking noisy edges detected in the low-level threshold stage, we 
lower the low-threshold (denoted as low-threshold2) and superimpose 
the norm-orientation-discontinuity of the interfering strokes in picking up 
the faint foreground strokes.  

   Let fσ be the standard deviation of norm-orientation of the foreground 

strokes selected manually. Thus the traditional canny edge detector is 
revised like this:  adding two more steps into the traditional canny edge 
detection algorithm (cf Figure  6).  
    The above constraint is what we call the norm-orientation similarity 
constraint, which facilitates selecting the appropriate candidate fragment 
of the foreground edges in a smooth stroke, and at the same time prevents 
introducing the interfering strokes. It should be noted that, in the 
interfering cases, the maximum gradient intensity reflects the strength of 
the strokes, sharper or blurred; the norm-orientation similarity reflects the 
smoothness property of a stroke.  With  this improvement, we could raise 
low-threshold1    a   little   in   the  traditional   Canny    edge     detector. 
Accordingly, some of the interfering strokes will be successfully   filtered 
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  (a)                                                  (b) 
 
Figure 4. The norm-orientation (in degree unit) of the detected 
strokes (Gaussian filtering in Canny edge detector: 5x5 mask, 
G(0,1.414)) that are shown in Figure 3 respectively: (a) the front 
stroke in diagonal direction, standard deviation is 3.88, (b) the 
interfering stroke in diagonal direction, standard deviation is 6.73 

 

                     
(a)                                   (b)                                    (c) 

 
Figure 5 Traditional canny edge detection, (a) detected edges for the 
image shown in Figure 2(a), high-level threshold = 0.980, low-level 
threshold = 0.900; (b) detected edges for the image shown in Figure. 
2(b), high-level threshold = 0.973, low-level threshold = 0.820; (c) 
detected edges for the image shown in Figure 2(c), high-level threshold = 
0.972, low-level threshold = 0.820.  

 
1. New low-level threshold ( low-threshold2 ) edge detection. 
2. Edge linking: with the linked edges in low-threshold1 being 

“seeds”, from the position of each seed, if the norm difference 
between the seed and its candidate is smaller than 3* fσ or 4/π , 
then the candidate could be linked as the foreground stroke. 

 
Figure 6 Improved linking strategy in canny edge detection algorithm 

 
out. And low-threshold2 could be set at a rather low value in practice. In 
this way, more details of the front strokes will be recovered without 
introducing noises in the dimming area (cf Figure 7). 

 Since the essential aim of our project is to obtain clean and readable 
copies for public viewing of the archival documents, after the edge 
detection, the image recovery stage is that the neighboring pixels within 
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the statically 7x7 window centered on each edge are recovered. The 
restored front side images for the above three samples are shown in 
Figure 8. 

  

                        
(a)                                       (b)                                       (c) 

High-threshold = 0.980  High-threshold = 0.980   High-threshold = 0.972 
Low-threshold = 0.870  Low-threshold = 0.780     Low-threshold = 0.800 
 

                      
(d)                                       (e)                                       (f) 

High-threshold = 0.980            High-threshold = 0.980          High-threshold = 0.972 

Low-threshold1 = 0.910            Low-threshold1 = 0.850         Low-threshold1 = 0.850 

 Low-threshold2 = 0.870             Low-threshold2 = 0.780         Low-threshold2 = 0.800 

 
Figure 7 (a), (b) and (c): traditional Canny edge detection results; (d), (e) 
and (f): improved Canny edge detection results: orientation constraint. 
 

                    
(a)                                       (b)                                       (c) 

 
Figure 8 Restored foreground text images: (a), (b) and (c) segmented 
result for the images Fig. 2(a), (b)and (c) respectively 

 

4. Experiment observation and discussion 
 
  The performance of our approach has been evaluated based on the 
scanned images of historical handwritten documents provided by the 
National Archives of Singapore. The cleaned up images were visually 
inspected to assess the readability of the words extracted. Here, 12 
typical images are adopted in illustrating the performance of the system. 
The two evaluation metrics: precision and recall (defined below) are used 
to measure the performance of the system.  
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Precision =  
Number of Detected Correct Words / Total Number of Detected Words,      (4) 

Recall = Number of Detected Correct Words / Total Number of Words.          (5) 
where total number of words includes all the words in the foreground 
image, while the total number of detected words means the sum of  the 
detected correct words and incorrect words (interfering words). 
    If some characters in a foreground word are lost or not recovered 
properly, the whole word is considered lost. If parts of characters coming 
from the back are detected, the total number of incorrect words will be 
increased by 1. Precision reflects the performance of removing the 
interfering strokes of the system and recall reflects the performance of 
restoring the foreground words of the system. The higher the precision, 
the lesser is the number of detected interfering strokes. The higher the 
recall, the more the foreground words are detected. 
    Table 1 shows the evaluation of the segmentation results of the 12 
typical testing images. The average precision and recall are 81% and 
94% respectively. The proposed algorithms are not image-dependent, and 
thus the high precision and recall are achieved for varying degrees of 
interference among these images. The final extracted and binarized text 
image for the original image in Figure 1 is shown in Figure 9. Since most 
of the interfering area could be removed successfully, the Ostu’s 
threshold is adopted to binarize the segmentation images. The binary 
images of other segmentation results are shown in Figure 10. And we can 
see that the appearance of the binary images is much cleaner and the 
foreground strokes are more readable. 
   In fact, sometimes the interfering is so serious that the edges of the 
interfering strokes are even stronger than that of the foreground edges. 
As a result, the edges of the interfering strokes would be erroneously 
regarded as the front “seed” and would remain in the resultant text image. 
In this case, the precision decreases. Therefore, how to separate the front 
“seed” from all the high thresholded edges is still a problem in our 
further work. 
 

5. Conclusion and further work 
 
    The paper describes a method for the removal of interfering images. 
This method is especially designed for old handwritten documents by 
using the fact that the edges of the interfering images caused by 
interfering sipping from the reverse side are not as sharp as those of the 
foreground images. The algorithm performs well and can improve the 
appearance of the original documents greatly. 
  With the norm-orientation similarity constraint, the parameters of hi-
threshold, low-threshold1 and low-threshold2 have their robustness in 
handling different types of original images. But there is still one problem, 
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that is how to judge the standard deviation fσ locally or adaptively. And 
this is the reason, in practice, that we use 4/π as another threshold in the 
norm-similarity constraint. A different approach will be also attempted. 
That is to superimpose the mirror-image rendition of the reverse page 
image with the front page image. In this way, corresponding mapping of 
the strokes of the two superimposed images will aid in identifying 
characters from either side of the paper.  
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(a)                                                                (b) 

 
Figure 9 Segmentation results of the test images shown in Figure 1(a) 

and (c)  
 

  
(a)     (b) 

    
(c )       (d) 

  
(e)       (f) 

  
(g) (h) 

 
Figure 10 (a), (b), (e), (f): original test images; (c), (d), (g), (h): 
the  binary images of segmentation results by the proposed 
algorithm of  (a), (b), (e), (f) respectively, Ostu’s threshold 
method [4]. 

 
Table1. Evaluation of the system in 12 testing images 

Image number 1 2 3 4 5 6 7 
Total no. of 
words 132 124 103 125 125 123 121 

Precision 91% 86% 51% 94% 87% 77% 79% 

Recall 98% 100% 89% 94% 82% 92% 89% 

Image number 8 9 10 11 12  
Total no. of 
words 128 112 113 114 114  

Average 

Precision 75% 84% 82% 91% 78%  81% 

Recall 97% 97% 98% 96% 96%  94% 
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Abstract. In this study we evaluate different HMM topologies in terms of
recognition of handwritten numeral strings by considering the framework
of the Level Building Algorithm (LBA). By including an end-state in a
left-to-right HMM structure we observe a significant improvement in the
string recognition performance since it provides a better definition of the
segmentation cuts by the LBA. In addition, this end-state allows us the
use of a two-step training mechanism with the objective of integrating
handwriting-specific knowledge into the numeral models to obtain a more
accurate representation of numeral strings. The contextual information
regarding the interaction between adjacent numerals in strings (spaces,
overlapping and touching) is modeled in a pause model built into the
numeral HMMs. This has shown to be a promising approach even though
it is really dependent on the training database.

Keywords: HMM topology, LBA framework, pause model, handwritten
numeral string recognition

1. Introduction

Hidden Markov models have been successfully applied to various pattern
recognition environments. Specially to handwriting recognition, in which the HMM
approach provides a way of avoiding the prior segmentation of words into characters
usually found in OCR systems. This has shown to be a promising strategy, since
often word segmentation without the help of a recognizer is difficult or impossible.
In this context, the Level Building Algorithm (LBA) [1] is fundamental, since it
allows to match models against an observation sequence, without having to first
segment the sequence into subsequences that may have been produced by different
models.

In this study the LBA is used to recognize handwritten numeral strings using an
implicit segmentation-based approach. In this framework we focus on the HMM
topology, which is very important in providing a precise matching of the numeral
models against the observation sequence representing a numeral string. In addition,
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we investigate a way of integrating in the numeral models some contextual
information regarding the interaction between adjacent numerals in strings. For this
purpose, we use a two-step training mechanism, in which numeral models
previously trained on isolated digits are submitted to a string-based training. In the
second step of this training mechanism a pause model is built into the numeral
models. Cho, Lee and Kim [2] also use pauses in off-line word recognition and show
some significant improvement on the recognition accuracy depending on the
dictionary size.  They use a number of pause models in order to describe categories
of character transitions depending on the neighboring characters. In contrast to their
approach, Dolfing [3] assumes that the number of ligatures is limited and models all
ligatures with the same pause model. In our work we evaluate two strategies: 1)
constructing one pause model by numeral class; 2) constructing one pause model
representing all numeral classes.

This work is organized into 6 sections. Section 2 describes our system for the
recognition of handwritten numeral strings. Section 3 presents the HMM topologies
evaluated in this work. The experiments and discussions are summarized,
respectively, in Section 4 and 5. Finally, we draw a conclusion in Section 6.

2. System Outline

The system architecture is shown in Figure 1. In the first module, a word slant
normalization method has been modified by considering the slant and contour length
of each connected component to estimate the slant of handwritten numeral strings. A
detailed description of this process is presented in [4].

In the Segmentation-Recognition module, the string recognition is carried out
using an implicit segmentation-based method. This module matches numeral HMMs
against the string using LBA. To this end, the numeral string is scanned from left-to-
right, while local and global features are extracted from each column. The local
features are based on transitions from background to foreground pixels and vice
versa. For each transition, the mean direction and corresponding variance are
obtained by means of the statistic estimators defined in [5].

Figure 1. System architecture

These estimators are more suitable for directional observations, since they are
based on a circular scale. For instance, given the directional observations 1o

1 =α
and 359o

2 =α , they provide a mean direction (α ) of 0o instead of 180o calculated

by conventional estimators.

Segmentation/
recognition
resultsNormalization

Module

Slant-
normalized
string Segmentation/

Recognition
Module

Verification
Module
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Figure 2. Circular mean direction α and variance Sα for  a distribution ( )α iF

Let ααα Ni ...,,...,,1  be a set of directional observations with distribution ( )α iF

and size N. Figure 2 shows that α i represents the angle between the unit vector OPi

and the horizontal axis, while Pi is the intersection point between OPi and the unit

circle. The cartesian coordinates of Pi  are defined as:

( ) ( )( )αα ii sin,cos (5)

The circular mean direction α of the N directional observations on the unit circle

corresponds to the direction of the resulting vector ( )R obtained by the sum of the

unit vectors ( ).OP...,,OP...,,OP Ni1 The center of gravity ( )S,C  of the N

coordinates ( )( ))sin(,cos ii αα  is defined as:

( )∑=
=

N

i
i

N
C

1
cos

1
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1
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1
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These coordinates are used to estimate the mean size of R , as:

( )SCR 22 += (8)

Then, the circular mean direction can be obtained by solving one of the following
equations:

( )
R

S
sin =α    or   ( )

R

C
cos =α (9)

Finally, the circular variance of α is calculated as:

RS −= 1α 10 ≤≤ S α (10)

To estimate α  and Sα  for each transition of a numeral image, we have

considered }{ 31527022518013590450 00000000 ,,,,,,,  as the set of directional
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observations, while ( )α iF  is computed by counting the number of successive black

pixels over the direction α i from a transition until the encounter of a white pixel. In
Figure 3 the transitions in a column of numeral 5 are enumerated from 1 to 6, and
the possible directional observations from transitions 3 and 6 are shown.

In addition to this directional information, we have calculated two other local
features: a) relative position of each transition [6], taking into account the top of the
digit bounding box, and b) whether the transition belongs to the outer or inner
contour, which shows the presence of loops in the numeral image. Since for each
column we consider 8 possible transitions, at this point our feature vector is
composed of 32 features. The global features are based on horizontal projection
(HP) of black pixels for each column, and the derivative of HP between adjacent
columns. This constitutes a total of 34 features extracted from each column image
and normalized between 0-1. A codebook with 128 entries is created using the LBG
algorithm [7].

The last system module is based on an isolated digit classifier, which is under
construction. This verification module was not used in the experiments described in
this paper.

Figure 3.  Transitions in a column image of numeral 5, and the directional observations used
to estimate the mean direction for transitions 3 and 6

3. Topology of the Numeral HMMs

The topology of the numeral models is defined taking into account the feature
extraction method and considering the use of the LBA. The number of states is
experimentally defined based on the recognition of isolated numerals. The HMM
topology used in the baseline system is shown in Figure 4.

Figure 4. Left-to-right HMM model with 5 states
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Figure 5. Distributions of observations among the HMM states computed during model
training

5-state HMM without end-state 5-state HMM with end-state

109An Enhanced HMM Topology in an LBA Framework



The same or similar topology can be found in related works. In [8] the authors
use it to model character classes to recognize fax printed words. The same structure
is used for modeling numeral classes to recognize handwritten numeral strings in
[9]. Similar HMM topology, with additional skip transitions, is used for modeling
airlines vocabulary in [10]. In all these works the LBA is used as a recognition
algorithm.

As we can see the HMM topology used in our baseline system does not present
additional states or transitions to allow the concatenation of numeral models, since
they are not necessary in the LBA framework. In this system 10 numeral models
independently trained on isolated numerals are used to recognize strings, and the
LBA is responsible for finding the best sequence of these models for a given
numeral string. However, this kind of topology does not allow us to model the
interaction between adjacent numerals in strings. Moreover, in the experiments on
numeral strings we have observed a significant loss in terms of recognition
performance as the string length increases. In order to better understand the behavior
of these numeral models, we compute the distribution of observations among the
HMM states during the training of them on 50,000 isolated numerals (5,000 samples
per class).

We can see the corresponding distributions in Figure 5 as 5-state HMM without
end-state. These unbalanced distributions of observations among the states,
associated with the presence of a self-transition with probability value equal to 1.0 in
the last state (s5), have a negative impact on the system segmentation performance.
To better explain, let us consider the paths A and B in the LBA trellis in Figure 6,
which share the same way until time t=4. Path A reaches the state 5 (s5) first (at time
t=6). From this time path B may not reach the last state even being a promising path.
This may happen because the transition probability from state 4 to 5 (a45) (a small
value because of the nature of the distributions observed), must compete with the
self-transition probability on state 5 (equal to 1.0 since there is no transition going
out of this state). Under this condition the numeral recognition at this level may
succeed, however without representing the best segmentation path. This non-
optimum matching can bring problems to the next levels. This explains why, in the
baseline system, the recognition of numeral strings drops drastically as their length
increases (see Section 4).

Figure 6. Paths A and B in an LBA level considering model λ1

To deal with this problem and also adapt the numeral models to a string-based
training, we include an end-state in the HMM topology (see Figure 7). The new
models show a better distribution of the observations among their states, as we can
see in Figure 5 (5-state HMM with end-state), and avoid a self-transition with
probability value equal to 1.0 in the state 5 (s5). The end-state does not absorb any
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observation and it is useful to concatenate the numeral models during a string-based
training. The positive impact of this modification on the HMM topology to the string
recognition is shown in Section 4.

Figure 7. 5-state HMM with an end-state

Based on this new topology, we can pay some attention to the possibility of
integrating handwriting-specific knowledge into the model structure to obtain a
more accurate representation of numeral strings. We believe that as the knowledge
learned from ligatures and spaces between adjacent characters have shown to be
very important to increase the word recognition performance, the knowledge about
overlapping, touching and spaces between adjacent numerals may play the same role
for numeral strings.

Similar to [2,3], we investigate the use of a pause model. The objective is to
model inter-digit spaces and local interactions (overlapping, touching) between
adjacent numerals in strings. However, our pause model is built-in the numeral
models. This strategy allows us to keep the L parameter of the LBA fixed. The
pause model is trained on digit-pairs extracted from the NIST database. In this
training, for a given digit-pair the corresponding numeral models are concatenated
by using the end-state. In fact, the end-state of the first model is replaced with the
first state of the second (see Figure 8). The strategy used to train this pause model is
presented in the next section.

Figure 8. Concatenation of numeral models during string-based training

4. Experiments

The isolated numerals used in these experiments come from the NIST SD19
database. In order to construct 10 numeral models we use 50,000 numeral samples
for training, 10,000 for validation and 10,000 for testing. The slant normalization of
these numerals is done taking into account contextual information regarding the
slant of their original strings, and the feature extraction is performed considering the
intra-string size variation. All this process is detailed in [4].

 The experiments using numeral strings are based on 12,802 numeral strings
extracted from NIST SD19 and distributed into 6 classes: 2_digit (2,370), 3_digit
(2385), 4_digit (2,345) and 5_digit (2,316), 6_digit(2,169) and 10_digit(1,217)
strings respectively. These strings exhibit different problems, such as touching,
overlapping and fragmentation.

111An Enhanced HMM Topology in an LBA Framework



 During the comparison of the HMM topology with and without the end-state,
we did not consider the inter-digit spaces in order to evaluate the LBA in terms of
segmentation performance. For each string, features have been extracted considering
just foreground pixels (black pixels). There is no symbol to represent inter-digit
spaces. This also may give us some idea about the real contribution of the pause
model in our system.

Class HMM without
end-state

HMM with
end-state

Pause model
(1 by class)

Pause model
(1 for all classes)

Isolated numerals 91.10 91.73 91.60 91.60
2_digit (2,370) 85.32 87.72 88.23 88.40
3_digit (2,385) 78.19 82.43 83.31 83.61
4_digit (2,345) 71.34 78.17 78.55 78.72
5_digit (2,316) 66.32 75.65 75.35 76.21
2,3,4 and 5_digit (9,416) 75.32 81.00 81.40 81.77
6_digit (2,169) 63.85 71.69 71.37 72.01
10_digit (1,217) 44.04 60.64 57.68 61.05
Global (All classes) 70.43 77.51 77.45 78.15

Table 1. String recognition results on the test database

For the pause model experiment, we use a two step-training mechanism: 1) 10
numeral models are trained first on isolated digits, 2) the numeral models are
submitted to a string-based training using digit pairs (DPs) extracted from the NIST
database. The DP database is balanced in terms of number of naturally segmented,
overlapping and touching numerals. The NIST series hsf_0 to hsf_3 were used for
providing 15,000 training samples, while hsf_7 was used for providing 3,500
validation samples.

We use the two-step training mechanism described above to evaluate the
following strategies: 1) the use of one pause model for each numeral class; and 2)
the use of one pause model representing all numeral classes. In both just the pause
model parameters are estimated during the second-step training. The parameters
corresponding to the numeral models are kept the same as estimated during the first
training step based on isolated numerals. Table 1 resumes all the experiment results,
in which a zero-rejection level is used.

5. Discussion

The HMM topology with end-state does not bring a significant improvement to the
recognition of isolated numerals (about 0.6%). On the other hand, this brought
7.08% of improvement to the global string recognition rate. This is due the better
distribution of the observations between the states, and a better estimation of the
self-transition probability in the last HMM-state (s5). Consequently, the LBA
provides a better match of numeral models against the observation sequence. This
means a better definition of string segmentation cuts. Maybe, this can also explain
the importance given by the authors to space model in [8,9], and the use of
durational constraints in [10].

Figure 9 shows an example in which the segmentation cuts at top and bottom
were provided respectively by the models with and without end-state. To confirm
the improvement on segmentation cuts, we made an error analysis considering the
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10_digit strings misrecognized using the models without end-state, which were
recognized with the models with end-state. A total of 245 samples were manually
checked.

Figure 9: Segmentation points and recognition result produced by the LBA using 5-state
HMMs with end-state (top) and without end-state (bottom).

Figure 10(a) shows that 72.2% of these misrecognitions are related to mis-
segmentation problems. Moreover, we compute the difference of location of the
segmentation points provided by these two HMM-structures in terms of the number
of observations. Figure 10(b) shows that the frequencies of location differences
equal to 1, 2 and more than 2 observations are respectively 47.3%, 18% and 6.9%.
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Figure 10: a) Frequency of recognition and recognition/segmentation mistakes; b) Difference
between the location of segmentation points considering the number of observations

In the pause model experiments we consider all the spaces (white columns)
between adjacent digits in strings. In fact, the pause model is used to absorb all
interactions between adjacent numerals including inter-digit spaces, overlapping and
touching. The experiment considering one pause model for each numeral class does
not show improvements for all numeral string classes. We observe a small loss in
terms of recognition rate of numeral strings composed of more than 4 numerals. This
is due the lack of training samples of specific digit-pair classes in the database. In
fact, the database used for the second-step training is well balanced in terms of
natural segmented, overlapping and touching numerals, but it needs also be balanced
in terms of isolated numeral classes and digit-pair classes. This experiment also
shows that the interaction between adjacent digits varies as the string length. We can
see some improvement for all string classes when we use all the database to model
just one pause model.

The small improvement obtained by considering the pause model also confirms
the nice string segmentation performance provided by the LBA by using the 5-state
HMM with end-state. In fact, this shows that even without considering the inter-digit
spaces, the models based on this topology can provide a good string segmentation.
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6. Conclusions

In this work we have evaluated different HMM topologies on the LBA framework.
The inclusion of an end-state in numeral HMM structure allowed us to balance the
importance between their states. Under this condition, the LBA finds a more precise
match of the numeral models against the observation sequence representing a
numeral string. This new HMM structure improves the LBA string segmentation
performance. In addition, the end-state provides a way of concatenating the numeral
models to evaluate the use of a pause model built-in the numeral models.

The preliminary results on the pause model show us that integrating handwriting-
specific knowledge into the model structure to obtain a more accurate representation
of numeral strings is a promising approach. However, this approach is strongly
dependent on a representative database.
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Segmentation of Printed Arabic Text
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Abstract:This paper proposes a new technique to segment Printed
Arabic words into characters using Explicit Segmentation. The
technique can be divided into several steps: (1) Digitization and
preprocessing (2) binary tree construction; and (3) Segmentation. The
advantage of this technique is that its execution does depend on either
the font or size of character.

Keywords: Segmentation, Construction binary tree, Parallel Thinning,
Smoothing, Arabic Characters, Pattern Recognition.

1. Introduction

Machine recognition of both printed and handwritten characters, has been intensively
and extensively researched by scientists in different countries around the world.
Characters written in many different languages have been recognized, e.g. from
numerals to alphanumeric, and from Roman languages to Oriental languages.
However, the infinite varieties of qualities and character shapes produced by
handwriting and by modern printing machines have posed a major challenge to
researchers in the field of pattern recognition. But the urgent need is there, and it has
become increasingly evident that satisfactory solutions to this problem would be very
useful in applications where it is necessary to process large volumes of printed and
handwritten data,  e.g. in automatic sorting of mail and cheques, payment slips,
signature verification, and machine recognition and analysis of engineering drawings.

Many papers have been concerned with Latin, Chinese and Japanese characters,
However, although almost a third of a billion people worldwide, in several different
languages, use Arabic characters for writing, little research progress, in both on-line
and off-line has been  achieved  towards the automatic recognition of Arabic
characters. This is a result of the lack of adequate support in terms of funding, and
other utilities such as Arabic text database, dictionaries, etc.
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Two techniques have been applied for segmenting machine printed and
handwritten Arabic words into individual characters: implicit and explicit
segmentations.

(i) Implicit segmentation (straight segmentation): In this technique, words are
segmented directly into letters. This type of segmentation is usually designed with
rules that attempt to identify all the character’s segmentation points [1, 2].

(ii) Explicit segmentation: In this case, words are externally segmented into
pseudo-letters which are then recognized individually. This approach is usually more
expensive due to the increased complexity of finding optimum word hypotheses [3-
5].

This paper describes the design and implement of a new technique to segment an
Arabic word into characters using explicit segmentation. The technique can be divide
into three steps: First, is digitization and Preprocessing step in which the original
image is transformed into binary image utilizing a scanner 300 dpi with some
cleaning. Then the binary image is thinned using one of the existing thinning
algorithms. Second, the skeleton of the image is traced from right to left and a binary
tree is constructed. Finally, a segmentation algorithm is  used to segment the binary
tree into subtrees such that each subtree describes a character in the image.

2. General Characteristics of the Arabic Writing System

A comparison of the various characteristics of Arabic, Latin, Hebrew and Hindi
scripts are outlined in Table 1. Arabic, like Hebrew, is written from right to left.
Arabic text (machine printed or handwritten) is cursive in general and Arabic letters
are normally connected on the base line. This feature of connectivity will be shown to
be important in the segmentation process. Some machine printed and handwritten
texts are not cursive, but most Arabic texts are,  and thus it is not surprising that the
recognition rate of Arabic characters is lower than that of disconnected characters
such as printed English.

Table 1. Comparison of various scripts.

Characteristics Arabic Latin Hebrew Hindi

Justification R-to-L L-to-R R-to-L L-to-R
Cursive Yes No No Yes
Diacritics Yes No No Yes
Number of vowels 2 5 11 –
Letters shapes 1 – 4 2 1 1
Number of letters 28 26 22 40
Complementary characters 3 – – –
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Arabic writing is similar to English in that it uses letters (which consist of 28 basic
letters), numerals, punctuation marks, as well as spaces and special symbols. It differs
from English, however, in its representation of vowels since Arabic utilizes various
diacritical markings. The presence and absence of vowel diacritics indicates  different
meanings in what would otherwise be the same word. For example, ������ is the
Arabic word for both “school” and “teacher”. If the word is isolated, diacritics are
essential to distinguish between the two possible meanings. If it occurs in a sentence,
contextual information inherent in the sentence can be used to infer the appropriate
meaning.

The Arabic alphabet is represented numerically by a standard communication
interchange code approved by the Arab Standard and Metrology Organization
(ASMO). Similar to the American Standard Code for Information Interchange
(ASCII), each character in the ASMO code is represented by one byte. An English
letter has two possible shapes, capital and small. The ASCII code provides separate
representations for both of these shapes, whereas an Arabic letter has only one
representation in the ASMO table. This is not to say, however, that the Arabic letter
has only one shape. On the contrary, an Arabic letter might have up to four different
shapes, depending on its relative position in the text. For instance, the letter (��$
LQ�
has four different shapes: at the beginning of the word (preceded by a space), in the
middle of the word (no space around it), at the end of the word (followed by a space),
and in isolation (preceded by an unconnected letter and followed by a space). These
four possibilities are exemplified in Fig.1.

Fig. 1. Different shapes of the Arabic letter “ • A’in “

In addition, different Arabic characters may have exactly the same shape, and are
distinguished from each other only by the addition of a complementary character (see
Appendix). Complementary characters are positioned differently, for instance, above,
below or within the confines of the character. Figure 2 depicts two sets of characters,
the first set having five characters and the other set three characters. Clearly, each set
contains characters which differ only by the position and/or the number of dots
associated with it. It is worth noting that any erosion or deletion of these
complementary characters results in a misrepresentation of the character. Hence, any
thinning algorithm needs to efficiently deal with these dots so as not to change the
identity of the character.

Arabic writing is cursive and is such that words are separated by spaces. However,
a word can be divided into smaller units called subwords (see Appendix). Some
Arabic characters are not connectable with the succeeding character. Therefore, if one
of these characters exists in a word, it divides that word into two subwords. These
characters appear only at the tail of a subword, and the succeeding character forms the
head of the next subword. Figure 3 shows three Arabic words with one, two, and three
subwords. The first word consists of one subword which has nine letters; the second
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has two subwords with three and one letter, respectively. The last word contains three
subwords, each consisting of only one letter.

Fig. 2. Arabic characters differing only with regard to the position and number of
associated dots.

Fig. 3..Arabic words with constituent subwords.

Arabic writing is similar to Latin in that it contains many fonts and writing styles.
The letters are overlaid in some of these fonts and styles. As a result, word
segmentation using the baseline, which is the line on which all Arabic characters are
connected, is not possible. Furthermore, characters of the same font have different
sizes (i.e. characters may have different widths even though the two characters have
the same font and point size). Hence, word segmentation based on a fixed size width
cannot be applied to Arabic.

3. Digitization and Preprocessing

3. 1. Digitization

The first phase in our character recognition system is digitization. Documents to be
processed are first scanned and digitized. A 300 dpi scanner is used to digitize the
image. This generates a TIFF file which is then converted to 1-bit plane PBM file. The
PBM format contains a small header which incorporates a file stamp followed by the
dimensions of the image in pixels. The remainder of the file contains the image data.

3.2. Pre-thinning and Thinning

This step aims to reduce the noise due to the binarization process. The pre-thinning
algorithm used in this paper is as follows:

Input. A digitized image I in PBM format.

Output. A pre-thinned image I’, also in PBM format.

begin

1.  For each pixel P in image I, let P0 to P7 be its 8 neighbors, starting from the east
neighbor and counted in an anti-clockwise fashion.

2. Let B(P) = P0 + P2 + P4 + P6 . Let P’ be the corresponding pixel of P in the
pre-thinned image I’.
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3. If B (P) < 2 then set P’ to white

    Else If  B(P) > 2 then set P’ to black

    Else set P’ to the value of P;

end

3. 3. Thinning

The thinning of elongated objects is a fundamental preprocessing operation in image
analysis, defined as the process of reducing the width of a line-like object from several
pixels to a single pixel. The resultant image is called “the skeleton”.

This paper adopts Jang and Chin's one pass parallel thinning algorithm [6] because
it gives skeletons with fewer spurious branches. Figure 4 illustrates an original
scanned image and the resulting skeleton after applying the thinning.

                    (a)                                                  (b)

Fig. 4. An example for an Arabic word before and after thinning.

After the thinning of the binary image, the structure of the image can be recorded
by tracing the skeleton. However, the thinning process might alter the shape of the
character, which in turn makes difficult to be recognized. Some of the common
problems encountered during the thinning process include the elimination of vertical
notches in some characters and elimination or erosion of complimentary  characters.
These modification make the recognition of the thinned image a difficult task even for
nature human visual processing.

4. Thinned Image Tracing

The objective of this step in the process is to build a binary tree with all the
information describing the structure of the image. The technique used involves tracing
the thinned image using 3 x 3 window, and recording the structure of the traced parts.
The image structure is written using some primitives such as lines, loop, and double
loops etc.. This approach has a number of advantages:
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(a). Generality:  The technique can be applied to any font or size of Arabic text. In
addition, it can be applied to hand printed text. Furthermore, the technique can be used
in processing other language data such as Latin or Chinese.

(b). Simple Segmentation: The technique will simplify the segmentation process. The
examination of the subword structure from right to left will identify potential points
for segmentation. Some of these points are false segmentation points (i.e. they are
within one character). However, all of the segmentation points ( i.e. points between
two consecutive characters) are part of these potential points.

The binary tree consists of several nodes. Each node describes the shape of the
corresponding part of the subword. The structure of the node in the binary tree is show
in Figure 5:

       Uplink

Dots INFO

Llink Rlink

Fig. 5. The node of the binary tree.

Where Uplink is pointing to the parent node, the Rlink is pointed to the right son
of that node, and Llink is pointed to the left son of that node. The Dots field signals
the existence of complimentary characters in this part of the subword. The INFO field
contains the primitive description of the corresponding part in the subword.

The following points are taken into consideration when building the binary tree:

1. The primitives used in the INFO field of the subtree node are the eight Freeman
codes [7], 0 through 7; the Loop (L); and Double loop (LL).

2. The INFO field contains a description of the structure of the binary image which
corresponds to a part of the subword. This description will terminates if a junction
point is reached (the junction point is described as the point at which tracing can
follow more than one possible path).

3. The L (Loop) and LL (Double loop) primitives are identified if the junction points
force a looping connection within the binary tree. In other words, every time there is a
pointer from a node in the ith level of the tree to another node not in the I + 1st level of
the tree, it is regarded as either an L or LL primitive.

4. The tracing of the complimentary characters takes place after the termination of
subword tracing. The complimentary characters, if they exust in the subword, can
exist in any one of the following cases:
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One. One dot above the subword baseline.
Two. One dot below the subword baseline.
Three. One dot within the subword baseline.
Four. Two dots above the subword baseline.
Five. Two dots below the subword baseline.
Six. Three dots above the subword baseline.
Seven. Zig-zag shape above the subword baseline.
Eight. Zig-zag shape within the subword baseline.
Nine. Vertical bar on some of the characters, in the case that the bar is separated
from the main body of the character.

The image of the complimentary character can be identified as an image which fits
into a small window. The size of the window is a parameter of the font point size. In
the experiments performed, the window used was 45 pixels in perimeter. Certain
features of the image within the window such as the length, width and density of the
image, can be used to identify the type of complimentary character.

Fig. 6. Binary tree of the image in Figure 4(b)

The binary tree of the image of Figure 4(b) is depicted in Figure 6 above. After the
construction of the binary tree takes place according to the above rules, the smoothing
of the tree is performed. The smoothing of the binary tree is designed to:

44454444434

55454444435444 434343

L 44 2111001001

54544433233 L

5455444544344 2222223222222
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(a). Minimize the number of the node in the tree.

(b). Minimize the Freeman code string in the INFO field of the nodes, and

(c). Eliminate or minimize any noise in the thinned image.

The smoothing phase of the binary tree can be summarized as follows:

(a). Eliminated the empty nodes:  All the nodes which have an empty INFO field are
eliminated. The only exception is the root node which can retain an empty INFO field.
An empty INFO field is defined as the field with the null string or one Freeman code
character.

 (b): Smooth the Freeman Code:   In this study,  we use simple but effective
smoothing algorithm, illustrated in Figure 7 for direction 0 only. The patterns and
codes are rotated for other directions. Any pattern in the first column is replaced by
the pattern in the second column. Thus, the string 070010 is replaced by 000000.

Pattern Replaced by

0

1

0

7
0*

0 0 000*

0 0
7 1

0*
0 0 000*

Fig. 7. Smoothing algorithm.

(c). Compact the string in the INFO field: Note that the string of Freeman code can be
compacted by replacing it by a shorter string without any lose in information. The
shorter form is the Freeman code character and its length. Therefore, if the INFO field
in a node contains the following string:

2222       4444444444       6666666

it will be replaced by

24          410         67

The length of the Freeman code can be used later in the recognition process to
remove any ambiguities if necessary.

The smoothed binary tree of the image in Figure 4 (b) is depicted in Figure 8.

4
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Fig. 8. The smoothed binary tree of the image in Figure 4 (b).

5. Segmentation of the Subword

Segmentation is defined as the process of dividing a subword into characters. This
phase is a necessary and crucial step in recognizing printed Arabic text. To segment
an Arabic subword into characters, the fundamental property of connectivity is
decomposed. Segmentation techniques can be classified

There are two major problems with the traditional segmentation method which
depends on the baseline:

(i) Overlapping of adjacent Arabic characters occurs naturally, see Fig. 9 (a).
Hence, no baseline exists. This phenomenon is common in both typed and handwritten
Arabic text.

(ii) The connection between two characters is often short. Therefore, placing the
segmentation points is a difficult task. In many cases, the potential segmentation
points will be placed within a character rather than between characters.

The word in  Fig. 9 (a) was segmented utilizing a baseline technique. Figure 9 (b)
shows the proper segmentation and the result of the new segmentation method is
shown in Fig. 9 (c).

6 4

L 4 20

642 L

64
2
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Fig. 9. Example of an Arabic word  •  •  •  •  and different techniques of the segmentation.

The basic idea in the segmentation process, in this case, can be summarized in the
following points:

Neun. The binary tree can be traversed in an order such that first node in the
traversal process contains the beginning of the first character. However, this node
is not necessarily the root node.

ii.   A character description is then spread in one or more of the tree node INFO field.
Nevertheless, these nodes are placed such that their traversal is undertaken one
after the other depending on the shape of the character. Hence, the node which
processes the beginning of a character is traversed first while the node which has
the end of the character is traversed last.

iii. Some of the characters which are non-connectable from left may be contained in
one node, in addition to the end of the proceeding character. In such a case, the
node must be the last node traversed in the subword.

iv.  A binary tree with one node indicates that the subword corresponding to that tree
contains one or two characters.

During the traversal process, the subword is segmented into characters. The
segmentation process can be viewed as the way to identified the beginning of the next
character or realize the end of the current character. Whenever the start of a character
is identified, the character ”@” is concatenated to the string in the INFO field of the
node. In a similar manner the character “*” is concatenated to the string in the INFO
field of the node that contains the end of a character.

The process produces several subtrees each containing the Freeman code
description of a character in the subword. Figure 11 depicts the tree corresponding to
the subword shown in Figure 5(b). the word contains four characters. The four
characters of the sunword are describes as:
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1st character : in the nodes 1, 2.

2nd  character: in the nodes 3, 4, 5, 6.

3rd character: in the nodes 7, 8.

4th character: in the nodes 9, 10.

Fig. 10. Segmentation of the Binary tree shown in Figure 9.

6. Conclusion

This paper presents a new algorithm to segment Arabic word into characters. The
algorithm can be applied to any font and it permits the overlay of characters. The
algorithm was tested by many different fonts and size for the Arabic alphabet which
ranged from excellent print to poor quality and the results was satisfactory.

The thinning of the binary image was used in order to produce a correct
representation of the structure of the image by tracing the skeleton. However, due to
the erosion experienced in the image, some of the characters were not segmented
properly.

This is still an open research area and this is because of the segmentation problem,
which is in fact similar to the segmentation of cursive script in many languages, and
because of the complexity of Arabic characters.

4

64* 4

L@ 4@ 20*

642* L@

64* 2@
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Abstract 

 
In this paper we introduce a constrained Level Building 
Algorithm (LBA) in order to reduce the search space of a 
Large Vocabulary Handwritten Word Recognition (LVHWR) 
system. A time and a length constraint are introduced to limit 
the number of frames and the number of levels of the LBA 
respectively. A regression model that fits the response 
variables, namely, accuracy and speed, to a nonñlinear 
function of the constraints is proposed and a statistical 
experimental design technique is employed to analyse the 
effects of the two constraints on the responses. Experimental 
results prove that the inclusion of these constraints improve 
the recognition speed of the LVHWR system without 
changing the recognition rate significantly. 

 
 
1  Introduction 
 
In spite of recent advances in the field of handwriting recognition, few early studies 
have addressed the problem of large vocabulary offñline handwritten word 
recognition [1] [2] [3]. The most frequent simplification has been a preñselection of 
possible candidate words before the recognition based on other sources of 
knowledge [4]. The majority of works have focused on improving the accuracy of 
small vocabulary systems while the speed is not taken into account. 
   In HMMñbased systems, to handle the huge search space and keep search effort as 
small as possible, generally beam search is used together with the Viterbi algorithm. 
Beam search finds locally, i.e. at the current frame, best state hypothesis and discard 
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all other state hypotheses that are less probable than the locally best hypothesis by a 
fixed threshold [5]. The conventional LBA does not incorporate any kind of time or 
length constraint. Rabiner and Levinson [7] introduced global duration constraints 
built into the algorithm to limit the duration of the models. 
   In this work, we introduce two constraints to the LBA, one to limit the number of 
frames at each level and another to limit the number of levels of the LBA. 
Furthermore, we characterize the performance of the system by two responses, 
recognition rate (RR) and recognition speed (RS), and we assume that these 
responses are governed by the two constraints. A statistical experimental design 
technique [8] is employed to better characterize the behaviour of the LVHWR 
system as well as to optimise its performance as a function of these two constraints. 
   This paper is organized as follows. Section 2 gives an overview of the LVHWR 
system. Section 3 introduces the two constraints to the LBA. Section 4 describes the 
experimental plan, the statistical analysis of the experimental data and the results of 
the verification experiment over another database. Finally, some conclusions are 
drawn in the last section. 
 
2  The LVHWR System 
 
This section presents a brief overview of the structure and the main components of 
the LVHWR system. The system is composed of several modules: preñprocessing, 
segmentation, feature extraction, training and recognition. The preñprocessing 
normalizes the word images in terms of slant and size. After, the images are 
segmented into graphemes and the sequence of segments is transformed into a 
sequence of symbols (or features). There is a set of 69 models among characters, 
digits and special characters that are modelled by a 10ñstateñarcñbased HMM [4]. 
Training of the HMMs is done by using the Maximum Likelihood criterion and 
through the BaumñWelch algorithm. Recognition is based on a syntaxñdirected level 
building algorithm (SDLBA) using a treeñstructured lexicon generated from a 
36,100ñword vocabulary. 
   The lexicon is organized as a character tree (Fig. 1). If the spelling of two or more 
words contains the same n initial characters, they share a single sequence of n 
character HMMs representing that initial portion of their spelling. The recognition 
engine works in such a way that for a certain lexicon size (from 10 to 30,000) made 
up of words randomly chosen from the global vocabulary, the corresponding word 
HMMs are made up by the concatenation of character HMMs. All words are 
matched against the sequence of observations extracted from the word image and the 
probability that such word HMMs have generated that sequence of observations are 
computed. The word candidate is that one that provides the highest likelihood. 
   A crucial problem of such a system is the recognition speed. Since we do not know 
a priori the case of the characters we need to test both uppercase and lowercase 
characters at each level of the LBA and that increase the size of the search space. For 
digits and symbols, only a single model is tested at each level of the LBA. This 
approach provides good recognition rates but at the cost of low speed for lexicons 
that contain more than 1,000 entries. Therefore, our goal is to find a best 
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compromise between the recognition rate and the recognition speed when 
considering large vocabularies. 
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Figure 1: Treeñstructured lexicon 
 
2.1  Level Building Algorithm (LBA) 
 
The LBA has been used for a long time in speech recognition [7], and more recently 
on handwriting recognition. Given a set of individual character models c = {c0, c1, 
c2, Ö, cKñ1} where K denotes the number of models and a sequence of observations 
O = {o0, o1, ..., oTñ1}, where T denotes the length of the sequence, recognition means 
decoding O into the sequence of models. Namely, it is to match the observation 
sequence to a state sequence of models with maximum joint likelihood. The LBA 
jointly optimises the segmentation of the sequence into subsequences produced by 
different models, and the matching of the subsequences to particular models. 
   In the LVHWR system, we have adapted the LBA to take into account some 
particular characteristics of our character model since it is modelled by a 10ñstateñ
leftñrightñarcñbased HMM, and also to take into account some contextual 
information. Since the lexical tree guides the recognition process, the LBA 
incorporates some constraints to handle the language syntax provided by the lexical 
tree as well as the contextual information related to the character class transition 
probabilities. Different from an open vocabulary problem where all character HMMs 
are permitted in all levels of the LBA, here the character HMMs that will be tested in 
each level depend on the sequence of nodes of the lexical tree. Furthermore, since 
only two character models compete in each level of the LBA, one corresponding to 
the uppercase and other corresponding to the lowercase character, it will be only 
necessary to compute the likelihood of two character HMMs at each level of the 
LBA. For digits and special characters, only one model is computed by level. 
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3  Incorporating Time and Length Constraints to the 
LBA 
 
The SDLBA presented by Koerich et al. [3] is constrained only by the HMM 
topology and the lexical tree. The SDLBA implies the testing of the whole sequence 
of observations at each level. Due to the fact that our HMMs do not include selfñ
transitions, we know that such a model can emit a limited number of observations. In 
other words, we have a priori knowledge of the model duration since it is implicitly 
modelled by the HMM topology [9]. Furthermore, it seems to be wasteful to align 
the whole observation sequence at all levels of the LBA, since it is expected that in 
average four observations be emitted at each level of the LBA. Therefore, limiting 
the number of observations at each level could reduce the size of the search space. 
   If we take into account again the topology of our HMM, it is easy to verify that 
short observation sequences are more likely to be generated by short words. 
Therefore, it seems useless to align the observation sequences with nodes of high 
levels if the sequence is short. Nevertheless, we know in advance the length of the 
sequence of features and considering that each character model can emit 0, 2, 4 or 6 
observations, we can estimate from the length of the sequence of features the length 
of the words that could have generated such a sequence and use such information to 
limit the search to words with appropriate lengths. Therefore, it is expected that the 
performance of the system will be improved by constraining the LBA both in time 
and in length without changing the accuracy significantly. 
 
3.1  Time Constraint 
 
The time constraint concerns the limitation of the number of frames aligned at each 
level of LBA. We introduce two variables: FLIT(l) and FLFT(l). The first one denotes 
the index of the first frame while the second one denotes the index of the last 
observation frame that will be aligned at each level of the LBA. Both variables are 
functions of the level (l). Figure 2 shows how these two constraints are incorporated 
to the LBA. 
   To incorporate these two constraints into the LBA, the equations of the LBA are 
not modified, but just the range of the variable t that denotes the frame index. The 
variable t, that originally ranges from 0 to Tñ1, now, its range will be given by 
equation (1). 
 

)(,...,2)(,1)(),( lFLlFLlFLlFLt FTITITIT ++=    (1) 
 
where FLIT(l) and FLFT(l) must be integers and they are given by equations (2) and 
(3) respectively. The lower and upper limits for FLIT(l) and FLFT(l) are 0 to Tñ1 
respectively. 
 





>−
=

=
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).(6)( FFT FLllFL +=    (3) 
 
where FLI and FLF are the two control factors to be determined. 
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Figure 2: LBA incorporating time and length constraints 
 
3.2  Length Constraint 
 
As we have discussed in the first paragraphs of section 3, the length constraint 
concerns the limitation of the number of levels of the LBA. We introduce the 
variable WLMAX(T) which denotes the maximum number of levels of the LBA for a 
given observation sequence with length T. To incorporate this constraint to the LBA, 
the equations of the LBA are preserved, but the range of the variable l that denotes 
the level index, is modified slightly. Now, instead of ranging from levels 0 to Lñ1, 
the range will be given by equation (4). 
 

)(,...,2,1,0 TWLl MAX=    (4) 
 
where WLMAX(T) is an integer given by equation (5) and its lower and upper limits 
are given by the shortest and the longest word in the lexicon respectively. 
 

WL
TTWLMAX =)(     (5) 

 
where WL is the control factor to be determined. 
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4  Factorial Analysis 
 
Here we introduce a formal method to determine the values of the control factors 
(FLI, FLF, and WL) based on a statistical experimental design technique that 
optimises the performance of the LVHWR system. In order to simplify our analysis, 
we take into account only two control factors, FLI and WL. The value of the other 
control factor, FLF, is fixed equal to 1. 
   First, we derive two regression models where the independent variables are FLI, 
and WL, and the dependent variables are the responses of the system: recognition 
rate (RR) and recognition speed (RS). Afterwards, a complete factorial plan is 
employed to gain information on the control factors and to determine the coefficients 
of the regression models. Based on these regression models, the optimal values of 
the control factors that jointly optimise both RR and RS can be determined. 
 
4.1  Multiple Regression Model 
 
We need to establish a multiple regression model before carrying out any 
experiment. We assume that the responses RR and RS are approximated by the mean 
(M), the two control factors ( FLI and WL ), the square of the control factors ( FLI

2 
and WL2 ), and the interaction between them ( FLI.WL ). We assume that equation (6) 
gives the regression model for the recognition rate (RR) while equation (7) gives the 
regression model for the recognition speed (RS). 
 

WLFLaWLaFLaWLaFLaMRR IIIRR .5
2

4
2

321 +++++≅   (6) 
 

WLFLbWLbFLbWLbFLbMRS IIIRS .5
2

4
2

321 +++++≅   (7) 
 
   By analysing RS and RR for different values of WL and FLI, it is possible to 
determine the means MRR and MRS and estimate the coefficients a1, Ö, a5 and b1, Ö, 
b5 for the control factors and the interactions. 
 
4.2  Experimental Design 
 
Since we have only two control factors, we can use a complete factorial plan, 
assigning three levels to each factor to capture the linear and the quadratic effects of 
both constraints over the responses. For this plan we have only 9 treatment 
combinations and 8 degrees of freedom (dfís) to estimate the effects in the process 
we are investigating. However, to accommodate the nonñlinear effects and the 
interactions, we replicate the experiments by using a different random lexicon. 
Therefore, we will have 18 treatment combinations from which we lose 1 df due to 
finding the mean of the data and other 17 dfís to estimate the effects. 
   Eighteen experimental runs were conducted, corresponding to the 18 combinations 
of the two control factors (9 for each random lexicon) and both RR and RS were 
measured. In these experiments, we have used a validation set that has been taken 
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from the Service de Recherche Technique de la Poste (SRTP) database. The SRTP 
database is composed of digitised images of French postal envelopes. The 
information written on the envelopes is labelled and segmented. This dataset is 
composed of 3,475 images of French city names. The experiments were carried out 
for lexicons with 10, 100, 1,000, 5,000, 10,000, 20,000 and 30,000 entries. 
 
4.3  Analysis of Results 
 
In order to perform a multifactor analysis of variance for RR and RS, we have 
constructed various tests and graphs to determine which factors have a statistically 
significant effect on both responses for different lexicon sizes. Figure 3 shows an 
example of the effects of the linear and quadratic terms of both WL and FLI in both 
responses for a 100ñentry lexicon. The control factor WL has the most pronounced 
effect on RR. The effect of this control factor is approximately quadratic. The other 
control factor has less effect and it seems to be approximately linear. On the other 
hand, the control factor WL has the most pronounced effect on RS, but the effect due 
to the control factor FLI is also pronounced. The effect of both factors is 
approximately quadratic. 
   For each lexicon size, the sum of squares, the mean of squares, and the Fischer 
coefficients were computed. All Fischer coefficients were based on the mean square 
error. For the different lexicon sizes, both WL and FLI have a statistically significant 
effect on RR. For the control factor FLI, the quadratic effect can be neglected. On the 
other hand, both the linear and the quadratic effects of the factor WL are significant. 
These results confirm what we have seen in Figure 3. Both constraints have a 
statistically significant effect on RS and the linear and quadratic effects of both 
constraints are significant. The effects of the interaction of the two control factors are 
not significant and they can be neglected. The same behaviour was observed for the 
different lexicon sizes. 
 

 
 

Figure 3: Main effects of the control factors on RR and RS for a 100ñentry lexicon 
 
   The coefficients of the regression models can be determined by using a leastñ
square procedure [11]. For each lexicon size, we will have different multiple 
regression equations that have been fitted to the experimental data. 
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4.4  Optimisation of Parameters 
 
Optimisation involves estimating the relationship between RR and RS, and the two 
control factors. Once the form of this relationship is known approximately, the 
constraints may be adjusted to jointly optimise the system performance. 
   In our system an optimal response means maximizing both RR and RS. Therefore, 
we need to determine the combination of experimental factors that simultaneously 
optimise both response variables. We do so by maximizing equations (6) and (7) for 
each lexicon size. The combination of control factor levels that achieves the overall 
optimum responses for each lexicon size is given in Figure 4. 
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Figure 4: Optimal control factor values for each lexicon size 

 
4.5  Experimental Results 
 
In order to demonstrate the applicability of these constraints in the reduction of the 
search space and to verify the effects of the control factors in the responses of the 
LVHWR system, we have run a confirmation experiment. We have used a different 
dataset. This testing dataset contains 4,674 samples of city name images also taken 
from the SRTP database. Figure 5 shows the results obtained by the standard LBA 
(STD) and the constrained LBA (TLC). By comparing the results for recognition 
speed we can verify that by using the two constraints and setting them up to the 
optimal values given by the statistical experimental design technique, we improved 
the recognition speed significantly while keeping almost the same recognition rate.  
   It should be notice that, in spite of the values of the control factors are dependent 
on the lexicon size the improvement in speed is almost independent. Table 1 shows 
the approximate individual contribution of the constraints in speeding up the system. 
The number of character is related to WL while the number of frames is related to 
FLI but it is also dependent on the WL. 
 

134 A.L. Koerich, R. Sabourin, and C.Y. Suen



5  Discussion and Conclusion 
 
In this study, we have presented a constrained LBA where two control factors were 
chosen and analysed through a complete factorial plan. The effects of these two 
factors in the outputs of a LVHWR system were investigated. We have seen that 
limiting the number of observations according to the level of the LBA as well as 
limiting the number of levels of the LBA by taking into account the length of the 
observation sequences lead to an improvement of 24.4ñ30.3% in the recognition 
speed with a slight reduction of 0.28ñ0.77% in the recognition rate for lexicons with 
10ñ30,000 entries respectively. If we compare with the results of a previous version 
of the system based on a Viterbiñflatñlexicon scheme [3] [4], the improvement in 
speed is more expressive (627ñ1,010%) with a reasonable reduction in the 
recognition rate (0.45ñ1.8%). Furthermore, the experimental design technique used 
for adjusting the values of the control factors provides us a robust framework where 
the responses of the system are nonñlinear functions of the control factors. Our 
future work will focus on the pruning the number of characters by using a beam 
search technique. 
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Figure 5: RR and RS for the standard LBA (STD) and the constrained LBA (TLC) 

 
Table 1: Reduction in the number of frames and characters 

Lexicon 
Size 

Characters 
(%) 

Frames 
(%) 

Speed 
(%) 

10 0 29.41 24.38 
100 0.632 31.58 26.90 

1,000 2.542 33.47 27.77 
5,000 2.568 35.06 29.25 

10,000 2.855 35.90 29.79 
20,000 4.357 36.88 30.63 
30,000 3.879 37.46 30.28 
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Preventing Overfitting in Learning Text
Patterns for Document Categorization
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Abstract. There is an increasing interest in categorizing texts using learning al-
gorithms. While the majority of approaches rely on learning linear classifiers, there
is also some interest in describing document categories by text patterns. We intro-
duce a model for learning patterns for text categorization (the LPT-model) that
does not rely on an attribute-value representation of documents but represents doc-
uments essentially “as they are”. Based on the LPT-model, we focus on learning
patterns within a relatively simple pattern language. We compare different search
heuristics and pruning methods known from various symbolic rule learners on a
set of representative text categorization problems. The best results were obtained
using the m-estimate as search heuristics combined with the likelihood-ratio-statics
for pruning. Even better results can be obtained, when replacing the likelihood-
ratio-statics by a new measure for pruning; this we call l-measure. In contrast to
conventional measures for pruning, the l-measure takes into account properties of
the search space.
Key Words: Text Categorization, Rule Learning, Overfitting, Pruning, Applica-
tion

1 Introduction

Assigning text documents to content specific categories is an important task
in document analysis. In office automation, systems for document catego-
rization are used to categorize documents into categories such as invoices,
confirmation of order [4]. These assignments can be used to distribute mail
in the house, but they are also used for triggering document-specific infor-
mation extraction tools, extracting, e.g, the total amount from an invoice.
Automatic categorization systems rely on hand-crafted categorization rules of
the form “if text pattern pc occurs in document d then document d belongs
to category c”. Typical pattern languages rely on the boolean combination of
tests on word occurrences. Within this language, the pattern (or (and gold
jewelry) (and silver jewelry)) can be used to find documents which deal with
gold or silver jewelry. More elaborated pattern constructs generally also allow
tests on word sequences and word properties. The most prominent example
for a rule-based automatic categorization system is TCS [6].

Since hand-crafting categorization rules is labor intensive, there is interest
in automatic document categorization based on example documents. The
majority of these algorithms rely on linear classifiers [12]. Until now, only a
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few rule learners have been applied to text categorization [1,3]. Nevertheless,
rule learners offer some practical advantages:

• they produce very compact classifiers,
• the classifiers are easy to understand and to modify by humans (if, e.g.,

manual fine tuning is needed), and
• the classifiers are portable in the sense that the classifier can be used to

query nearly any IR search engine.

In the remainder of the paper we first introduce our model for learning
patterns for text categorization (Section 2). Based on a set of text cate-
gorization problems (described in Section 3) we then investigate different
search heuristics to avoid overfitted pattern (Section 4), standard pruning
techniques (Section 5), and a new pruning method relying on a measure we
call l-measure (Section 6). A summary is is given in Section 7.

2 The LPT-Mo del

A text categorization problem in our sense is characterized as follows: Given

• an (in general infinite) set D, the text domain;
• a category K ⊂ D, the target category
• positives B⊕ and negatives examples B	 for K ⊂ D , i.e. B⊕ ⊆ K and
B	 ⊆ D \ K
• a representation language TLPT for documents and a transformation
tLPT : D → TLPT
• a pattern language P with an associated function m : P×TLPT → {0, 1}

We search for an algorithm that computes a pattern pK ∈ P from B⊕ and
B	 which approximates

m(pK, tLPT (δ)) =

{
1 : δ ∈ K
0 : δ ∈ D \ K , the match function.

In our model, real world documents (usually given as character sequences)
are transformed via the transformation function tLPT into the LPT document
representation language. Within this language a document d is represented
as a word sequence (w1 . . . wn) while a word wi is represented as a character
sequence. It is important to note that the transformation preserves almost
all information in the original document. This allows us to, e.g. define pattern
language constructs that rely on word sequences or complex word properties.

We did not commit to a specific pattern language P but only give a
general frame for simplifying the construction of pattern languages. Here, we
only introduce one very simple instance of possible pattern languages. This
instance relies on a set of so-called word tests with w ∈ P iff w is a word.
The semantics of word tests is given by

m(w, (w1, . . . , wn)) =

{
1 : ∃iw = wi
0 : else
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Abstract. Categorization is an important problem in image document processing

and is often a preliminary step for solving subsequent tasks such as recognition, un-

derstanding, and information extraction. In this paper the problem is formulated in

the framework of concept learning and each category corresponds to the set of im-

age documents with similar physical structure. We propose a solution based on two

algorithmic ideas. First, we transform the image document into a structured repre-

sentation based on X-Y trees. Compared to \at" or vector-based feature extraction

techniques, structured representations allow us to preserve important relationships

between image sub-constituents. Second, we introduce a novel probabilistic archi-

tecture that extends hidden Markov models for learning probability distributions

de�ned on spaces of labeled trees.

1 Introduction

Despite the explosive increase of electronic intercommunication in recent
years, a signi�cant amount of documents is still printed on paper. Image
document processing aims at automating operations normally carried out by
individuals on printed documents, such as reading, understanding, extract-
ing useful information, and organizing documents according to given criteria.
In its general form, this task is formidable in absence of information about
the physical layout of the document. Layout classi�cation is therefore an im-
portant preliminary step for guiding the subsequent recognition task [3]. For
example, in a commercial domain involving recognition of invoices, a classi�er
can be employed to determine which company invoice form is being analyzed.
In the case of electronic libraries, classi�cation can partition scanned pages
according to useful criteria such as presence of title, advertisement, number
of columns, etc.

In [3] documents are represented as structured patterns (allowing to
preserve relationships among the components) and then classi�ed by special
decision trees which are able to deal with structured patterns. In [2] both the
physical and the logical structure are used to recognize documents. In this
paper we formulate layout classi�cation as a concept learning problem. Our
approach is based on a generalization of hidden Markov models (HMMs),
which have been introduced several years ago as a tool for modeling prob-
ability distributions de�ned on sets of strings. The interest on probabilistic

S. Singh, N. Murshed, and W. Kropatsch (Eds.): ICAPR 2001, LNCS 2013, pp. 147−156, 2001.
 Springer-Verlag Berlin Heidelberg 2001



sequence modeling developed particularly in the Seventies, within the speech
recognition research community. The basic model was very simple, yet so
exible and e�ective that it rapidly became extremely popular. During the
last years a large number of variants and improvements over the standard
HMM have been proposed and applied. Undoubtedly, Markovian models are
now regarded as one of the most signi�cant state-of-the-art approaches for se-
quence learning.The recent view of the HMM as a particular case of Bayesian
networks [1,12] has helped the theoretical understanding and the ability to
conceive extensions to the standard model in a sound and formally elegant
framework.

In this paper, we propose an extension of the model for learning proba-
bility distributions de�ned on sets of labeled trees. We call this architecture
Hidden Tree Markov Model (HTMM). This extension was �rst suggested
in [5] as one of the possible architectures for connectionist learning of data
structures, but it has never been employed in a real application. In the case
of document classi�cation, instances are obtained by an X-Y tree extraction
algorithm as a preprocessing step.

2 The X-Y trees extraction algorithm

The physical layouts of documents are represented by XY-trees, which allow
to preserve relationships among the components. Structured representations,
like XY-trees, are more suitable then vector-based representations to describe
complex patterns (like documents), which are composed by many sub-parts
with di�erent semantic meanings. XY-trees are commonly used to segment
an input document [9]. Each node of an XY-tree is associated to a region
of the document. Nodes nearer the leaves are associated to smaller areas
of the document (see Fig. 1). The root of the XY-tree is associated to the
whole document. The document is then split into regions that are separated
by white horizontal spaces. Each region corresponds to a node, child of the
root node. The algorithm is applied recursively over each subregion detected
at the previous step. Horizontal and vertical white spaces are alternatively
used to further divide a region. A region is not further subdivided if: (1)
neither a horizontal or vertical white space can be found, and (2) the area
of a region is smaller of the selected resolution of the algorithm. Since each
node is associated to a region of the document, children are ordered left-to-
right for vertical cuts and top-to-bottom for horizontal cuts. If a horizontal (or
vertical) white space can not be found and then the region can not be divided,
a dummy node is inserted and the algorithm tries to split the region searching
vertical (or horizontal) white spaces. Pseudo-code is given in Algorithm 1.

A drawback of this algorithm is that it is not able to represent a docu-
ment properly if it contains lines across the formatted area. For example a
rectangular box can not be split and the information inside the box can not
be represented using traditional XY-trees. In order to deal with documents
containing lines, a modi�ed XY-tree algorithm has been used: at each step
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Fig. 1. Extraction of a XY-tree representing a document. The �nal tree is shown

at the bottom of the �gure

Algorithm 1 xyExtract (region, cut direction, cut dir at previous step)
if region:area < resolution return;
lines  FindLines(region, cut direction);
sub regions  LineCut(region, lines);
if cut direction = Horizontal cut direction  Vertical;
else cut direction  Horizontal;
if sub regions = ;

spaces  FindSpaces(region,cut direction);
sub regions  SpaceCut(region,spaces);

if sub regions 6= ;
go  0;
foreach region 2 sub regions

XY-Extract(region, cut direction, cut dir at previous step);
else

if cut dir at previous step  1 return;
else XY-Extract(region, cut direction, 1);

the region can be subdivided using either white spaces or a lines. A line has

priority over space, when both a line and a space split a region. Each node of

the XY-tree contains a real vector of features describing the region associated

to the node.

3 Hidden tree-Markov models

In this section we develop a general theoretical framework for modeling prob-

ability distributions de�ned over spaces of trees. An m-ary tree T is a recur-

sive structure that either empty, or it is comprised of an ordered sequence

T =< r; T1; T2; : : : ; Tm > where r is a node called root and Ti is the i-th
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subtree of T . Information is associated to trees by means of labels attached
to their nodes. Each label is a tuple of features (or attributes) extracted from
the pattern being represented and will be uniquely associated to one node.
Features are modeled by discrete or continuous random variables. 1Since
di�erent kinds of features can be extracted, it is convenient to distinguish
variables according to their type. In this way, the universe of discourse (that
comprises all the features in a given domain) can be partitioned intoK equiv-
alence classes Y(1); : : : ;Y(K) so that each class contains variables of the same
type. Parenthesized superscripts will be used to refer to a particular type.
We denote by O(k) the set of admissible realizations for variables of type
k. The label attached to node v will be denoted as Y (v). If each label is
a k-tuple containing exactly one variable for each equivalence class we say
that the tree is uniformly labeled. In this case each label can be denoted as
Y (v) = fY (1)(v); : : : ; Y (K)(v)g 2 Y , being Y

:
= Y(1) � � � � Y(K). Correspond-

ingly, an observed label can be denoted as y(v) = fy(1)(v); � � � ; y(K)(v)g 2 O
being O

:
= O(1) � � � � � O(K).

Model de�nition

According to the previous de�nitions, let us consider a generic tree Y . We
are interested in the speci�cation of a probabilistic model � that satis�es the
following desiderata:

1. The model should be generative, i.e. it should specify the probability
distribution P (Y j�) thus enabling two basic operations: sampling (i.e.
picking up a tree according to the distribution) and evaluation, i.e. given
an observed tree y computing the probability P (Y = yj�).

2. The model should be trainable, i.e. given a set of observed trees it should
be possible to estimate the \optimal" parameters of the model according
to some well assessed statistical criterion.

3. The model should be compositional in order to allow computations to
be performed eÆciently. Given the recursive nature of the data, it seems
natural to seek a divide-and-conquer approach that carries out compu-
tations on the whole tree by taking advantage of partial results obtained
on subtrees.

Points 1 and 2 are rather generic and there are several generative adaptive
models in the literature for dealing with vector-based and sequential data.
However, these models cannot deal with rich recursive representations such
as trees. Point 3 is speci�c for model intended to exploit the hierarchical
structure of the data. Stochastic structural grammars [6] are able to sat-
isfy desiderata 1 and 3. However, no statistically sound learning methods
are available in the literature. Desiderata 2 and 3 are satis�ed by a recent
class of arti�cial neural networks especially designed for adaptive process-
ing of directed acyclic graphs [5]. However, these networks are conceived as
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Fig. 2. Belief network representing the �rst-order tree-Markov property

discriminant rather than generative models: they allow to estimate the con-
ditional probability of a dependent output variable given a graph as input,
but they do not support the estimation of generative probabilities.

Composionality in a stochastic model can be achieved using probabilistic
independence. For each tree Y we can write P (Y ) = P (Y (r);Y 1; : : : ;Y m)
where Y (r) is the label at the root node r and Y i are random subtrees. Ideally
we would like to combine in a simple way P (Y 1); : : : ; P (Y m) in order to
compute P (Y ), thus enabling an eÆcient recursive procedure. The following
decomposition always holds true and can be trivially obtained by repeated
applications of the chain rule of probabilities:

P (Y ) = P (Y 1jY (r);Y 2; : : : ;Y m) � P (Y 2jY (r);Y 3; : : : ;Y m) � � �

�P (Y mjY (r))P (Y (r))

At this point one might introduce a rather drastic conditional independence
assumption, namely that all the subtrees of Y are mutually independent
given the label Y (r) at the root:

P (Y ijY j ; Y (r)) = P (Y ijY (r)) 8i; j = 1; : : : ;m: (1)

If Equation (1) holds true we say that the �rst-order tree-Markov property
is satis�ed for Y . An immediate consequence is that

P (Y ) = P (Y (r))
mY

j=1

P (Y j jY (r))

and from this equation one can easily show that
P (Y ) = P (Y (r))

Y

v2V nfrg

P (Y (v)jY (pa[v])); (2)

where V denotes the set of nodes of Y and pa[v] denotes the parent of v (proof
by mathematical induction using a tree comprised by a single node as a base
step). The factorization formula (2) can be graphically depicted using either
a Markov or a Bayesian network [10], as shown in Fig. 2. Interestingly, if the
�rst-order tree-Markov property holds for Y , then the standard �rst-order
Markov property also holds for each sequence of nodes constructed by follow-
ing a path in the tree. This follows by direct inspection of Fig. 2. Although
the approach just described would introduce the desirable compositionality
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property in the model, there are at least two main disadvantages. First, the
conditional independence assumption (1) is very unrealistic in many practi-
cal cases. In facts, it implies that the label of each node v is independent
of the rest of the tree given the label attached to v's parent. This does not
allow the model to capture correlations that might exist between any two non
adjacent nodes. Second, the parameterization of P (Y (v)jY (pa[v])) might be
problematic if each label contains several variables. For example if each la-
bel is formed by 5 integer variables in the range [1; 10], P (Y (v)jY (pa[v]))
is a table containing 10 billions of parameters. One possibility for removing
the �rst limitation might consist of extending the \memory depth" of the
model, de�ning a higher-order tree-Markov property (in some way that ex-
tends the notion of higher-order Markov chains for sequential data). However
this would further increase the number of parameters in the model. Instead,
following the idea of hidden Markov models for sequences, we opt for the
introduction of hidden state variables in charge of \storing" and \summariz-
ing" distant information. More precisely, let X = fx1; : : : ; xng be a �nite set
of states. We assume that each tree Y is generated by an underlying hidden

tree X, a data structure de�ned as follows. The skeleton of X is identical to
the skeleton of Y . Nodes of X are labeled by hidden state variables, denoted
X(v). Finally, realizations of state variables take values on X . In this way,
P (Y ) =

P
X P (Y ;X), where the sum overX indicates the marginalization

over all the hidden trees. The �rst-order tree-Markov property in the case of
hidden tree models is formulated as follows.

1. First, the �rst-order tree-Markov property (as de�ned above { see Equa-
tion (1)) must hold for the hidden tree:

P (X ijXj ; X(r)) = P (XijX(r)) 8i; j = 1; : : : ;m: (3)

As a consequence

P (X) = P (X(r))
Y

v2V nfrg

P (X(v)jX(pa[v])); (4)

2. Second, for each node v the observed label Y (v) is independent of the
rest given X(v):

P (Y (v)jY ;X) = P (Y (v)jX(v)) (5)

From the two above conditional independence assumptions it is easy to derive
the following global factorization formula:

P (BY;X) = P (X(r))P (Y (r)jX(r))�

�
Y

v2V nfrg

P (Y (v)jX(v))P (X(v)jX(pa[v])) (6)

that can be graphically represented by a belief networks as shown in Fig. 3.
The associated stochastic model will be called hidden tree-Markov model
(HTMM). Note that in the degenerate case of trees reducing to sequences,
HTMMs are identical to standard HMMs.
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X(v) Y (v)

Fig. 3. Belief network for a hidden tree-Markov model. White nodes belong to the

underlying hidden tree X. Shaded nodes are observations

Parameterization and model's properties

According to Equation (6) we see that parameters for the HTMM are P (X(r)),
a prior on the root hidden state, P (Y (v)jX(v)), the emission parameters, and
P (X(v)jX(pa[v])), the transition parameters. For simplicity, in the remain-
der of the paper we shall assume categorical labels only since the extension
to numerical variables is rather trivial.

In this initial setting parameters are permitted to vary with the particular
node being considered. In this way, however, it is very likely to obtain a
large total number of parameters, especially when dealing with large graphs.
Obviously this may quickly lead to over�tting problems when one attempts
to learn the model from data. A similar diÆculty would arise with standard
HMMs if one allowed emission and transition parameters to depend on the
time index t. Typically, HMMs parameters do not depend on t, a property
called stationarity [11]. In the case of trees, the notion of \time" is replaced
by the notion of \node." Therefore, a similar parameter sharing property
can be introduced for HTMMs. In particular, we say that an HTMM is fully

stationary if the CPTs attached to network nodes X(v) and X(w) are the
same for each pair of tree nodes v and w, and the CPTs attached to network
nodes Y (k)(v) and Y (k)(w) are the same for each pair of tree nodes v and w

and for each k = 1; : : : ;m.

Inference and learning algorithms

Since the model is a special case of Bayesian network, the two main algo-
rithms (inference and parameter estimation) can be derived as special cases
of corresponding algorithms for Bayesian networks. Inference consists of com-
puting all the conditional probabilities of hidden states, given the evidence
entered into the observation nodes (i.e. the labels of the tree). Since the net-
work is singly connected, the inference problem can be solved either by �-�
propagation [10] or by the more general junction tree algorithm [8]. In
our experiments we implemented a specialized version of the junction tree
algorithm. Given the special structure of the HTMM network (see Fig. 3),
no moralization is required and cliques forming the junction tree are of two
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kinds: one containing X(v) and X(pa[v]), the other one containing Y (v) and
X(v). In both cases, only two variables are contained into a clique. It should
be remarked that P (Y ) is simply obtained as the normalization factor in any
clique after propagation in the junction tree. Inference in HTMMs is very
eÆcient and runs in time proportional to the number of nodes in Y and to
the number of states in X .

Each model is trained using positive examples from the class associated
to that model. Learning can be formulated in the maximum likelihood frame-
work and the model can be trained using the Expectation-Maximization (EM)
algorithm as described in [7].

4 Dataset preparation

We have collected 889 commercial invoices, issued by 9 di�erent companies.
The class of an invoice corresponds to the issuing company. The number of
available instances of di�erent classes in our dataset is rather imbalanced and
varies between 46 and 191. At a �rst step, all the XY-trees representations of
the documents in the dataset are extracted. The minimum area of a region
associated to a node of an XY-tree is set to 1% of the total area of the
document. This means that the recursive splitting of the document, is stopped
when a further splitting would end up only with regions featuring an area
smaller then 1% of the whole image. Using this resolution yelded an average
tree size of 28 nodes. Each region of a document is represented by a vector
of six features:

1. a ag indicating whether the parent was cut using a line or a space;
2. the normalized document space coordinates of the 4 boundaries of the

region associated with the node;
3. the average grey level of the region associated with the node.

Since the HTMMmodel is formulated for discrete variables only, real variables
lebeling each node (the last 5 attributes described above) must be quantized.
This was accomplished by running the maximum entropy discretization al-
gorithm described in [4], obtaining 5 discrete attributes with 10 values each.
It must be remarked that this discretization algorithm collects statistics over
the available data and, therefore, it was run using the documents belonging
to the training set.

5 Implementation and results

We have used one HTMM, �k, for each class, and each HTMM had 10 states
x1; : : : ; x10. At each step only a small number of transitions were allowed,
typically the model can jump only to the previous or to the next state or to
remain in the actual state, i.e. we forced P (X(v) = xijX(pa[v]) = xj) = 0 if
ji � jj > 1. This helps to reduce the number of parameters to estimate. We
have used a fully stationary model (CPTs attached to network nodes are the
same for each pair of tree nodes).

154 M. Diligenti, P. Frasconi, and M. Gori



Algorithm 2 Cross-validation (number of groups M , dataset L)
Model  Create Random Model

L1 : : : LM = Divide The dataset(M;L)
for i 1; � � � ;M do

Compute the permutations of i groups over M sets with the sets Li,
Create

�
M

i

�
couples of learning and test set

�
(L1; T1); : : : ; (L(M

i
); T(M

i
))
�

Ij = Compute Maximum Entropy Quantization Intervals(Lj)
for j 1; � � � ;

�
M

i

�
do

Lj
0 = quantize(Lj ; Ij)

Tj
0 = quantize(Tj ; Ij)

TrainedModel = train(Model; Lj
0)

testResults += (TrainedModel; Tj
0)

F lush out(i; testResults)

Since the number of available documents is small, cross-validation has
been used to validate the results. We aim to demonstrate that the proposed
approach can be successful even if a small number of learning invoices is
available. The dataset was divided into M groups, N groups (N < M) form
the learning set and the remaining M � N groups compose the test one.
The maximum entropy quantization intervals were computed and the set
of HTMMs was trained on the learning set. The trained models are then
tested by classifying the documents in the test set. A document is classi�ed
as belonging to class i if P (Y j�k) > P (Y j�j) for j 6= k. These operations

are iterated with N varying between 1 and M � 1 and each time all the
�
M
N

�
permutations of groups are used to carry out an experiment on a new test and
training set. In Algorithm 2 we give a pseudo-code for our cross-validation
procedure. The number of single experiments which are carried out, depends
on M :

NUM EXPERIMENTS =

M�1X
N=1

�
M

N

�
= 2M � 2 (7)

Two experiments sessions have been performed, in the �rst one we setM = 7
while in the second one we setM = 10. The proposed technique performs well
on the classi�cation task. Using 800 examples (about 90 examples for class)
to the train the hidden Markov models, the correct recognition percentage is
equal to 99:28%. Accuracy does not rapidly decrease when a smaller number
of examples are used to train the models. Table 1 shows that, even when
20% of the examples are used to train the hidden Markov models (80% of
examples are included in the test set), the accuracy is still equal to 95%.

6 Conclusions

In this paper we have presented a novel automatic document categorization
system in which the documents are represented by X-Y trees. The docu-
ments are classi�ed by special Hidden Markov Models which are able to deal
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Table 1. Test set accuracy as a function of the percentage of examples, which are
included in the training set (test is performed on the remaining documents).

CV-7 CV-10

training examples accuracy

86% 99.16%
71% 98.72%
57% 98.20%
43% 97.44%
29% 95.53%
14% 88.87%

training examples accuracy

90% 99.28%
70% 97.89%
50% 97.83%
40% 97.28%
30% 96.79%
20% 94.99%

with labeled trees. Some preliminary experiments have been carried out on a

dataset of commercial invoices with very promising results. We plan to carry

out more systematic experiments on a larger dataset and to use the informa-

tion provided by the intermediate states of the HTMMs to perform a logical

labeling of the documents.
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Abstract 
 

This paper presents an approach to evaluate the quality of handwritten letters 
based on the set of features that are used by human handwriting experts. The use 
of these attributes allows very intuitive interpretation of the results and as a 
consequence provides solid foundation for feedback to the end user of the system. 
A combination of an artificial neural network and an expert system is used to 
evaluate and grade each handwritten letter, as well as to provide feedback to the 
student. The application of such a system would be in the educational field for 
handwriting teaching and repair. 
 
Keywords: digital ink, handwriting teaching  
 
 

1. Introduction 
 
It is not a secret that handwriting is one of the major activities in everybody’s life 
(those that doubt this should just try to spend a day without writing anything). 
However, it does not necessarily mean that everything we write is always useful, 
simply because in many cases the handwritten text is often of such a poor quality 
that it can not be understood either by people or computers. This has been our 
motivation for creating a tool that would be able to help a person learn the proper 
way of writing.  
 In order to automate the whole process we have decided to go with so 
called “digital ink“ which is produced by any pen-based device such as WACOM 
tablet and is composed of strokes that contain sequences of points as well as the 
timing information. Many researchers for handwriting recognition have used 
digital ink extensively; however, there has not been any noticeable activity in 
terms of handwriting quality evaluation. Most of the handwriting instruction 
systems are based on template matching that teach handwriting using drilling 
without providing the end-user with any meaningful feedback. Taking into 
consideration that we know what is supposed to be written, our task is to evaluate 
that text using several criteria and let the user know how good he or she performs 
in each category and what can be done for improvement. 
 Since a lot of research has been conducted in the area of handwriting 
recognition our work relies on the achievements as far as the extraction of low-
level features is concerned, see [1] – [4]. These low-level features are used for 
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generating a set of high-level attributes that are drawn from the research area of 
handwriting teaching and repair; see [5] for example. Given a set of high-level 
attributes the decision about the quality of the handwritten text is made and 
feedback is provided for the user. 
 The proposed approach is flexible in terms of accommodating various 
languages (for instance the algorithms can be easily trained to work not only with 
English but also with Spanish or Russian). Also we will show that different 
approaches to teaching handwriting can also be incorporated into the system. This 
will of course mean that the algorithms can be adapted to emulate handwriting 
experts even though the latter may use different methods in their work. 
 
 

2. From Digital Ink to Grades 
 
The problem of handwriting quality evaluation can be stated as follows: given a 
sequence of known handwritten letters grade each letter on a scale from 1 to 5 by 
estimating the following 4 criteria: shape, size, slant and position. It is necessary to 
note that these criteria can be changed depending on our handwriting instruction 
approach. In order to solve this problem we utilize the following approach 
consisting of 4 stages: data acquisition, feature extraction, attribute evaluation and 
feedback generation. The whole process is depicted in Figure 1. Enrollment 
Process and Letter Database are used during the training stage of the system. 
 

 
 

Figure 1 
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2.1 Data acquisition 
 
Since we know the sequence of letters that the user is writing, data acquisition has 
to deal only with formation of separate letters from strokes of the input device, i.e. 
tablet. Each letter consists of one or more strokes that are composed of a sequence 
of points with timing information. After a “digital letter” is acquired and matched 
with the expected letter, it is sent to the feature extraction block. As of today we 
have a choice of hardware devices that could be used as the data acquisition tool: 
from a classical tablet to PDA to touch-screen monitors. Touch-screen tablets are 
still very expensive even though they provide the best user experience. Personal 
Digital Assistants (PDA) are very common and cheap, however, they are so small 
that the user does not get the same feeling compared to writing on ordinary paper. 
That left us with the choice of a tablet that allows the use of a pen with ordinary 
ink. Also, even though the user is stuck with the computer when using the tablet, it 
has the advantage of providing an instantaneous feedback. 
 
 
2.2 Feature Extraction 
 
The feature extraction algorithms that we used are based on the results described in 
[2] and [3]. For each letter a set of features is extracted that includes a subset of 
slants, min, max and average zero-crossings, and width profiles for 4 zones of the 
letter as well as number of rows and columns, their ratio, area and the distance 
between the expected and actual starting points of the letter. Since we want to 
evaluate the handwriting using the same criteria as the real teacher would use, the 
following high-level attributes are utilized: shape, slant, size and (super)position of 
the letter. The low-level features serve as input to the neural network during both 
training and testing phases. High level attributes are the output of the neural net 
that is sent as input to the expert system that grades each letter and provides the 
feedback to the user. While size and (super)position are easily quantifiable using 
the number of rows, columns, area of the letter and the distance from the starting 
point, shape and slant require somewhat more complex data.  
 
For shape the following low-level features are utilized:  

1. Aspect ratio of height to width  
2. Distributions of zero-crossings that deal with the number of times letter-

boundaries are crossed while scanning from left to right; see Figure 2. 
3. Width distributions across the height of the character. 
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Figure 2 

 
From Figure 2 one can see why the number of zero-crossings is so important when 
dealing with the shape of the letter. Figure 2(a) is an example of a well-written 
lower-case letter ‘a’, and the top part of the letter has 2 zero-crossings. The picture 
of the same letter in Figure 2(b) shows a poorly written sample, because the 
strokes on the right side of the letter form two curves instead of one. This is easily 
detected by the number of zero-crossings which is 3 for this sample. 

 
Figure 3 
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Another important feature is width distribution of the height of the letter. 
Handwriting experts define several classes of letters that have similar width 
distributions; for instance, letters ‘c’ and ‘o’ will belong to the same class, while 
letters ‘n’ and ‘i’ will belong to different classes. Figure 3 shows examples of good 
and bad letters in terms of width distribution. 
 
One very important characteristic of good handwriting as defined by Donald 
Thurber [5] is the slant of the written letters. For our system we used average 
slants at angles of 0, 45 and 90 degrees that were computed using chain-codes for 
letters. Figure 3(c) gives an example of a bad slanted letter ‘a’. Studies show that 
in case of cursive handwriting the slant angle of 25 to 28 degrees from the vertical 
axis is the easiest to read, therefore these numbers were taken into consideration 
when grading the training set of letters. 
 
 
2.3 Attribute Evaluator 
 
Given a vector of low-level features the job of the attribute evaluation block is to 
map the low-level features into a smaller set of high-level features that we call 
attributes to distinguish between the two sets. In our approach, we use an artificial 
neural network to perform this task.  
 
An artificial neural network is a weighted directed graph in which artificial 
neurons serve as nodes and directed edges with the corresponding weights are used 
to connect the neuron outputs to neuron inputs, see for instance [6]. There are 
many properties, such as learning and generalization ability, adaptability, and fault 
tolerance that made a neural network a very attractive choice for our system. 
Learning in the context of artificial neural networks means the ability to adjust the 
network connections and /or the weights on each edge so that the network is able 
to make a decision or solve a specific problem over and over again. In our case 
supervised learning technique was used because the classes of high-level attributes 
were known a priori.  
 
We used a fully connected backpropagation artificial neural network which adjusts 
the weights according to the following formula: 
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Our goal was to estimate 4 high-level attributes using 19 low-level features. After 
experimenting with different models we decided in favor of having a dedicated 
ANN for each high-level attribute, thus resulting in 4 separately trained neural 
networks for each letter. All neural networks had the same structure. The input 
layer consisted of 19 neurons, the hidden layer had 4 neurons and the output layer 
had only one neuron. The 19 features of the input vector were normalized so that 
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their values were in the range from 0 to +1. Similarly, the output vector elements 
that were used in the training phase were scaled from their original values to the 
interval of 0 to 1. Further details of using this set of neural networks and the results 
we obtained are given in Section 3. 
 
 
2.4 Grading Expert System 
 
A rule-based specialized expert system was created using the knowledge and 
expertise of the handwriting experts that accepts the four criteria from the attribute 
evaluator and generates the feedback along with confidence levels for each letter. 
Expert system can be loosely defined as a computer system that is capable of 
giving an advice in some particular domain by the virtue of the fact that it 
possesses the knowledge provided by a human expert. Following this definition 
the following must be present in the expert system: knowledge base, which is 
created by the expert through the expert interface, inference engine and user 
interface. Knowledge base is a subsystem capable of accepting and storing 
knowledge in the form of cause and effect information. Inference engine provides 
the means of using the knowledge to provide the end user with results based on the 
presented facts and questions. 
 
The knowledge base of our expert system incorporates two major sets of rule. The 
first set contains rules that allow a grading of each letter based on the 4 high-level 
attributes described above. The second set includes the rules that incorporate the 
knowledge of a teacher about the process of teaching handwriting. The function of 
these rules in our system is to provide a feedback to the user for improving 
handwriting. The rules that we used were similar to the following example: 
 
The size and superposition are good (confidence level 9 out of 10), the slant is 
satisfactory (confidence level 7 out of 10), shape is poor (confidence level 8 out of 
10), and therefore you need to work on the shape of letters in class A, i.e. letters 
that belong to the same cluster. Please take remedial lesson i. 
 
As of today we only have a small number of rules. For instance, for lowercase 
letter ‘a’ there are 10 rules of type one and 4 rules of type two. However, we are in 
the process of building our expert system and many more rules are expected. The 
major difficulty here is that of converting the knowledge of a human expert into 
the rules that the computer can utilize consistently. 
 
This module seems to have a very useful side effect for real life application of 
teaching handwriting. In cases when different criteria must be used for grading 
(say for first graders and second graders), instead of training a separate neural net 
for each of those we can use the same net but plug-in a different expert system that 
utilizes rules tailored for specific audience. Another reason for having a separate 
module for attribute evaluation is its ease of customization for use with different 
languages, even though the neural network has to be retrained in this case. 
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3. Experimental Results 
 
We conducted our experiments on the data that was collected using a tablet, 
however, we did not use any timing information as of now. A total of 19 individual 
features were computed and normalized for each letter. The sample letters were 
graded by a human expert on a scale from 1 to 5 in terms of the 4 criteria 
mentioned above. We used a combination of 4 neural networks described above to 
train and test our grading system. The numbers below were obtained using a neural 
network that was trained on a training set of 252 samples of letter ‘a’ and then 
tested on a set of 48 samples. The two tables below give the numbers that show in 
how many cases that grades given by the neural network agree with the grades 
given by the teacher. The normalized values of the grades were 0.9, 0.7, 0.5, 0.3 
and 0.1 for 5, 4, 3, 2 and 1 accordingly. We consider the system to agree with the 
human expert if the difference between the expert’s and system’s grades differ no 
more than 0.1.  We ranked the differences for the test data and put them into Table 
3.  
 
Table 1 shows the results for the training phase. 
 

 Agreement 
% 

Disagreement 
% 

Shape 89.29% 10.71% 
Size 84.52% 15.48% 
Slant 84.52% 15.48% 
Superposition 98.02% 1.98% 

 
Table 1 

 
Table 2 shows the test results on unseen (test) data. 
 

 Agreement 
% 

Disagreement 
% 

Shape 75% 25% 
Size 91.7% 8.3% 
Slant 86% 14% 
Superposition 99.8% 0.2% 

 
Table 2 

 
We also experimented with a neural network that had the same number of neurons 
in the input and hidden layers, and 4 neurons for each of the high-level attributes 
in the output layer. The results were slightly worse but still comparable to those in 
Table 2.  
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Table 3 shows how much the grades given by the human expert differ from those 
given by the computer for our test data set. 
 

Rank 0 1 2 3 4 
Shape 34 10 1 2 1 
Size 40 6 1 1 0 
Slant 39 7 1 1 0 
Superposition 47 0 0 1 0 

 
Table 3 

 
Table 3 gives an idea about the actual performance of the system. The rank values 
determine the amount of disagreement on the grade between the human expert and 
the computer. Rank = 0 implies that both gave the same grade to the letter, rank = 
1 means that one gave a grade of say 5 while the other gave a grade of 4 (1 point 
difference) and so on. The numbers inside the table cells tell us the number of 
times the human expert and the computer system agree (in case of rank 0) or 
disagree (for all other values of the rank) for a total of 48 letters. As one can see 
the highest count of disagreement is of rank=1 which implies that most of the 
differences are 1 point only on a 5 point scale. 

 
From the numbers in Table 2 we can see that there is a high percentage of 
misclassification for the shape attribute, which in our opinion occurs because of 
two reasons: 1) the set of low-level features that influence the shape representation 
that we used is robust enough to differentiate well among different letters; 
however it is not sensitive to variations of the same letter, and 2) the data used for 
training was collected from 2 writers only which can not possibly represent the 
entire universe of people. While 2) is a trivial problem we are working on 1) in 
order to improve the performance of the system. 

 
The use of the neural network achieves the goal of determining how good or bad 
the shape, size, slant and position of each letter are on a scale from 1 to 5. Instead 
of simply grading each letter we decided to add one more block to the system that 
is intelligent enough to not only give a grade to the student but also provide certain 
feedback in the form of advice as to what is wrong and what lesson might help to 
improve the handwriting. This is achieved by means of a handwriting expert 
system.  
 
 

4. Conclusions and future work 
 
We have presented an approach to quantitatively evaluate handwritten text and our 
experimental results prove that this could be a fairly accurate method in terms of 
grading and consistency. In several cases we found out that the computer was 
more consistent than the human when grading a lot of letters, which is clearly good 
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when it comes to evaluating the work of different people. We, however, still have 
a lot of research in front of us in the area of shape evaluation to further improve 
the feedback to the user. The timing information and direction of pen movement is 
currently under investigation. We believe that this can improve out approach 
tremendously because this will provide the same advantage of following every 
movement of the pen and immediately recognizing the wrong practices that 
students might use when learning how to write. Another area of research that we 
are planning to do is adapting out approach for handwriting teaching techniques 
that use joined cursive letters instead of separate letters, as used by D’Nealian 
handwriting system [5]. 
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Abstract. Decision tree induction corresponds to partitioning the in-
put space through the use of internal nodes. A node attempts to classify
the instances misclassi�ed by upper level nodes using a greedy search
strategy, i.e. to maximize the number of instances correctly classi�ed at
the node. However, in so doing it is possible that the distribution of the
remaining (misclassi�ed) instances is complex thereby requiring a large
number of additional nodes for classi�cation. The so-called look-ahead
method was proposed to examine the classi�ability of the remaining in-
stances. Typically, this is done using a classi�er parameterized identically
(e.g. hyperplane) to the one used for partitioning. The number of correct
classi�cation achieved in the look-ahead stage is factored in choosing the
partition established at a node. This has led to mixed results. In this
paper we argue that 1-step (or a few step) look-ahead amounts to an
approximate estimate of the classi�ability of the remaining instances. In
many cases, it is gross approximation and hence the results are mixed.
We present an alternative approach to look-ahead which uses the joint
probability of occurrence of the classes as a way of characterizing the
classi�ability of the remaining instances. We present the algorithm and
some experimental results.

Keywords: Decision tree, Look-ahead, Classi�cation, Texture

1 Introduction

Each node of the decision tree partitions a region of the input space in an
attempt to classify the remaining instances (or patterns). Di�erences between
the approaches to decision tree induction arise based on whether,

(C1) The partition at each node is established based on a single attribute or
all the attributes. When based on a single attribute, the partition boundary
is orthogonal to the chosen attribute. When all the attributes are used, the
partition is typically based on a linear discriminant, i.e. the partitioning
is achieved using a hyperplane though higher order parameterizations are
possible. In the following we assume that the partition is established using
a hyperplane.
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(C2) The node splitting criteria that is used. Some of the popular node splitting
criteria include entropy or its variants [1], the chi-square statistic [2, 3], the
G statistic [3], and the GINI index of diversity [4]. There appears to be no
single node splitting that performs the best in all cases [5, 6]; however there
is little doubt that random splitting performs the worst.

The di�erent node splitting criteria are united by their goal of seeking a split
that maximizes the number of instances correctly classi�ed at the node so as
to arriving at smaller decision trees. However, the partition created by a node
corresponds to a locally optimum and irrevocable decision. Consequently, it is
possible that a (locally optimum) partition at node i leaves incorrectly classi�ed
patterns that further require a large number of nodes for classi�cation.

To illustrate, consider the following 2-class classi�cation scenario. In the top
panel of Figure 1, there is only 1 instance that remains misclassi�ed after the
�rst partition (identi�ed with '(1)') is induced. This single remaining pattern
however, requires two additional partitions (nodes) to achieve correct classi�ca-
tion. The reason being that this remaining instance (incorrectly classi�ed) was
surrounded by instances of other classes { a complex distribution (or low clas-
si�ability) of the remaining instances. On the other hand, consider the bottom
panel of Figure 1 in which the �rst partition leaves two instances misclassi�ed.
However, a single additional partition (node) is suÆcient to classify all instances
correctly. The reason being that the distribution of the remaining instances was
simpler than in the �rst case.

Motivated by the above, we propose an accurate and inexpensive node split-
ting criteria that not only attempts to maximize the number of correctly clas-
si�ed instances but also tries to produce a distribution of incorrectly classi�ed
instances that facilitates easy classi�cation. In Section 2, we discuss prior work
on look-ahead, discuss why these past e�orts have resulted in mixed results, and
motivate the use of joint probabilities for characterizing the complexity of the
distribution of the remaining instances1. In Section 3, we present the complete
objective function based on joint probability and derive an algorithm for obtain-
ing the decision tree. In Section 4 we present our experimental results and in
Section 5 our conclusions.

2 Characterizing the Distribution of Remaining Instances

There are a handful of earlier e�orts which attempt to characterize the dis-
tribution of the remaining instances based on look-ahead [7{9]. Look-ahead at
node i factors in the number of correct classi�cations that would result with
the patterns misclassi�ed at node ii. Mixed results are reported (ranging from
look-ahead makes no di�erence to look-ahead produces larger trees [9]).

We believe these mixed results (or more strongly, the lack of consistently
favorable results despite using look-ahead), arise because of the following con-
siderations [10],

1 In other words, the classi�ability of the remaining instances.
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Fig. 1. The distribution of the incorrectly classi�ed patterns is important. The distri-
bution of the remaining instances after the �rst partition is established is more complex
in the top panel than in the bottom panel. Consequently, more additional partitions
(nodes) are required to achieve correct classi�cation.

{ Ideally, the look-ahead should be multi-step corresponding to an exhaustive
search. This multi-step look-ahead is computationally not feasible for all but
the most trivial of problems. Consequently, single- or at most a few-step
look-ahead is commonly used.

{ The partitions (hyperplane) in the look-ahead stage are based on a classi�er
that is identically parameterized as the one used for node splitting. Typically,
at each node, a hyperplane (or other lower order curve) is used.

{ A single-step look-ahead with a hyperplane corresponds to an approximation
of the true decision boundary in the space of remaining patterns with a
hyperplane. This single-step look-ahead results in an incorrect estimate of the
classi�ability of the remaining instances. An illustrative situation is depicted
in Figure 2. If single-step look-ahead is used, then the classi�ability of the
remaining instances is poor even though the remaining instances can be
accurately classi�ed using two additional nodes, i.e. the look-ahead should
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have been a 3-step one. Of course, if a d step look-ahead is used, then a
(d + 1) or more-step look-ahead might have been more appropriate. Thus
when look-ahead is used with a parameterized decision boundary the results
are approximate. The accuracy of the approximation varies with the problem
and hence the results are mixed.
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0

0.05

0.1
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True boundary             
1−Step look−ahead boundary

Fig. 2. 1-step look-ahead corresponds to an approximation of the true decision bound-

ary. In the above case, the 1-step look-ahead indicates poor classi�ability even though

the instances are classi�able using three hyperplanes.

Because of the above considerations, we propose the use of a non-parametric
approach for determining the classi�ability of the remaining instances. Due to the
fact that the decision boundary is not parameterized (linearly or non-linearly),
classi�ability results obtained by our proposed approach better reects the com-
plexity of the true decision boundary required to classify the remaining instances.
We discuss our approach in greater detail in the next section.

3 Texture Based Decision Tree Induction

We consider a classi�cation problem in which there are a total of C classes
characterized by the set 
 = f!1; !2; : : : ; !Cg. We represent the number of
instances (or patterns) remaining at node i by N (i) and the number of instances

of class !k at node i byN
(i)
!k .
P

k
N

(i)
!k = N (i). The hyperplane established at node

i is identi�ed by H(i)(W ) whereW represents the parameters of the hyperplane.
We propose to identify the hyperplaneH(i) by maximizing the following objective
function [10],

J (i) = G(i) + �L(i) (1)
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where, G(i) represents the information gain, L(i) the classi�ability of the remain-
ing (incorrectly classi�ed) instances, and � represents the relative weighting of
G(i) and L(i). In what follows, we discuss each of these terms in greater detail.

{ The information gain term in equation (1) attempts to establish a partition
so as to maximize the number of correct classi�cations [1]. More speci�cally,
representing the two child nodes of node i as node (i + 1) and (i + 2) we
obtain,

G(i) =

CX
k=1

�
N

(i)
!k

N (i)
log

N
(i)
!k

N (i)
�

i+2X
j=i+1

CX
k=1

�
N (j)

N (i)

"
N

(j)
!k

N (j)
log

N
(j)
!k

N (j)

#
(2)

Note that in equation (2), the number of instances of each class on a given
side of the hyperplane is expressed in terms of the number of instances of
the next node.

{ The classi�ability term attempts to evaluate the distribution of the incor-
rectly classi�ed instances. A distribution of these remaining instances which
can be partitioned using few additional nodes is favored over one requiring a
larger number of additional nodes to classify. We evaluate the classi�ability
of the remaining instances using the concept of texture (or roughness). Ob-
serve that we can visualize the (n+1) variables of the classi�cation problem
(n input variables and 1 variable indicating the class label) as a surface. For
example, when there are 2 inputs, the class label can be plotted on the z
axis and the inputs in the x�y plane. If nearby instances belong to di�erent
classes, then this surface is rough. However, when local patches belong to
single class, the surface is smooth. Hence, our usage of texture as an indicator
of classi�ability. The joint-probability of occurrence of the classes captures
the notion of texture or the roughness of the class-label surface2.
We propose computing this classi�ability as follows. From one side of the
partition established at node i, we obtain a matrix of joint probabilities P (i)

of size C � C (recall that C is the number of classes). Elements of P
(i)
jk are

the total number of remaining instances (i.e. instances misclassi�ed at node
i) of class !k that occur within a circular neighborhood of radius r of an
instance of class !j , i.e.,

P
(i)
jk =

N(i+1)
!jX
l=1

N(i+1)
!kX
m=1

f(xl; xm) (3)

where, xl denotes an instance of class !j and xm denotes an instance of class
!k, and f(�) is an indicator function which is 1 if k xl � xm k� r. Similarly,
we can obtain a matrix of joint probabilities, say Q(i) from the other side of
the partition, i.e.

A(i) = P (i) +Q(i) (4)

2 This has a parallel in image processing where the co-occurrence matrix, a matrix of
joint gray level probabilities, is commonly used for quantifying texture[11, 12].
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One can normalize A(i) such that the sum of the elements of A(i) is 1. Note
that in the ideal case (perfect classi�ability) matrix A(i) becomes a diagonal
matrix. In the general case, the o�-diagonal terms correspond to instances
of di�erent classes that occur with a neighborhood of radius r3. We thus
obtain L(i) as,

L
(i) =

CX

j=1

A
(i)
jj �

CX

j=1

CX

k=1

k 6=j

A
(i)
jk (5)

The partition induced at node i is thus based on maximization of equation
(1). However, J (i) in equation (1) is not a continuous function of the parameters
of H(i). We thus use a Genetic Algorithm (GA) [13, 14] to obtain the parameters
of the hyperplane H(i).

In the next section, we present some experimental results obtained using the
proposed texture based look-ahead approach described above.

4 Experimental Results

We present the results of four simulations to illustrate the eÆcacy of the proposed
texture based look-ahead algorithm. The following applies to all the simulations.
The GA was run for a maximum of 600 generations or until the �tness value
(equation (1)) stopped increasing. In the GA, parameters were represented as
real values between �1 and +1 and quantized to a resolution of 10�6. Arithmetic
crossover and non-uniform mutation [14] were used. The total number of nodes
reported for the simulations are based on the number of decisions (leaf nodes
are not included).

In general, there is no way of knowing an appropriate value to use for � in
equation (1) or the value of the Neighborhood (r). For the latter three simula-
tions, we thus show the results shown below are thus over a range of � and r.
For these latter three simulations, we also report the results obtained when the
look-ahead is done using a classi�er parameterized identically to the one used
for partitioning. This situation corresponds to the way look-ahead has typically
been implemented by other authors.

4.1 Data Set I: Synthetic Data

For the �rst simulation, we use a synthetic data set designed to illustrate the
e�ect of including texture based look-ahead. The left panel of Figure 3 shows
the results when look-ahead was not used. The information gain at the root
node was 0:3113. The right panel of Figure 3 shows the results when look-ahead
was used. The information gain at the root node was 0:2543 with � = 3 and
r = 0:5. This lower information gain based �rst partition however leads to a
more compact decision tree.

3 Controlling r corresponds to adjusting the bias and the variance [10].
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Fig. 3. Look-ahead results in more compact decision trees as shown through this ex-
ample. The left panel is without the use of look-ahead (i.e. a greedy strategy, � = 0 is
equation (1). The right panel is with the use of look-ahead.

4.2 Data Set II: Iris Data

For the second simulation, we consider the well known Iris data set. The data
set consists of 3 classes (types of Iris plants | Setosa, Versicolor, and Virginica)
with 50 instances of each class. There are a total of 4 features (the sepal length
and width, and the petal length and width). It is also well known that one class
(Setosa) is linearly separable from the other two (Versicolor and Viriginica) and
that the latter two are not linearly separable from each other.

Initial population size for the GA was 200. As there is no separate testing
data in this case, we added internal nodes to achieve an accuracy of 100%, i.e.
correct classi�cation of the 150 instances.
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Table 1 summarizes the results obtained. The �rst row in the table (r = 0,
� = 0) corresponds to no look-ahead. The second row corresponds to a single
step look-ahead using the a classi�er parameterized identically to that used for
partitioning (a hyperplane in this case) and the remaining rows reect the results
obtained with the proposed texture based look-ahead. It is clear from observing
the other rows that the use of the proposed texture based look-ahead results
in better performance. For example, without the use of the texture based look-
ahead we obtain a total of 6 nodes while the number is consistently less if texture
based look-ahead is used. For reference, ID34 requires 8 nodes to achieve an
accuracy of 100% on the training data.

Neighborhood (r) � Number of Nodes

0 0 6

0 1 6

0.6 1 5

0.8 1 5

0.6 3 4

0.6 4 5

Table 1. Results obtained for the Iris data set.

4.3 Data Set III: Breast Cancer Data

For the third simulation, we used the Wisconsin Breast Cancer data set available
at the UCI Machine Learning Repository [15]. Each pattern has 9 inputs and
an associated class label (benign or malignant). The two classes are known to
be linearly inseparable. The total number of instances are 699 (458 benign, and
241 malignant), of which 16 instances have a single missing feature. We removed
those 16 instances and used the remaining 683 instances. A total of 200 benign
and 200 malignant instances were used for training and the rest were used for
testing.

Initial population size for the GA was 600. Internal nodes were added until
the error on the training patterns was 0.

Table 2 shows the results obtained with the Wisconsin Breast Cancer data
set with varying values of the parameter. The �rst row in the table (r = 0,
� = 0) corresponds to no look-ahead. The second row corresponds to a single
step look-ahead using the a classi�er parameterized identically to that used for
partitioning (a hyperplane in this case) and the remaining rows reect the results
obtained with the proposed texture based look-ahead. It is clear from observing
the other rows that the use of the proposed texture based look-ahead results in
better performance. For reference, ID3 requires 19 nodes to achieve an accuracy
of 100% on the training data. The testing accuracy of ID3 was 95:40%.

4 This is provided for reference and should not be used for a direct comparison. Recall
that ID3 does not uses a linear discriminant but rather a single attribute at each
node.
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Neighborhood (r) � Testing Accuracy (%) Number of Nodes

0 0 94.3 17

0 1 94.3 18

8 1 96.3 14

15 1 95.8 15

10 2 95.3 16

Table 2. Results obtained for the Wisconsin Breast Cancer data set.

4.4 Data Set IV: Balance Data

For the fourth simulation, we used the Balance Scale Weight and Distance data
set available at the UCI Machine Learning Repository [15]. Each pattern is
described by 4 inputs: the left weight, the left distance, the right weight, and the
right distance. There are three classes: balance scale \tip to the right", \tip to
the left", and \balanced". The underlying concept is to compare (left distance �
left weight) and (right distance � right weight). If they are equal, it is balanced.
If the \left term" is larger then the class is \tip to the left" and so on.

The total number of instances are 625 (49 balanced, 288 tip to the left, and
288 tip to the right) with no missing values. We used the entire data set and
kept adding nodes until all the 625 training patterns are correctly classi�ed.

Neighborhood (r) � Number of Nodes

0 0 27

0 1 26

6 1 20

10 1 19

Table 3. Results obtained with the Balance Scale Weight and Distance data set.

Table 3 shows the results obtained with the Balance Scale Weight and Dis-
tance data set. The �rst row in the table (r = 0, � = 0) corresponds to no
look-ahead. The second row corresponds to a single step look-ahead using the a
classi�er parameterized identically to that used for partitioning (a hyperplane in
this case) and the remaining rows reect the results obtained with the proposed
texture based look-ahead. It is clear from observing the other rows that the use
of the proposed texture based look-ahead results in better performance.

5 Conclusion

Towards establishing compact decision trees, we presented a look-ahead method
which utilizes the concept of joint probability of occurrence of classes (texture) to
establish partitions at internal nodes of a decision tree. The rationale for looking
at texture is to establish partitions which maximize the number of instances
correctly classi�ed at a node and ensuring high classi�ability of the remaining
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(misclassi�ed) instances. The algorithm proposed herein shows superior results
on test problems.
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Abstract. In this paper we present a new architecture for combining classi�ers.

This approach integrates learning into the voting scheme used to aggregate indi-

vidual classi�ers decisions. This overcomes the drawbacks of having static voting

techniques. The focus of this work is to make the decision fusion a more adaptive

process. This approach makes use of feature detectors responsible for gathering in-

formation about the input to perform adaptive decision aggregation. Test results

show improvement in the overall classi�cation rates over any individual classi�er,

as well as di�erent static classi�er-combining schemes.

Keywords: Decision Fusion, Multiple Classi�ers, Adaptive, Architecture, Neural

Networks

1 Introduction

Combining classi�ers for classi�cation has been recently an extensively re-
searched topic. This is due to the fact that classi�cation accuracy can be im-
proved using a multiple classi�er paradigm. The fact that the patterns that
are misclassi�ed by the di�erent classi�ers are not necessarily the same [1],
suggests that the use of multiple classi�ers can complement the decision about
the patterns under classi�cation. This will improve the reliability of the over-
all classi�cation process. However, the issue of e�ciently combing the indi-
vidual decisions to provide an aggregated decision is a very crucial issue in
making such systems worthwhile [2].

A variety of schemes have been proposed in the literature for classi�er
combining. Perhaps the most often used schemes are the majority vote [3],
average vote [4], and weighted average [5]. Other techniques include Borda
count [6], Bayes approach and probabilistic schemes [3], Dempster Shafer
theory [7], and fuzzy integrals [8]. These di�erent approaches can be viewed
as a means by which relative weights are assigned to each classi�er. These
weights can be data dependent. Woods [9], presents methods of combining
classi�ers that use estimates of each individual classi�er's local accuracy in
small regions of the feature space surrounding the unknown test sample.
The Behavior-Knowledge Space (BKS) approach [10] is a similar approach.
The output of the individual classi�er represent a decision space where every
dimension corresponds to the decision of one classi�er. An unknown test
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sample is assigned a class with the most training samples in the same BKS
proximity.

The aggregations phase of a classi�er combining approach can also be
viewed as a mapping between the input and out put of the combiner. Linear
combining is perhaps the most widely used techniques because of its sim-
plicity. In this case the �nal output is a linear function of expert outputs
Y (x) =

Pn

i=1
Wi(x):Yi(x), where Yi(x) is the output of the i-th classi�er

and Wi is the weight assigned to this classi�er.Non-linear mapping include
methods such as stacked generalization [11]. In this approach classi�ers are
used to correct the errors of one another. Order statistics combining, in which
the output of each classi�er is considered an approximation of the a poste-
riori probability of class membership. These probabilities are ordered and
either the maximum, minimum or media probability is considered as the
�nal output. Rank based combining [6] in which classi�ers using di�erent
representations are used. These di�erent classi�ers provide outputs such as,
distance to prototypes, Values of an arbitrary discriminant, estimates of pos-

terior probabilities and con�dence measures. The rank of the classes in the
output vector of each classi�er has a meaningful interpretation in this case.
Belief-based methods, where the output of each classi�er represents a belief

that the classi�er has in it's answer. Dempster Shafer theory [7] decouples
the classi�er output from the con�dence it has for this output. Both these
values are used in combining for the �nal output.

Another way of categorizing these di�erent classi�er combining techniques
is based on architecture. While parallel architectures are the most popular.
In this case each classi�er operates independently and only the output of
these classi�ers is used in the �nal combining phase. In this approach mod-
ular design is possible. On the other hand non-parallel cases the individual
classi�ers are not independent, such as binary decision making. In this case
the classi�cation procedure is sequential. The main objective it to transform
a multi-class problem to a set of two-class problems that are easier to solve.

Combining methods can be divided into two di�erent classes depend-
ing on the representation methodology. The classi�ers can all use the same
representation, and hence the classi�ers themselves should be di�erent. In
multi-representation approaches [1] the di�erent classi�ers us di�erent repre-
sentations of the same inputs. This can be due to the use of di�erent sensors
or di�erent features extracted from the same data set. Another, and �nal
categorization of classi�er combining methods are if they encourage special-
ization [12] in certain areas of the feature space. On the other hand, ensemble
of classi�ers [2] have classi�ers that do not encourage such specialization and
hence the classi�ers themselves must have di�erent classi�cation powers.

The Cooperative Modular Neural Network (CMNN) [13] and the Ensem-
bles Voting OnLine (EVOL) [14] have presented techniques that make the
individual classi�ers more involved in the �nal decision making process. How-
ever, even in these setups, the aggregation schemes implemented are totally
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isolated from the problem being considered. This fact makes the aggregation
procedure a prede�ned scheme, i.e., determined prior to the actual use of the
overall system. This work will focus on making the decision fusion a more
adaptive process. Local classi�cation decisions are combined in a way similar
to the parallel suite in decision fusion models [15]. This approach requires the
aggregation procedure to gather information about the input beyond what
individual classi�ers provide. The gathered information (i.e., the extracted
additional features) is used to tune the aggregation procedure.

This strategy will automatically guide the modules, during the develop-
ment phase to adapt more about the learning samples that are not correctly
classi�ed, on the global level. This makes the e�ciency of the global fusion
scheme related to the learning e�ciency of all of the input samples, not the
local modular e�ciency.

2 Feature Based Decision Aggregation

Figure 1 shows the block diagramof a proposed architecture that incorporates
these requirements. In the following subsections, we address each component
of this architecture in some detail.
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Fig. 1. Block Diagram for the Proposed Architecture.

2.1 Classi�ers

Each individual classi�er, Ci, produces some output representing its inter-
pretation of the input. In the context of this paper, we are more interested
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in using the output of these classi�ers to help in the aggregation procedure
rather than the methodology of classi�cation. Another goal is to utilize sub-
optimal classi�ers in the proposed architecture, to make the development
overhead of such a system worthwhile.

2.2 Error Analysis

These modules fEig use the previously studied error analysis of the indi-
vidual output and produce means to modify the output so as to overcome
possible errors. These modules must be dynamic as well as comprehensive
to adequately suit their purpose. Relevant information only is passed to the
modifying module.

The accuracy of a pattern recognizer depends upon the intrinsic overlap
of the class distributions and the estimation error due to the �nite size of the
set of learning objects. Errors can be classi�ed into two categories: classi�-
cation errors and systematic errors. The classi�cation error, de�ned as the
probability of error in classifying new objects, is used as a measure for the
accuracy. The classi�cation error depends on the characteristics of the fea-
tures chosen, the number of features, the size of the learning set, and on the
procedure used for the estimation of the discriminant function. A number of
these items are inuenced or determined by a priori knowledge. Systematic
errors may be constant or may vary in a regular way [18]. Eliminating those
errors would help in achieving better performance. This is the main role of
this module. The techniques and approaches used are totally dependent on
the nature of the problem and the classi�cation technique implemented in
the classi�cation module.

2.3 Modi�cation Modules

These modules fMig use the information from the error analysis modules
and operate on the classi�er input to produce a modi�ed output that is nor-
malized to be within a common representation with all other inputs fed to
the aggregation procedure. Hence, the comparison between the di�erent in-
puts then is meaningful. Similar to the error analysis modules, these modules
are dependent on the nature of the problem and the classi�er used. In these
modules, a con�dence index is associated to each classi�er. This index can
be interpreted as the conditional probability that the classi�er experienced
success given a certain input, or P (xi correct j Input), where xi is the output
vector of classi�er i. The con�dence in the output can be interpreted in dif-
ferent ways. In this work, the di�erence between the two top output values
of each classi�er is used as the con�dence in the output of that classi�er.

2.4 Detectors

Each detector, Di, takes the input space and tries to extract useful informa-
tion for the aggregation procedure, rather than aiming to solve the classi�ca-
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tion problem. In other words, it tries to understand and collect information
that might be helpful in the aggregation procedure. For instance, in a char-
acter recognition problem, the goal is to identify a given character. While
the individual classi�ers try to determine the character, the detectors try to
identify the category of the character. This helps the aggregation scheme in
determining how to combine the di�erent classi�cation outputs to achieve a
better performance.

2.5 The Aggregation Procedure

The aggregation procedure represents the fusion layer of all the di�erent out-
puts to generate a more competent output. The aggregation procedure uses
detectors' outputs to guide the means of combining di�erent classi�cation
results. The aggregation scheme can be divided into two phases: a learning
phase and a decision making phase. The learning phase assigns a weight
factor to each input to support each decision maker. This weighting factor
represents a con�dence in the output of each classi�er. These con�dences are
then aggregated using standard classi�er-combining methods.

A neural network approach is selected to perform the weighting of the
individual classi�er. The neural network would take the inputs from both
individual classi�ers and detectors and presents a newly modi�ed probability
of success of each classi�er. Implementation details are given in the following
section.

3 Combining methods

The majority vote, maximumvote, average vote, Borda count and Nash vote
are the combining methods used in comparision to the feature-based aggreag-
tion procedure. In the followingwe will beriy decribe each of these combining
schemes.

3.1 Majority Vote

The correct class is the one most often chosen by di�erent classi�ers. If all
the classi�ers indicate di�erent classes, then the one with the highest overall
output is selected to be the correct class.

3.2 Maximum Vote

The class with the highest overall output is selected as the correct class.
q(x) = argmaxn

i=1
Yi(x) where n is the number of classi�ers, Yi(x) represents

the output of the ith classi�er for the input vector x.
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3.3 Average Vote

This approach averages the individual classi�er outputs across all the ensem-
ble. The output yielding the highest average value is chosen to be the correct
class. q(x) = argmaxKk=1

�
Yk(x) =

1

n

Pn

i=1 yi;k(x)
�
where K is the number of

classes, yik(x) represents the output of the ith classi�er for the kth class for
the input x.

3.4 Borda Count

For any class k, the Borda count is the sum of the number of classes ranked
below k by each classi�er. If Bi(k) is the number of classes ranked below class
k by the ith classi�er, then the Borda count for class k is B(k) =

Pn

i=1Bi(k)
The output is the class with the largest Borda count.

3.5 Nash Vote

Each voter assigns a number between zero and one for each candidate. Com-
pare the product of the voter's values for all the candidates. The higher is
the winner. q(x) = argmaxKk=1

Qn

i=1 Vik

4 Results

This architecture was tested using two data sets. In both cases the data was
divided into three sections, training, veri�cation and testing. The individual
classi�ers were implemented as backpropagation neural networks1. The stop-
ping criteria was to save the best network, with respect to the veri�cation
set, over 10,000 iterations. A test for the best performance was performed ev-
ery 1000 iterations. All network used as part of the ensemble had 10 hidden
nodes. The utilized learning schemes is Backprop with Delta-Bar-Delta, tanh
transfer function and softmax outputs. The momentum and learning coe�-
cient were set to 0.4 and 0.5 respectivily. Each classi�er is trained 10 times,
the best performance module is chosen. The ensemble of networks created
had partially disjointed training data.

4.1 Gaussian 20-class problem

This problem is basically a two dimensional recognition problem. It con-
tains 20 di�erent classes that have equal probability presented by Auda and
Kamel[2]. Each class had a total number of 100 samples generated to follow
a Gaussian distribution around a random class mean. The classes also as-
sumed the same standard deviation. The complexity, and in this case what
makes the presented results more general, lies in the \non-homogeneous"

1 Implementation was performed on Neural Works II/Plus cNeuralWare Inc. 1993

181Feature Based Decision Fusion



regions in the feature space and the overlapping boundaries between them.
The data set was divided into three sets, training, validation and testing sets;
1000/300/700 entries were used for training, validation and testing, respec-
tively.

Five individual backpropagation neural networks with 10 hidden nodes
composed the set of individual modules. The training set used was divided
into �ve parts. Each module was trained by four parts of these sets. This
partially disjointed training set between the modules allowed for di�erent
training within these modules. Table 1 shows the performance of one module
across di�erent training instances.

Table 1. Performance of an individual module on the Gaussian 20-Class problem.

Data set Training Veri�cation Testing

Maximum performance 76.88 67.33 72.43

Minimum performance 66.88 62.00 66.14

Average performance 69.50 64.73 68.69

STD 4.27 1.96 2.45

The detector was a Self organizing map that divides the feature space
into 3 groups. These 3 groups contained classes f1,2,3,4,5,6,7g, f8,9g, and
f10,11,12,13,14,15,16,17, 18,19,20g respectively. The aggregation procedure
was another backpropagation neural network, taking the con�dence output of
each classi�er and the output of the detectors. The con�dence was evaluated
using the confusion matrix of each classi�er. The training of the aggregation
network is performed by running the training data through all the individual
classi�ers and then using the outputs as the training data for the aggregating
neural network.

Table 2 shows the performance of the di�erent techniques implemented.

Table 2. Performance of the Gaussian 20-Class problem.

Maximum Majority Average Borda Count Nash Feature Based

Testing 78.71 80.71 84.86 79.43 84.85 85.57

Group 1 81.63 84.90 88.16 88.57 88.98 91.83

Group 3 73.25 74.55 80.00 69.87 79.48 78.96

All the di�erent classi�er combination schemes did succeed in recognizing
data from classes 8 and 9 (group 2) perfectly; therefore it is not included in
the table. It can be noted that the static classi�er combination procedures
did improve on the single classi�er case, however, the feature based procedure
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proposed improved the performance further. Furthermore, it was consistent
with all the data subsets in producing high classi�cation results and did not
su�er from high uctuations in the reported output. This robustness is due
to its adaptability to the input data through the detectors.

4.2 Arabic Caps Problem

Handwritten Arabic character recognition data is a reasonably complex clas-
si�cation problem due to the similarities among many groups of its char-
acters [16]. This introduces di�erent levels of overlap among the di�erent
characters in the input-space, and hence complicates the job of the classi�er
due to the resulting internal interference.

The structure used in this problem was an ensemble of networks. Four dif-
ferent back-propagation neural networks were implemented. These networks
had 10 hidden nodes and 28 output nodes. Training was perfromed using
partially disjoint training sets for 100k iterations. In this case the data set
was divided into three sets, training, validation and testing sets; 704/100/696
entries were used for training, validation and testing, respectively. The vali-
dation set was used to evaluate the best performance network

A self organizing feature map neural network dividing the characters into 6
groups was implemented as a detector. The output of this self organizing fea-
ture map was used to assist the aggregation procedure. The �nal aggregation
procedure was a back-propagation neural network. The training procedure is
performed by running the training data through all the individual classi�ers
and then using the outputs as the training data for the aggregating neural
network.

Table 3 shows the recognition rates achieved by the individual classi�ers
on the testing data. The proposed architecture showed a higher performance
than any of the individual classi�ers. It successfully reduces the number of
classi�cation errors by at least 14%. Moreover, it also produces better results
than some of the other architectures proposed in the literature to solve this
problem [13]. The results were also compared to di�erent static combining
schemes. These schemes are the majority vote, Borda count, and average vote.
The proposed architecture outperformed all these schemes. The short-come
of the static combining schemes is due to the lack of consistency between the
output of the individual classi�ers. The aggregation neural network overcomes
this problem. Table 4 shows the results of applying both the feature based
and static classi�er combining schemes to the Arabic problem set.

To demonstrate the adaptive ability of the feature based architecture
we presented the system with di�erent parts of the data set and observed
how each combining technique performs. The testing set was divided into six
groups based on the grouping proposed in [17]. Each group had a certain set
of characters. The Self Organizing Map used as a detector that classi�es the
di�erent characters into these six groups. Table 5 shows the results obtained.
If we observe the performance of the di�erent static combining methods we
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Table 3. Performance of individual classi�ers.

Classi�er 1 Classi�er 2 Classi�er 3 Classi�er 4

Performance 74.86 77.44 75.57 76.15

Table 4. Comparison of recognition rate between the new approach and static

classi�er-combining techniques for the Arabic Caps problem.

Maximum Majority Average Borda Count Nash Feature Based

Type of CT static static static static static adaptive

Performance 88.36 88.94 88.36 88.07 88.65 90.52

�nd that, in some groups one technique outperforms the others, while the

same combining scheme is outmatched in a di�erent test group. The feature-

based technique consistently provides the best performance across all the

di�erent testing groups.

Table 5. Comparison of recognition rate between the new approach and static

classi�er-combining techniques for di�erent testing groups.

Combination Technique Group 1 Group 2 Group 3 Group 4 Group 5 Group 6

Maximum 80.26 89.58 90.63 87.18 90.29 92.31

Majority 81.58 89.59 92.97 86.15 90.85 96.15

Average 80.26 89.59 92.19 85.12 90.85 96.15

Borda Count 80.26 87.50 91.41 86.67 90.29 92.31

Nash 77.63 90.63 90.63 87.18 91.43 96.15

Feature Based 86.84 91.67 92.97 86.15 92.57 100.00

5 Conclusion

A new architecture was proposed to allow for dynamic decision fusion of clas-

si�ers. In this architecture, the aggregation procedure has the exibility to

adapt to changes in the input and output in order to improve on the �nal

output. The main idea behind this architecture is that it tries to understand

changes in the input, by means of extracting features using the detectors, to

direct the way it performs the aggregation. The aggregation learns how to

combine the di�erent decisions in order to improve the overall performance

of classi�cation. This approach also aims at reducing the cost and time of

designing individual classi�ers by allowing collaborate work. The empirical
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results were satisfactory. Both of the test problems showed improvement in

the performance over static combiners. The architecture proposed here pro-

vides a robust and adaptive scheme for combining classi�ers.
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A b s t r a c t .  Automat ic  feature selection methods  are impor tan t  in many  si tuat ions 
where a large set of possible features are available from which a subset should be 
selected in order to compose suitable feature vectors. Several me thods  for au tomat ic  
feature selection are based on two main points: a selection a lgor i thm and a criterion 
function. Many criterion functions usually adopted depend on a distance between 
the clusters, being extremely impor tan t  to the final result. Most distances between 
clusters are more suitable to convex sets, and do not produce good results for 
concave clusters, or for clusters presenting overlapping areas, in order to circumvent  
these problems, this paper presents a new approach using a criterion function based 
on a fuzzy distance. In our approach, each cluster is fuzzified and a fuzzy distance 
is applied to the fuzzy sets. Exper imenta l  results i l lustrat ing the advantages of the 
new approach are discussed. 

K e y w o r d s :  feature selection, floating search methods,  and fuzzy distance. 

1 I n t r o d u c t i o n  

Most methods  for pa t te rn  recognition, both  for statistical and for neural  networks 
paradigms,  are based on extract ion of a feature vector followed by classification. 
Generally, there is a very large set of possible features to compose the feature 
vectors, and it is desirable to choose a minimal  subset among it. Al though using 
"as many  features as possible" could be intuitively at tractive,  it is well-known tha t  
this naive approach normally leads to worse results because the t ra ining set size 
should increase exponential ly with the feature vector size [7,2]. 

Despite the impor tance  of such features, there are no definitive rules or pro- 
cedures to select which should be used for each part icular  application [2]. Some 
generic tips to choose a good feature set include the facts tha t  they should dis- 
cr iminate  as much as possible the pa t te rn  classes and tha t  they should not be 
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correlated/redundant .  Expert  knowledge about each specific problem is also fre- 
quently important  when designing a feature set for a classifier. Finally, it is highly 
desirable to have feature clusters with small variance, meaning tha t  the measures 
do not vary a lot for similar patterns. 

Besides these generic rules, which are difficult to apply when a large set of possi- 
ble features has to be handled, several automatic feature selection algorithms have 
been proposed, and the reader is referred to [1] for a brief review with taxonomy 
of this topic. Among the many different approaches, there is a large class of algo- 
ri thms based on two main points: a decision criterion and an algorithm to search 
for feature sub-sets that  are better with respect to the chosen decision criterion. 
Among the search algorithms, it is worth mentioning those based on search trees 
or on genetic algorithms. 

As far as the decision criterion is concerned, there are two basic approaches: 
(1) those based on classification results; and (2) those based on a distance between 
clusters. In the former, each possible feature subset is used to train and to test 
a classifier, and the recognition rates are used as a decision criterion: the higher 
the recognition rate, the better is the feature subset. The main disadvantage of 
this approach is that  choosing a classifier is a critical problem on its own, and 
that  the final selected subset clearly depends on the classifier [7]. On the other 
hand, the latter depends on defining a distance between sets (i.e. the clusters), 
and some possibilities are Mahalanobis, Bhat tacharyya and the class separation 
distance [2,4]. In this work, we present a comparison between these approaches by 
performing feature selection using, as decision criterion, the results of a classifier 
and a measure of distance between clusters. 

The large majority of distances between clusters are more suitable to convex 
sets, tending to privilege linearly separable sets. The problem is tha t  they fail to 
detect good clusters with near means. As an example refer to the feature space 
shown in Figures 3. Although the two clusters are well defined and would achieve 
nice recognition rates e.g. with a k-nearest neighbor classifier, they would hardly 
be recognized as good clusters by the majority of the s tandard distances. 

In order to circumvent this problem, a new approach to calculate the distance 
between clusters based on fuzzy sets and fuzzy distances is proposed. The underlying 
idea of our approach is to consider the clusters as fuzzy sets (through fuzzification of 
the original clusters) and to apply fuzzy distances [6] between them as the criterion 
decision. 

The idea is to consider that  all points in a cluster do not play the same role. 
Some points are more typical of the cluster than others, and should have a higher 
degree of membership to the cluster. This typicality, and the fuzzy membership 
to the cluster, is defined as a function of the distance to the cluster prototypes, 
which are considered as the most typical samples. This step is described in Section 
3.1. Once fuzzy clusters are defined, the quality of the clustering is derived from 
a distance between fuzzy clusters. This distance aims at evaluating if the clusters 
are compact and well separated. This is described in Section 3.2, while the search 
algorithm, based on the work of Pudil [5], is described in Section 2. At this level 
of development, the proposed approach has been applied only on simulated data, 
with the only aim of illustration and first evaluation. In the experimental results 
(Section 4), some tests are performed on a set of 6 features (generated by normal 
distributions) from two classes. The samples are labeled a priori (supervised learn- 
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ing), and the experiments aim at selecting a feature vector with 2 features. Once 
the feature vector has been selected, its performance is evaluated by classifying the 
samples using two statistical classifiers: a minimum-distance to the prototype and 
a k-nearest neighbors classifier. As expected, the new distance is more suitable for 
selecting feature vectors for the k-nearest neighbors classifier, leading to the best 
results. 

2 Feature  Selection" The  A l g o r i t h m  

Automatic feature selection is an optimization technique that ,  given a set of m 
features, a t tempts  to select a subset of size n that  leads to the maximization of 
some criterion function, with n < m. Feature selection algorithms are important  
to recognition and classification systems because, if a feature space with a large 
dimension is used, the performance of the classifier will decrease with respect to 
execution time and to recognition rate. The execution time increases with the num- 
ber of features because of the measurement cost. The recognition rate can decrease 
because of redundant  features and of the fact that  small number of features can 
alleviate the course of dimensionality when the training samples set is limited. On 
the other hand, a reduction in the number of features may lead to a loss in the 
discrimination power and thereby lower the accuracy of the recognition system [7]. 

In order to determine the best feature subset for some criterion, some automatic 
feature selection algorithm can be applied to the complete feature space, varying 
the number of selected features (n) from 1 to m. 

According to Jain and Zongker [1], probably the most effective feature selec- 
tion technique is the sequential floating search methods (SFSM) [5]. There are two 
main categories of floating search methods: forward (SFFS) and backward (SFBS). 
Basically, in the case of forward search (SFFS), the algorithm starts with a null 
feature set and, for each step, the best feature t h a t  satisfies some criterion function 
is included with the current feature set, i. e., one step of the sequential forward 
selection (SFS) is performed. The algorithm also verifies the possibility of improve- 
ment of the criterion if some feature is excluded. In this case, the worst feature 
(concerning the criterion) is eliminated from the set through one step of sequential 
backward selection (SBS). Therefore, the SFFS proceeds dynamically increasing 
and decreasing the number of features until the desired n is reached. 

The backward search (SFBS) works analogously, but starting with the full fea- 
ture set (of size m) and performing the search until the desired dimension n is 
reached, using SBS and SFS steps. The time complexity of these methods is pro- 
portional to n for SFFS and to m -  n for SFBS. See [5] for further details. 

These algorithms have been improved in [4], leading to the adaptive floating 
search methods (AFSM). The main difference between this new approach and the 
previous one (SFSM) is on the number of features that  can be inserted or excluded 
from the feature set on each step. The new algorithms can determine dynamically 
this number,  while the earlier tests just one feature per step. This characteristic 
is possible because AFSM applies, in each iteration, one step of the generalized 
sequential forward selection (GSFS) or generalized sequential backward selection 
(GSBS), instead of one step of the SFS or of the SBS. 

The AFSM's results are closer to the opt imum solution than the results of 
SFSM. In fact, in the worst case, ASFM give the same results of SFSM. However, 
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for large values of n, AFFS (adaptive floating forward search) is very slow, the same 
for large values of m - n in the case of AFBS (adaptive floating backward search). 

In [8], we did some tests comparing different feature selection methods  in terms 
of performance of the minimum distance to the proto type  classifier, concluding tha t  
the performance of AFSM was very similar to the performance of SFSM. But in 
some cases, the AFSM spent more than four hours, while the SFSM spent just  two 

seconds for the same feature space and n. 
For these reasons, we chose to test the criterion function with automat ic  feature 

selection based on SFSM. 

3 Feature  Select ion:  The  D i s t a n c e  

3.1  F u z z y  c l u s t e r s  

Let A and B be two pa t te rn  classes, and let f l ,  f2, ..., fm, be the set of possible 
features. The features f l  (x), f2(x),  ..., fm (x) can be calculated for each x E A or 
x E B. The problem is to find a subset F of {fi, i E [1...m]} with I F I - -  n (n <: m) 
tha t  defines two good clusters for A and B. Let FA and FB be these clusters for 
A and B, respectively. The concept of "good clusters" is taken under the sense of 
distance between clusters d(FA, FB). As discussed in Section 2, it is desirable to 
find FA and FB such tha t  d(FA, Fs)  is as large as possible. 

Generally clusters may be spread around some prototypes.  Samples in cluster 
tha t  are close to its prototypes  are very typical of the cluster, while further  samples 
are less representatives.  Crisp clusters are too restrictive to account for this, and 
therefore we propose to perform their fuzzification. Now if we consider the over- 
lapping areas between clusters, intuitively we would like to judge this overlap as 
strong if it contains typical samples, and weak if it contains not typical samples 
(by strong overlap we mean not well separated clusters). This is another  reason 
why we propose to define fuzzy clusters, where the membership function of each 
sample to a cluster is a function of its typicality. We use for this a distance dsp 
between samples in the feature space (Euclidean or Mahalanobis distance can be 
typically used). Let PA be the set of prototypes of cluster A (it may contain only 
one sample). Then the membership of any sample x to the cluster A is defined as: 

#A (X) --  f (  rain dsp(x ,  y)), (1) 
yEPA,xEA 

where f is a decreasing function from IR + into [0, 1], with f(0)  - 1. This guarantees 
tha t  prototypes  completely belong to the fuzzy cluster, samples tha t  are closed to 
the prototypes  have a high membership function, and samples tha t  are far have a 
low membership function. In our experiments,  we have taken for f the following 

function: 

1 (2) 
f (w)  = 1 + w 

We have adopted just  one prototype per cluster (e.g. PA for cluster A). Therefore, 
our membership  function can be simplified to: 

1 (3) 
#a(X) -- 1 + dSP(X,pA) 

where dE is the Euclidean distance between points of the feature space. It is im- 
por tan t  to note tha t  we also set #A (x) = 0 if x r A. 
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3 .2  F u z z y  D i s t a n c e  

Distances between fuzzy sets have lead to several works in the l i terature.  Many 
definitions exist, differing in several aspects, such as the type of information they 
convey, their formal properties, and the underlying mathemat ica l  approaches. Clas- 
sifications of these distances have been proposed e.g. in [9,6]. Most distances are 
concerned only by the point-wise comparison of the membership  functions, while 
other distances introduce also metrics in the considered space. Distances of the first 
type are easy to compute,  and complexity is linear in the cardinali ty of the space. 
Typically, this type is well adapted  when the two fuzzy sets to be compared repre- 
sent the same s t ructure  or a s t ructure  and a model. They are also closely related to 
the notion of fuzzy similarity (if s is a similarity measure between fuzzy sets, then 
1 -  s is a distance, see e.g. [10] for a review on fuzzy comparison measures). For in- 
stance, applications in model-based or case-based pa t te rn  recognition can make use 
of such distances. On the other hand, the definitions which combine spatial distance 
and fuzzy membership comparison allow for a more general analysis of s t ructures  
in the considered space, for applications where topological and spatial a r rangement  
of the s tructures  is important .  This is permi t ted  by the fact tha t  these distances 
combine membership values at different points in the space, therefore taking into 
account their proximity or distance in this space. The price to pay is an increased 
complexity, generally quadratic in the cardinality of the space. This is discussed in 
more detail in [6], and several examples of both classes are given. 

Here we are interested in the overlapping part  of two clusters, and in the evalua- 
tion of this overlap. In most problems of clustering, the samples are not necessarily 
dense in the feature space. If this space is considered to be lR ~ for instance, a point 
x of this space may be a sample of one cluster but not of the other  one. So com- 
paring membership values only point-wise does not really make sense. The spatial 
information in the feature space has therefore to be taken into account, at least 
locally around each sample. The idea is to check if in a neighborhood of a sample 
of one cluster, there are samples of the other cluster. A fuzzy distance which is well 
appropriate  for this task is the tolerance-based approach, proposed in [11], which 
combines comparison between membership values and local distances in the space. 
In this sense, it can be considered as intermediate between the two classes men- 
t ioned before. The basic idea is to combine spatial information and membership  
values by assuming a tolerance value T, indicating the differences tha t  can occur 
without  saying tha t  the objects are no more similar. The authors  in [11] first define 
a local difference between #A and ~B at a point x of the space as: 

d~(pA,#B) = inf IpA(Y) - #S(Z)t, (4) 
y ,z  C:: B ( x , v  ) 

where B(x, v) denotes the (spatial) closed ball centered at x of radius T. 
Then the functions dp, d~  and dEssSup are defined up to a tolerance T as: 

dp(pA,pS) = [d;(pA,us)lPdx] 1/p (5a) 

d ~ ( # A , # B )  = s u p d r x ( # A , # B )  , (55) 
xE$ 

d~E~S~p(p,u) = inf{k C JR, A({x E S,d;(#,~,) > k}) = 0}. (5c) 

Several results are proved in [11], in part icular about  convergence: d~(p,L,) 
converges towards d r EssSup(#,p) when p goes to infinity, all pseudo-metrics are 



Feature Selection Based on Fuzzy Distances 191 

decreasing with respect to v, and converge towards dp, dr and dEssSup 1 when 7- 
becomes infinitely small, for continuous fuzzy sets. This approach can been extended 
by allowing the neighborhood around each point to depend on the point. 

Note that  this approach has strong links with morphological approaches as 
described in [6], since the neighborhood considered around each point can be con- 
sidered as a structuring element. In our experiments, We have used d~ (#A, ~B) a s  

the criterion function for the feature selection algorithm discussed in Section 2. 

4 Experiments 

In order to test the performance of our feature selection system, some tests have 
been done comparing SFSM [5] associated with two criterion functions: the tolerance- 
based fuzzy distance [11] and the performance of a classifier based on minimum 

distance to the prototype [3]. 
Two classifiers are used to evaluate the performance of our system: k-nearest 

neighbor (for k - 3 )  and minimum distance to the prototype [3]. Two kinds of tests 
have been done: one using the complete database to train and test the classifiers, 
and other using 2/3 of the database to train and 1/3 to test. 

4 .1  S i m u l a t e d  d a t a  

The selection algorithm has been evaluated with an artificial data  set. This data  
set is 6-dimensional, being composed of 2-classes, and each class has 100 samples. 
For each class, the data set was generated using, for each dimension, a mixture of 
Gaussian distributions. The feature sets are shown in pairs in Figures 1, 2, and 3, 
in which (*) represents class A, and (o) class B. 

The characteristics of this data  set allow us to perform the feature selection 
tests for n - 2 and visualize the results. From the pictures, it is possible to infer 
that  the feature space defined by dimensions 5 and 6 is the one in which the pat tern 
distribution presents the least overlapping areas. Therefore, this feature space is the 
best one for classifiers such as k-nearest neighbors. 

4 .2  F e a t u r e  s p a c e  n o r m a l i z a t i o n  

Before performing the tests, it is important  to normalize the feature space. This 
normalization avoids problems with statistical classification based on the Euclidean 
distance, like the k-nearest neighbor and the minimum distance to the prototype 

classifiers. 
Another advantage of using this normalization is that  the tolerance-based fuzzy 

distance depends on a ball B (x, 7) (see Equation 4), thus depending on a distance 
in the feature space. The whole feature space has been normalized to have 0 mean 
and unitary variance for each dimension. 

The plots in Figures 1, 2, and 3 show the data  set after the normalization. 

1 dp denotes the LP-metric between ~A and #S,  i.e. corresponds to d ~ computed 
for y = z = x in Equation 4, and d~  and dEssSup are defined similarly. 
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F i g .  2.  N o i s y  d a t a  for  f e a t u r e s  3 a n d  4 

4 . 3  E x p e r i m e n t a l  r e s u l t s  

W e  p e r f o r m e d  t e s t s  w i t h  100 se t s  of  c lass  A a n d  c lass  B g e n e r a t e d  u s i n g  t h e  s a m e  
s t a t i s t i c a l  d i s t r i b u t i o n s  as  in  F i g u r e s  1, 2, a n d  3. Fo r  e a c h  se t  100 s a m p l e s  a re  
g e n e r a t e d ,  r e s u l t i n g  in 20000  p a t t e r n s .  T a b l e  1 s h o w s  t h e  c o r r e c t  c l a s s i f i c a t i o n  r a t e s  
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Fig .  3. Class B "inside" class A according to the mixture of Gaussian distributions 

of features 5 and 6 

tha t  have been determined as the average among all the experiments.  The two 

classifiers are tested over feature subsets selected using the two criterion functions. 
For the tolerance-based fuzzy distance criterion, the tests have been performed 
using 7- -- 0.5. All the tests with the k-nearest neighbor classifier have been done 

using k = 3. The results reflect the correct classification rate. In order to bet ter  
describe the accuracy of our results, the s tandard deviation of the results in Table 
1 are shown in Table 2. 

T a b l e  1. Correct classification rate of two classifiers under feature subsets selected 

using two criteria 

CR 

FD 

D p  1 D p  2 K n n  1 K n n  2 

63.15 % 83.71 % 95.56 % 89.47 % 

63.43 % 81.26 % 100.00 % 95.07 % 

D P :  distance to the prototype classifier 
K n n :  K-nearest neighbors classifier 
1: 0~=~ 
2: a rJ/~ = 0, lal = 21~l, for a = training set and ~ = testing set 
CR: correct classification rate criterion function 
FD: fuzzy distance criterion function 
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T a b l e  2. S tandard  deviation of the results showed in Table 1 

CR 

FD 

D p  I D p  2 K n n  1 K n n  2 

8.40 % 8.69 % 6.67 % 11.25 % 

7.46% 10.47% 0.05 % 3 .14% 

As we can see, tolerance-based fuzzy distance performs significantly bet ter  than 
the classification rate criterion for the k-nearest neighbor classifier. This can be 
explained by the fact that ,  when the tolerance-based fuzzy distance is applied, 
the feature selection algorithm chooses dimensions 5 and 6 (Figure 3). Therefore, 
al though one cluster is "inside" the other one, they are well-separated, and the 
tolerance T of the distance can be chosen quite large without  any intersection with 
the samples of the other cluster. This is typically a case where classical distances 
between clusters or minimum distance to prototypes would not perform well, while 
the fuzzy distance based on tolerance is appropriate,  and even robust  with respect 
to the choice of T. On the contrary, using, as criterion function, the performance of a 
classifier based on minimum distance to the prototype,  in the major i ty  of the cases, 
the algori thm chooses dimensions 1 and 2 (Figure 1), because in these dimensions, 
the distance between prototypes  is larger. 

This shows the advantage of the tolerance-based fuzzy distance. It is obvious 
tha t  the feature space of Figure 3 is bet ter  than the features of Figure 1 for a 
k-nearest neighbors classifier. 

5 Concluding Remarks 

We have presented a new approach to perform feature selection using an efficient 
search algori thm associated with a tolerance-based fuzzy distance as criterion func- 
tion. It is worth emphasizing tha t  the criterion function results depend on how 
much the clusters overlap, on the shape of the clusters and on the spatial distance 
between them. Our system was compared with another  one tha t  uses the perfor- 
mance of a classifier as the criterion function. The obtained results show tha t  our 
system performs bet ter  than the other one on feature spaces having concave clusters 
or for clusters presenting overlapping areas. 

As a future work, we intend to test  the influence of 7- in the results and to auto- 
matically tune the best value from the da ta  sets. We also plan to apply this feature 
selection technique on real data  sets and to evaluate the selected features using 
others classifiers, such as multi-layer neural networks, or varying the paramete r  k 
of the k-nearest neighbor classifier. 
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Efficient and Effective Feature Selection in the Presence
of Feature Interaction and Noise

D. Partridge, W. Wang* and P. Jones
Department of Computer Science

University of Exeter, UK

Abstract. This paper addresses the problem of feature subset selection for
classification tasks. In particular, it focuses on the initial stages of complex real-
world classification tasks when feature interaction is expected but ill-
understood, and noise contaminating actual feature vectors must be expected to
further complicate the classification problem.  A neural-network based feature-
ranking technique, the `clamping’ technique, is proposed as a robust and
effective basis for feature selection that is more efficient than the established
comparable techniques of sequential floating searches. The efficiency gain is
that of an Order(n) algorithm over the Order(n2) floating search techniques.
These claims are supported by an empirical study of a complex classification
task.

1.   Introduction

The problem of feature selection has been defined as follows: given a set of candidate
features, select a subset that performs the best under some classification system [1].
Thus the term `feature selection’ refers to procedures that output a subset of the input
feature set.  These are distinguished from `feature extraction’ procedures which create
new features based on transformations or combinations of the input feature set.  This
paper addresses the problems of feature selection in the context of complex real-world
classification problems — i.e., problems for which the available features may be
mutually correlated, redundant or simply irrelevant (and hence effectively `noise’ to
the classification process).  In addition, individual feature values are liable to be
contaminated with errors (from observation, measurement or transcription
inaccuracies) — a further source of noise.
The term `best’ in the above definition can be viewed as composed of three elements:
effectiveness, efficiency and robustness.  Robustness is essentially the ability of the
procedure to produce useful guidance from a noisy and ill-understood feature set. If a
feature-selection procedure crashes when dealing with noisy and complex feature sets
then it will be of little practical use unless preliminary preprocessing can be applied to
clean up and simplify the input feature set. An example of the robustness problem can
be found in the Automatic Relevance Determination (ARD) technique which is an
impeccably grounded neural-network technique for assessing the relative importance
of features for a classification task [2].  It has been shown to produce optimal results
when it completes its processing, but it has also been shown to be highly vulnerable to
failure to complete in which case it produces no result [3].

                                                          
* now with Department of Computer Science, University of Bradford, UK
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Efficiency is essentially cost of classifier system construction.  It involves the
computational complexity of the feature-selection algorithm used.  Thus, the simple
exhaustive algorithm for optimal subset selection (i.e., evaluate all possible feature
subsets) is generally excluded as a practical possibility on efficiency grounds.
However, there may be other important efficiency concerns — an early reduction in
feature-set size will result in subsequent savings in feature collection or computation,
and certain classifier strategies may be significantly less efficient in execution than
others. Multiple classifier systems, such as that of [4], that dynamically compute
partition membership for each feature vector input in order to assign the vector to the
appropriate specialized classifier will introduce significant execution overhead which
must be set against effectiveness gains. This efficiency concern may seem to lie
outside the declared remit of this paper as its impact would seem to be subsequent to,
and independent of, the feature subset selected.  However, if classifier performance is
the basis for feature selection then classifier efficiency must impact on feature-
selection efficiency.
Classifier effectiveness is usually the main concern — i.e., how accurately does the
classifier perform once the input feature set has been determined? In the context of
prohibitively large feature sets or prohibitively costly individual features efficiency
concerns may dictate that some feature reduction will be necessary.  Then the goal
will be to minimize the loss of effectiveness while maximizing efficiency or
achieving acceptable cost.  But feature selection may also lead to improved
effectiveness.  Jain and Zongker [1] point out that effectiveness may be improved
through ``sample size effect’’ [5].  In addition, when working with complex real-
world problems there are several reasons why effectiveness might be improved:
1. Some features may be redundant, and therefore their omission removes

unnecessary complexity and inevitably some noise from the classification
problem.

2. Some features may be irrelevant, and their removal removes complexity that is
all noise.

3. The degree of noise associated with values of a feature may be such as to nullify
the positive classificatory information of the feature, and so removal of the noisy
feature will improve classifier effectiveness.

2.   Feature Subset Selection

The variety of approaches to the problem of feature subset selection have been
variously classified. Theodoridis and Koutroumbas [6] present a two-way split into
methods that treat features individually and those that do not, i.e., those that focus on
techniques measuring classification capabilities of feature vectors. As they point out:
treating features individually has the advantage of computational simplicity but may
not be effective for complex problems and for features with high mutual correlation.
If we add the possibility of noise (as described above) then we have a characterization
of the sort of pattern recognition task that we wish to focus on. Thus it is the latter
category of feature subset selection methods that are of interest.
Within this category, [6] focus on suboptimal techniques as the alternative of
assessing all possible vector combinations is impractical for all but the most trivial
problems.  Two well established suboptimal techniques are Sequential Forward
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Selection (SFS) and Sequential Backward Selection (SBS) both of which select
features, and accept or reject them one at a time in an attempt to minimize the number
of feature vectors evaluated whilst accommodating some aspects of mutual
correlation between features.  But both techniques suffer from the so-called ‘nesting
effect’ — once a feature has been accepted or rejected it cannot be reconsidered in the
context of a different feature vector.
An improvement, which increases computational cost, uses a `floating search’ [7] —
this encompasses the flexibility to reconsider previously accepted or rejected features.
It can be added to either SFS to give Sequential Floating Forward Selection (SFFS) or
to SBS to give Sequential Floating Backward Selection (SFBS).
Jain and Dongker [1] present a taxonomy of feature-selection algorithms which
bifurcates at the root to cluster ``statistical pattern recognition’’ (SPR) techniques on
one branch and those using ``artificial neural networks’’ (ANN) on the other.  They
further divide the SPR techniques into ``optimal’’ and ``suboptimal’’, and this latter
branch encompasses SFFS and SFBS under the heading ``deterministic single-
solution suboptimal’’ techniques.
Under the ANN branch only a node-pruning technique [8] is mentioned.  This
technique uses a multilayer perceptron (MLP) with the standard backpropagation
learning algorithm [9].  They define ``node saliency’’ and successively : train a
network, remove the least salient node (either input node or hidden node), retrain the
reduced network, remove the least salient node, etc. until the desired tradeoff between
classification error and size of the network is achieved.  Removal, or pruning, of input
nodes removes a feature from the feature set.
The feature-selection technique that we have developed, the clamping technique, is
also an ANN technique. It does not encompass network complexity reduction through
the removal of hidden nodes but neither does it require repeated retraining of
networks.
     A number of other ANN-based feature-selection techniques have been developed
and are surveyed in [3].  The intent of the current study is to explore the possibility
that one such ANN-based technique (described below) may, by virtue of the non-
linear feature interaction accommodated by ANNs, support a particularly simple,
effective and efficient method of feature selection in the presence of noise and mutual
correlation between features.  The basis for this exploration is direct comparison with
the standard floating sequential search techniques, SFFS and SFBS.

3. Feature Selection by Ranked-List Partitioning

         The foundation for the ranked-list partitioning (RLP) technique is a clamping
procedure for determining the relative importance of a feature, or subset of features.
The relative importance, or ``salience’’, of an input feature with respect to some
classification task, is reflected in the relative decrease in accuracy of a classifier when
the feature is rendered informationless.  This idea has been implemented, tested and
evaluated in competition with other similar feature-selection techniques [3,10] using
MLP classifiers together with the standard backpropagation training algorithm [9].
The essential elements of feature selection by node clamping are:
1. train an MLP network with n input nodes, one for each potential feature;
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2. test the trained network to obtain the baseline measure of classification accuracy,
g(x);

3. successively retest the network with each of the input features reset to be
informationless (e.g. set to the mean value in all test vectors) to obtain
classification accuracies, g(x|xi=mean_value) where i=1,2, … n; such an
informationless feature is said to be `clamped’;

4. compute salience of each feature, S(xi),

                                     where S(xi)= 1- (g(x|xi=mean_value)/g(x));

5. rank the features in order of descending salience values;
6. select the first l features as the best subset size l, where l<=n.

It is step (1) that is both the most problematic and the most computationally expensive
aspect of the technique.  The potential difficulties centre on the fact that a properly
trained neural network is not always readily obtainable from the data available.  On
the positive side we note that the training does not have to converge on an optimal
classifier.  For the clamping technique to succeed, convergence on a reasonably good
local optimum is sufficient.  In addition, the process of MLP training is robust to the
presence of noise in the training vector set which is of course crucial to our goal of
early feature selection on ill-understood classification problems.
    Within the two floating search techniques subsets of features are simultaneously
clamped to obtain a salience for that clamped subset; this we term subset salience.

4.   Computational Cost of Feature Selection

The computational cost of MLP training can be considerable, but for the necessary
salience ranking training does not have to be pushed beyond a crude local optimum
which may be all that noisy, redundant and irrelevant features may permit in the very
first stages of feature-set exploration. Backpropagation training cannot be quantified
solely in terms of feature vector length for it is also dependent upon the inherent
complexity of the classification task, and number of features is only one factor that
contributes to complexity.  Neural network training is, however, an equal fixed cost
overhead on all of the three feature-selection techniques to be compared.
      Once network training has been completed, the complexity of the clamping
technique for feature selection is linearly dependent upon the number of features to be
surveyed.  Each feature is clamped in turn to obtain its salience value (steps 3 and 4).
Feature selection is then no more than a partitioning of the ranked list (step 6).
Because neural net training is a process of finding a (probably suboptimal) classifier
that accommodates all feature interdependencies and noise that happen to be present
in the set of training vectors, the final salience ranking might be expected to reflect
these aspects of the total feature set.  It is thus reasonable to anticipate that the
salience ranking is an estimate of the importance of each feature in the context of all
the other features considered.  This observation suggests the following hypothesis:
The sublist of highest-salience features as ranked by the clamping technique is also
the optimal subset of that size whatever the feature interaction present.
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In other words, a `non-selection’ process of simply partitioning a rank order may
deliver the same `best’ , or equally good, feature subsets as the SFFS and SFBS
heuristics, and do it with significantly increased efficiency — a linear, or Order(n)
technique performing as well as (or possibly better than) either of two Order(n2)
heuristics, where n is the total number of candidate features.  It is this possibility that
the following empirical study explores.

5. Empirical Investigation

A real-world problem that we used to explore the feature interaction hypothesis is one
of classifying flight patterns of descending aircraft (radar trajectory, physical
attributes of the plane and the airspace) as patterns for which the aircraft will level-off
or not at the next flight level.  This level-off or non-level-off classification problem
forms part of a larger study of the Short-Term Conflict Alert system developed by
National Air Traffic Services in the UK.
    Preliminary feature extraction delivers 28 potentially useful features.  These range
from features extracted from the radar track, such as d34 which is the vertical distance
travelled between radar time points 3 and 4, and v5 which is the vertical velocity at
radar time point 5.  Other features are the flight level being approached, such as the
7000ft or 8000ft levels, which are FL07000 and FL08000, respectively.  Further
features are the name of the particular stack at Heathrow Airport (there are 4 different
stacks), and the category of the aircraft, such as heavy or light (there are 5 of these
categories). This classification problem thus involves both continuous and discrete
features, noise (particularly in the radar track data), significant feature interaction (e.g.
d34 is causally dependent upon d45), and redundancy (e.g. the vertical distances
travelled between radar points carry some of the same information as the vertical
velocities at the radar points).
     The full set of 28 features used was: five vertical velocities (v1 through v5); four
vertical distances travelled (d12 through d45); nine distinct flight levels (FL07000
through FL15000); four stack names (Lambourne, Biggin, Ockham and Boving); five
aircraft size categories (Light, Small, Lo-Medium, Up-Medium and Heavy); and
altitude at radar time point 5 (h5).
     Empirical support for the existence of mutual correlation between features comes
from the observation that the simple (i.e., non-floating) sequential searches do reveal
evidence of the nesting effect.
     The `natural’ data (i.e. as supplied to us by NATS) has approximately twice as
many level-off outcomes as non-level-offs.  This was adjusted to a 50:50 point of
balance in the data used for the experiments described below so that classification
accuracy becomes a simple measure of performance.
    Nine different multilayer perceptron (MLP) networks were trained using the
standard backpropagation algorithm [9] and approximately 30,000 feature vectors.
Each network was only trained for 20 epochs.  The raw value of the single output
node (a value between 0.0 and 1.0)was thresholded at 0.5 so that an output greater
than or equal to 0.5 was coded as `level-off’ and output less than 0.5 was coded as
`non-level-off’.
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These trained networks were then used for clamping both individual features and
feature subsets in order to obtain saliences for individual features and for feature
subsets as a whole, respectively. Three feature selection techniques were explored:
� Partitioning a ranked list of individual feature saliences
� Feature subset saliences using the SFFS technique
� Feature subset saliences using the SFBS technique

The average result and standard deviations obtained are shown in Figure 1, where the
saliences recorded are defined in step 4 of the `clamping’ algorithm given earlier. The
standard deviations computed are illustrated as error bars on the salience values.
     As the SFFS and the SFBS techniques generated identical feature subsets on all
occasions, further experiment was reduced to a comparison of effectively two
techniques — RLP and SFFS/SFBS.
     As the `best’ feature subset is the subset that produces the most accurate classifier,
we can assess the relative merits of the various subsets chosen by constructing and
testing classifiers based on each feature subset. The subsets of size 5, 10, 15, 20 and
the full 28 were each used to train a further nine MLP networks on the same data sets
as were used for the original salience determinations.  However, each network was
now trained on 12,000 data vectors with a further 12,000 data vectors used for cross-
validation to determine when the training was optimal (a validation set is used to test
the classification accuracy of the network periodically during training; training may
be considered optimal when the validation test delivers a maximum value). Under this
regime training took 200-500 epochs. As with the prior clamping the output threshold
was set at 0.5. Such a set of 45 trained networks (nine variations times five feature set
sizes) was generated for each of the two selection techniques.
    All of the trained networks were then tested for classification accuracy on an
unseen test set of 15,000 further vectors that had been adjusted to exhibit a 50:50
distribution of level-off and non-level-off targets.  Average percentage classification
accuracies (over nine networks) and the standard deviations are given in Table 1
where classification accuracy is percentage of test cases correctly classified.  The top
row of figures give the accuracy of MLP classifiers when constructed with feature
subsets selected by the RLP heuristic and the lower row gives the comparable data
when the feature subsets were selected with the SFFS/SBFS heuristic.  The final two
columns contain only one entry each because when all 28 features are used there is no
subset selection.

6.   Discussion

The first point to note is that (on the data sets used) the SFFS and SFBS techniques
always produced identical feature subsets which implies that these are the optimal
groups under a group clamping procedure.  In Figure 1, the single salience value
associated which each feature subset selected using either SFFS or SFBS is in fact
exactly the same subset of feature in all instances (which it need not necessarily be, of
course).  In fact, on all instances in Figure 1 where more than one technique generates
a feature subset with the same salience value, they are also identical feature subsets.
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Thus RLP, SFFS and SFBS all generate exactly the same feature subset for subsets of
1, 3, 4 and 5 features.

Fig. 1.  Saliences for feature subsets of the level-off problem

Table 1: accuracy of classifiers constructed using  feature subsets selected by alternative
selection methods

number of features used for training:

           5           10           15        20 all 28

features
selected
 by:

average sd average sd average sd average sd average sd

RLP 73.9% 0.7% 75.6% 0.7% 76.4% 0.4% 76.5% 0.5% 76.3% 0.7%

SFFS/
SFBS

73.9% 0.7% 75.2% 0.4% 75.9% 0.6% 75.9% 0.7%

From feature subsets of size 6 upwards the RLP heuristic generates different subsets
to the floating search techniques.  In addition, the floating search subsets are always
of higher total salience than the RLP alternative, and the differences generally exceed
the standard deviation error bars illustrated.  However, they are not better feature
subsets in the sense that they do not produce more accurate classifier systems. Table 1
shows that the feature subsets selected using the floating search techniques are no
better than those chosen by simple ranked list partitioning.  It also indicates that the
best 10 features, however generated, produce a better classifier than the best 5
features, and that the best 15 features, however generated,  produce a further small
improvement in classification accuracy.  But then the increases to the best 20 features
and the full 28 features yield no significant improvement on the best 15.
     It is somewhat curious that feature subsets consistently returning significantly
higher salience values (i.e. the SFFS/SFBS features subsets compared to those of the
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same size selected by the RLP heuristic when set size is greater than 7, Figure 1) do
not translate into more accurate classifiers (i.e. no significant differences between the
two rows of results in Table 1).  Why this should be the case remains to be explained.
     In addition, it should be noted that the salience rankings were based on networks
that were trained for only 20 epochs which supports the contention that rough and
ready neural-net training is sufficient for the RLP heuristic.  The optimal training used
to construct classifiers to test the classification accuracy of the various feature subsets
selected required an order of magnitude increase in training time.

7.   Conclusions

Our hypothesis that the clamping technique for feature selection through salience
ranking does accommodate feature interaction gained support from the empirical
study.  This study (which must be treated cautiously as it is only one study) showed
that a `non-search’ partitioning of the ranked list of individual saliences performed as
well as the floating search techniques, and therefore it delivers a considerable saving
in computational cost.  Moreover, this efficiency gain is made in the face of noisy and
mutually correlated features.  The very nature of such problems, especially at the
initial stages which is when the real savings are to be made as a result of feature
selection, precludes the possibility of knowing exactly what feature interactions are
present and the structure of the noise in the available feature vectors.  However, the
study provided a variety of indicators to support the supposition that the chosen
classification problem was significantly complicated by feature interaction and noise.
We note particularly, maximum classification accuracy was obtained with just 15 of
the original 28 features.  This is a result that supports the earlier contention that
feature subset selection has important implications for noisy and complex
classification tasks beyond the traditional objective of dimensionality reduction to
reduce complexity.
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Abstract. The data structure that is probably most used in the pattern recogni-
tion and image processing of geometric objects is the segment tree and its optimized
variant, the \layered segment tree". In all the versions currently known except the
work in [8], these structures do not operate in real time. Even in the best known
scheme [8], although the structure can be implemented in real time and in an on-line
fashion, the operation of \insertion" involves the sorting of the data representations
of the line segments in the tree. In essence, for all the reported algorithms, there is
no known strategy to insert the segments one by one, other than the trivial strategy
of processing them all together as in a batched-mode. In this paper we present a
strategy by which all the operations done on the tree can be done e�ciently, Indeed,
by improving the bottle-neck, we prove that an arbitrary horizontal segment can
be inserted into this data structure without invoking an expensive sorting process.
We show that while this is accomplished by maintaining the same space and query
complexity of the best-known algorithm, the version presented here is applicable
to on-line real-time processing of line segments. The paper thus has applications in
all areas of pattern recognition and image processing involving geometric objects.
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1 Introduction

1.1 Problem Statement and Applications

It can be argued that the \art" of pattern recognition and image pro-

cessing involves data representation. The \science" involves the un-
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pattern recognition this is really of question of determining what nu-
merical features can be used to completely or adequately represent the
pattern being recognized. Thus, it is typical that the time series coef-
�cients or the LPC coe�cients are used to represent a speech signal.
The same issue arises in image processing, where the objects in the im-
age are represented geometrically. The question here is one of whether
we should represent the objects using lines, arcs, polygons etc. or as
pixel-based shapes themselves.

The data structure that is probably most used in the pattern recog-
nition and image processing of geometric objects is the segment tree
and its optimized variant, the \layered segment tree". In this paper
we present a re�ned version of this structure that can be used for
real-time on-line applications. A brief catalog of the many areas where
segment trees and layered segment trees have been utilized [2,6] in-
cluding those in pattern recognition, and image processing is included
in [4]. Also included in [4] are the particular features of the insertion
operation in pattern recognition, editing processes, and in the �eld of
data structures.

By designing a superior variant of the \layered segment tree", we
believe that we will be presenting a solution that can be used to im-
prove the existing solutions for all the problems discussed in [4].

2 Formal Problem Statement

In this short paper we present an enhancement on the \layered segment
tree" (an optimized variant of the segment tree) which can be used in
real-time and in an on-line manner. Even for the best of the reported
algorithms [8], the only one that can be used in a real-time mode, the
scheme inserts the segments one by one, by invoking the expensive
operation of sorting. Since this operation is the only time consuming
operation on this structure, we shall achieve our goal by designing a
fast strategy for it. As we shall see, this will be a strategy that does not
require the sorting of the line segments, and which can consequently
process the segments more e�ciently \as they come" in real-time.

A line segment is rectilinear if it is parallel to either the x-axis or
the y-axis. A line segment L is presented as an ordered pair (l; r) where
if L is horizontal then l and r are the leftmost and right most endpoints
of L. Alternatively, L is vertical then l and r are the bottom most and
topmost endpoints of L. Layered segment trees have been used to store
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rectilinear segments and solve the true intersection problem[8]. The
latter problem can be speci�ed as follows : Given a set of n horizontal
segments Shor and a query vertical segment V , the layered segment
tree can determine all the line segments in Shor that intersect with
V . We assume that the number of line segments stored in the layered
segment tree is n.

The insertion algorithm for a layered segment tree due to Vaish-
navi and Wood requires the n horizontal segments in Shor to be sorted
by their y-values. The insertion takes O(n log n) time and requires
O(n log n) space. The query requires O(logn+ k) time where k is the
number of segments in Shor that satisfy the query. Thus, the amor-
tized cost of insertion of a segment requires O(log n) time and O(log n)
space. The primary result of this present paper can be stated as follows
: We prove that the insertion of an arbitrary horizontal segment can be
done O(log n) time. The insertion procedure adds O(log n) additional
space and thus the space complexity remains O(n logn). The query
time complexity also remains una�ected.

3 Layered Segment Trees

Vaishnavi and Wood [8] developed the layered segment tree based
on the concept of \layering" originally proposed for the range tree by
Willard and Leuker [9]. This idea is referred to in the literature by the
phrase iterated search. The layering approach of Vaishnavi and Wood
has been generalized by Chazelle and Guibas. This generalized ap-
proach called fractional cascading has been used by several researchers
[1,7]. The dynamic version of fractional-cascading was proposed by
Mehlhorn and N�aher [3].

The traditional segment tree stores segments that span over a single
dimension. Without any loss of generality, we assume that the line
segments are in the x-dimension, and that they all share the same y-
value. The layered segment tree stores line segments that have di�erent
y-values when considered from a two-dimensional perspective. More
formally, given n horizontal line segments Sh and an arbitrary query
consisting of a vertical line segment V , we determine all intersections
of V with the line segments in Sh, using the layered segment tree.

The layered segment tree enables us to solve the above intersection
problem with O(n logn) time and space, and takes O(logn+ k) time
to answer search queries, where k is the number of segments reported
[8].
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If we assume that V is a vertical line that is a double in�nite
line segment, we can solve the intersection problem by representing
the elements of the set Shor using the segment tree, as the y-value
associated with the line segment is of no consequence with regard to
the intersection. If we also assume that V is only in�nite in the negative
direction (that is, y can extend to �1 but not to 1), then Shor can
still be represented by a segment tree. However, in order to avoid
searching each node list for line segments that lie below the topmost
point of V , we need to sort the node lists. We sort the elements of Shor
in descending order of their y-values before constructing the segment
tree. This ordering of the segments ensures that the line segments in
each node lists are sorted in an ascending order of their y-values. The
search query remains the same as that of the traditional segment tree,
except that only that the initial portion of each node list is reported
each of whose line segments lie below the topmost point of V . We get
a O(log n + k) time for search operations where k is the number of
intersections reported by the query.

The layered segment tree proposed by Vaishnavi and Wood [8]
maintains O(n log n) space and pre-processing time and O(log n + k)
search time. Let L(u) denote the segment represented by a node u in a
segment tree T . The segment tree with sorted node lists is augmented
by adding a line segment H to a node u whenever L(u)\H 6= � during
insertion. In case L(u) � H then the node is marked as a white node,
while if L(u) 6� H or L(u)\H 6= � then the node is marked as a black
node. Each node in the list is linked to its successor and a w-link is
added from each node to the next white node in the list in one exists
(See [4] for �gures which explain how insertions are done in the layered
segment tree, and which explain how the nodes list are maintained for
the black and white nodes). Also, let u� and u� be de�ned as the left
and the right children of the node u in the segment tree.

The insertion algorithm of a line segment for this augmented tree
is described as follows:

If the line segments are added in Shor to this skeletal segment
tree in descending order of y-values using this insertion algorithm, it
again takes O(n log n) time and O(n log n) space. The information at
each node can be used to improve the time and space complexities of
structure.

Layering is added in the tree by adding pointers (or bridges) for
each node in every node list of a tree node u, with left and right suc-
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INSERT(H, T )
Input: The augmented segment tree T and the segment to be inserted { H.
Output: Updated augmented segment tree T .
Begin
1 u = root(T )
2. If L(u) � H Then
3. Add H to the node list of u using a white node, linking it not

only to the next node in the list but also to the next white node.
4. End If
5. If L(u) 6� H Then
6. Add H to the node list of u using a black node, linking it not

only to the next node in the list but also to the next white node.
7. If L(u�) \H 6= � Then Repeat the algorithm with u = u�

8. If L(u�) \H 6= � Then Repeat the algorithm with u = u�.
End If

End

cessor in the node lists u� and u� respectively. These pointers/bridges
point to the corresponding successors [8,9]. We now describe the pro-
cedure to �nd these successors. If v is a node, let its left and right
successors be de�ned as u� and u� respectively. We �rst state the
scheme to �nd the successors v� and v� of a node v in the node list
corresponding to the node u in the augmented segment tree.

Let w be the �rst node of the node list of u� whose y-value is greater
than or equal to the y-value of v. Let this be v�. If no such w exists,
then v� is empty. The process is similar for v�. For the augmented
segment tree, the layered tree structure can be obtained by carrying
out a pre-order traversal of T [8]. On visiting each node u, �nd the v�
(resp. v�) for each node v in the node list of u by a single scan of node
list of u and that of u� (resp. v�) .

Since the node lists of u� and u� are no larger than that of u, this
means that the time taken for all nodes in the tree is O(n logn). Since
for each entry in each node list we are adding a constant amount of
space, the total space is still O(n logn) for this layered segment tree.

Now, O(n) root entries for the node list of the root are added. A
simple form of this is a sorted array of q distinct y-values of the line
segments in Shor. We shall use this fact to prove the theorem involving
the insertion of an arbitrary segment into the layered segment tree.
Each element yl in the array is linked to the �rst appearance of a line
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segment in the node list of the root with that y-value. This structure
is the layered segment tree.

We observe that the entry at any one of the root values in the
node list of the root, determines a segment tree via the left and right
successors. The node lists of this tree only contain line segments whose
y-value is greater than or equal to the y-value of the root node. More-
over, there are no other node list entries in the layered segment tree,
which satisfy this condition.

The above discussion leads to the query algorithm formally given
in [8,?] which takes O(log n+k) time. In summary, the layered segment
tree enables us to solve the true intersection problem between a verti-
cal segment and a collection of horizontal segments with O(n log n)
preprocessing time and space. The query time for the structure is
O(log n+ k).

4 Insertion of an Arbitrary Segment into a Layered

Segment Tree

The insertion algorithm described in the previous section assumes that
the line segments to be inserted are sorted by their y-values. We shall
now show that an arbitrary horizontal line segment H can be inserted
in the layered segment tree in O(logn) time[5]. Furthermore, as will be
clear presently, the proposed scheme also permits the on-line insertion
of the nodes in real time.

Consider the layered segment tree T . Let the segment to be inserted
be of the form H = (x1; x2; y). To enhance the basic algorithm, we opt
to use the binary search in the node list of the root { NL(root) { to
insert a node corresponding to the segment H. This takes O(log n)
time. To accomplish this we need to modify the traditional insertion
algorithm because it assumes that the segments being inserted are
given in a sorted sequence of their y values.

In order to accomplish our goal, we shall add a node h correspond-
ing to the segment H to the node list (NL) of the root node using a
white node. Without loss of generality, we assume that all the y-values
in the NL are distinct. In case they are not, we can trivially (i.e.,
without adding to the complexity) augment the NL nodes to have an
associated counter with each distinct y-value which counts and keeps
track of the number of segments with that y-value. The insertion of
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h in the NL(root) after locating the proper location using a slightly
modi�ed (in case of non-distinct y-values) binary search requires O(1)
time. Thus, the total time taken for the insertion of h in NL(root) is
O(log n).

We now state and prove the main result of this paper.

Theorem 1. Insertion of an arbitrary segment H into a layered seg-

ment tree can be achieved in O(logn) time and O(log n). The space

complexity of the structure is O(n log n) and the query complexity is

O(log n + k) where k is the number of segments satisfying the query

and n is the number of segments stored in the layered segment tree.

Sketch of Proof. On inserting h to the NL(root), maintenance and
update of the left and right bridges can be done in O(1) time as it only
involves constant number of bridge pointer updates.

If h is a black node, it is possible that it is added to the node list of
the (left and/or right) child of the corresponding node in the segment
tree. As explained in the insertion algorithm in section 3, if the node is
white, it is not inserted in the node lists of its left and right children.

Consider a node u and its left child u� and their node list NL(u)
and NL(u�) respectively (shown in greater detail in a �gure in [4] and
omitted here for space limitations). We can extend this approach to
the right bridge of h.

Assume that a node h has been inserted between nodes a and b,
where a and b are adjacent to each other in the node list with no nodes
between them. Let a�0 = LB(a), and b�0 = LB(b) be the left bridges
of a and b respectively. As explained earlier, we assume that a and b

have distinct y-values. Without any loss of generality, we assume that
the y-value of a is less than or equal to the y-value of b.

By the de�nition of the left bridge,

y-value(a�0) � y-value(a) (1)

y-value(b�0) � y-value(b) (2)

The insertion of h involves two di�erent cases, namely when h is
white, and when h is black.

We consider both these case separately for the purpose of analysis
and discussion.
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Case 1: h is a white node. If h is white, h would not be inserted
in any node lists in the subtree of u. We note that u was the root
initially. We thus need to �nd LB and RB { the left and the right
bridges of h.

Since the entries a and b are distinct and adjacent in the node
list, we know that y-value (a) < y-value(b). Let a�0 = LB(a) and
b�0 = LB(b) be the left bridges of a and b respectively. We shall now
prove that a�0 and b�0 are adjacent to each other if and only if they
are distinct.

The su�ciency condition follows directly from our assumptions.
The necessary condition will be proved by contradiction. Let us as-
sume that there exists a node P�0 between a�0 and b�0 in the node list
NL(u�). So, by our assumption of the distinctness of y-values of nodes

y-value(a�0) < y-value(P�0) < y-value(b�0): (3)

From the equations 1, 2, 3, we get

y-value(a) � y-value(P�0) � y-value(b) (4)

This can hold true if either y-value(a) = y-value(P�0) and/or y-
value(b) = y-value(P�0) because y-value(a)< y-value (P�0)< y-value(b)
is not possible because of our initial assumption of the adjacency of
nodes a and b without any elements in between them. Hence, our as-
sumption that P�0 is positioned between a�0 and b�0 is false. This leads
to the proof of the necessary condition.

So, the left bridge of h - LB(h) is the same as LB(b). Therefore,
LB(h) = LB(b). Similarly, we can also determine the right bridge of
h. Consequently, the maintenance and update of the layering structure
involves constant number of pointer manipulations which takes O(1)
time.

Case 2: h is a black node. This means that h may or may not
be added to NL(u�). If h is added to NL(u�) as h�, then LB(h) = h�.
Thus, the left bridge LB can be found in O(1) time if the location of
h� is known in NL(u�).

Since a�0 and b�0 are adjacent and h�0 is to be inserted in NL(u�),
we know that,

y-value(a) < y-value(h) < y-value(b) (5)

y-value(a�0) � y-value(a) (6)
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y-value(b�0) � y-value(b): (7)

From the above it follows that

y-value(h) � y-value(b�0): (8)

It is clear from the discussion above that the insertion of node h

as h� has to be done to the immediate left of b�0 which requires O(1)

time. We can similarly �nd the right bridge of h is O(1) time. Thus, if

h� has to be added to NL(u�), the bridges can be found in O(1) time.

If h is not to be inserted, we can follow the same approach as in Case

1.

Thus, the total time required for the insertion of the segment is the
sum of the time required for inserting the node in NL(root) (O(log n))

and the time required for adjusting the left and right bridges of the

inserted nodes (O(1)). Clearly, the complete insertion operation takes

O(log n).

In addition, as a result of the insertion of the node, only O(log n)

space is added. This is because the node can be inserted at most (log n)

time and the space associated with the node and its corresponding links

is O(1).

Hence the theorem.

Since the time required for this operation is O(log n) and since it

does not require that the elements be sorted a priori, it is clear that
all the essential operations associated with the layered segment tree

can be done e�ciently, and the primary goals of the paper have been

met.

We are currently investigating how these principles can be utilized

in the contour processing of maps and in geographic information sys-

tems.

5 Conclusion

The data structure that is probably most used in the pattern recog-

nition and image processing of geometric objects is the segment tree

and its optimized variant, the \layered segment tree". In the versions

currently known, the bottleneck on this structure is the operation of

\insertion". The best reported scheme for this is the one due to Vaish-
navi and Wood where the insertion of n horizontal segments in a lay-

ered segment tree is achieved in O(n log n) time and O(n log n) space.
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Their insertion algorithm requires that the horizontal segments that
are inserted be sorted by their y-values.

In this paper we have proved that the insertion of an arbitrary
interval in the layered segment tree can be done in O(log n) time. We
have thus demonstrated that even without sorting the line segments
based on their y-values prior to insertion (as proposed by Vaishnavi
and Wood [8]), we can maintain the same amortized time complexity
for insertion. Thus, the enhanced structure can be e�ectively used in
real-time, on-line applications very powerfully.
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A b s t r a c t  

We have deveioped two novel methods to improve K-nearest neigh- 
bor (K-NN) classifications. First, we introduce a new technique to 
greatly reduce the template size. This significantly improves classifi- 
cation time with no accuracy drop. Secondly, we introduce a prepro- 
cessing procedure to preclude a large part of prototype patterns which 
are unlikely to match the unknown pattern. This again accelerates 
the classification procedure considerably. The simulation results on 
the GSC digit recognizer [1] show that the accommodation of two pro- 
cedures to K-NN search achieves 7 times faster than the original one 
without any decay in classification accuracy. 

Introduction 

The K nearest neighbor (K-NN) nile [21-[61 is a well-known decision rule used 
extensively in pattern classification problems. The misclassification rate of 
the K-NN rule approaches the opt imal  Bayes error rate asymptotically as 
K increases [7]. The K-NN rule is par t icular ly  effective, when probability 
distributions of the feature variable are not known, and therefore, render- 
ing the Bayes decision rule [7] is not usehtl. To perform template matching, 
each matching requires complexity O(n). where n is the dimension of a pat- 
tern. When n is a large number,  such as n = 512 in GSC recognizer [1], it 
takes enormous time to match the whole templa te  set. There are two effec- 
tive algorithmic techniques for reducing the computational  burden: template 
condensing and preprocessing. 

Selection of templates is an impor tan t  par t  of the nearest neighbor (1-NN) 
rule [8]-[11]. Templates are selected so tha t  classifications obtained using 
any proper subset of the initial templa te  set leads to gradual degradation in 
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recognition accuracy. This greatly decreases the number of prototypes that 
an unknown pattern must be compared to. In this paper, we develop a novel 
method of selecting the subsets. The idea behind comes from the fact that, if 
many prototypes are assembled in an area but without any prototypes from 
any other classes, then a number much larger than sufficient number K of 
patterns in this area could happen to be nearest to an unknown pattern as 
long as it is in this area. Our approach is to reduce redundant prototypes from 
such area. It not only reduces the template size greatly but also maintains 
the classification accuracy. 

We also describe a preprocessing stage wherein an unknown pattern is 
matched to a prototype in two stages. In the first stage a quick assessment 
of the potential of match is made. Using the number of ones in the binary 
prototype. In order for a match to occur in the first stage, the difference 
in the number of ones in the prototype and the unknown pattern must be 
less than a predetermined threshold. Prototypes that  fail in the first stage 
of matching are not considered any hn'ther, and thus dynamically preclude a 
big part of prototypes. Since the proposed preprocessing just take one step, 
i.e., the complexity is 0(1),  it considerably reduces the time of processing. 
Furthermore, such preprocessing does not sacrifice the accuracy for it only 
rejects prototypes which are not close enough, if properly used. 

2 Preliminary" Weighted K-NN Classification 
A 

Let p be the number of classes, and c - (c  (i), i = 1, 2 , . . . ,  p} be the set of 
class labels. Let ,~ be a set of labeled prototype patterns, called templates. A 
labeled pattern y E (0~ 1} n in the template  set is called a prototype, where n 
denotes the pattern dimension: . The class label of a prototype y is denoted 

by c(y). 
Let H(x .y )  be the matching measure between pattern x and y. where 

H is supposed to be a nonnegative and symmetric function. The larger the 
value H(x :y)  shows the nearer between y and x. A well-known matching 
measure is the reciprocal of Hamming distance: i.e.. 

n 

H ( x : y )  = ( Z  Ixi - Y i l ) - i  (1) 
i - - 1  

Let y ( 1 ) . y ( 2 ) . . . . y ( K )  be the K prototypes which are nearest to x. in 
sense of H among all the prototypes in the template set ~.  A weighted 
voting for each class is computed as follows: 

K 
A 

w i -  Z H(x 'Y(k) ) '  j (y (k )c ( i ) ) .  
k- -1  

i -  1~2,... ,p. (2) 
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where ~(., .) satisfies 

6(y(k) c(0) { 1, if c (i) is the class label of y(k); 

0, otherwise. 
(3) 

Let wi, wj be the largest and second largest values over {wl,w2, . . .  ,wp}, 
respectively. The pattern x is classified to the class c (i) and its confidence 
(reliability) is defined as 

A wi  (1 _ w j ) .  (4) 

It is worth noting that: 
(b) y e [0, 1]. 
(b) ~] = 0, iff wj = wi. 
(c) y = 1, iff wj " -  0 or wi = oc. 

3 Template Reduction 
We note that, in the K-NN classification, given an unknown pattern x. the 
(K + 1)-th, (K + 2)-th . . .  , prototypes in the template set nearest to x. in 
the sense of H(x. . ) ,  do not affect the classification of pattern x. In fact, 
K is supposed to be a quite small number.  Otherwise, Sorting K nearest 
patterns over a template with size of N, after all matching measures H(x.-) 
are calculated, needs the complexity O ( K N )  and hence takes a great part 
of the overall complexity, therefore it is not  desirable. It frequently happens 
that the number of prototypes, which come from a class and nearer to x 
than any other prototypes from different class, is much larger than sufficient 
number K, according to our confidence measure. Specifically, we imagine an 
area such that it includes very many pa t te rns  of same class in template set 
but has no any patterns of other class. If x is located in such area, then 
the number of patterns in this area which are nearer to the unknown pattern 
than any other patterns of other classes, could be much greater than K. This 
fact motivates us to come up with a method to reduce the template set but 
hold the accuracy. 

We describe the training process whereby we decide on the set ,I,. We 
start with a training set N that  is very large, and then iteratively refine this 
training set using the algorithm developed below. 

We assume that all p classes are equally probable. The training set is 
initially created by extracting feature vectors from a very large set of images 
of interest, among which each class has equal representation. We assume the 
feature extraction algorithm is perfect so that  the any two images in differ- 
ent classes generate different features (patterns).  However, different images 
representing the same class may have identical feature vectors. First, we 
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Figure 1" Pictorial plane representation of the attractive capacit3,. 

eliminate all redundant patterns from the set ~ such as those that corre- 
spond to different images of the same class. For simplicity, let us continue to 

denote the new set by ~.  
In a given set of binary patterns,  we define the attractive capacity Sy 

of a pattern y as the number of pat terns  that  match more than any other 
patterns in different classes from y. Anals~ically, the attractive capacity of 
the pattern y E A is defined as follows 

L ~  

sy = [{x E A �9 H ( y , x )  > H ( y , x ' ) . V x '  E A such that  c(x') ~ c(y)}[. (5) 

We note that the prototypes accounted in sy have same class label as y. Fig- 
ure 1 illustrates the concept of at tractive capacity. In the figure, ".'" stands 
for the prototypes in the same class as y,  and "x'" stands for the prototypes 
in the class different from y. In the example, the attractive capacity of y is 

sy - 11. 
We note that  the patterns that  have high capacities are in the center of 

dense areas. Thus a reasonable approach is to remove some prototTpes with 
high attractive capacity from the training set 3 .  However, if we eliminate all 
patterns whose attractive capacit7 over certain threshold, we over-sparsify 
the dense area, and thus inevitably lower down the accuracy. Let us give an 
example to illustrate the disadvantage of this method. 
Supposing the patterns of each class are vet3' close to each other but are very 
far from the patterns of any other class in the template set. So the capacity of 
each patterns are equally high. Then we would remove all training patterns 
according the above method. Of course this is not reasonable. 
The reason is that the capacity of a protot3"pe is determined by other pat- 
terns, instead of it own. When some pat terns  are eliminated from the tem- 
plate set. some of the remaining pat terns  which initially have high capacities 
no longer hold, on the other hand. some of the remaining patterns which 
initially have low capacity turn to have high capacity. 
An efficient way to overcome this obstruct ion is to eliminate the proto- 
types with high capacities gradually. Specifically, we gradually eliminate 
the ~ ( t ) . t  - 0, 11 . . . .  portion of pa t terns  which have higher attractive ca- 
pacitT than those of the rest prototypes in the class c(i)~ i = 1 .2 . . . .  ,p, 
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respectively, where t represents the i terat ion number  and ~(t) is a decreasing 
function of t. We stop iterating when t is greater  than certain number N. 
We present the detail procedure as follows. 

Template Reduction Procedure_ 
. . . . . . . . . . . .  

Step 1" Set ,i~ 4- ~ and t = 1. 

Step 2" Calculate the attractive capacity for each prototype in the updated 
template set ~.  

Step 3" Eliminate the ~(t) portion of pat terns which have higher attractive ca- 
pacity than those of the rest prototypes in the class c (i), i = 1, 2 , . . .  , p, 
respectively. 

Step 4' Set t +- t + 1. If t > N then stop" else go to Step 2. 

4 Preprocessing 

We observe that the computational complexity of the matching measure H is 
O(n). When n is rather large, this is ve~- t ime-consuming if each prototype 
pat tern is to be matched once to classify an unknown pattern.  In the previous 
Section we have introduced a method to reduce the template size. However, 
to maintain the accuracy, the template  size is not  able to be infinitely reduced. 
We imagine that we must be able to reject a large part  of prototypes at the 
first sight if we are required to find out K nearest  prototypes manually. In the 
following we give an interpretation of "first ~ght"  for classification process. 

We observe that the numbers of ones (or equivalently the number of zeros) 
of prototype y is a special characteristic of tha t  prototype,  such that  

n 

= Z y'" (6) 
i = 1  

An unknown pattern x can be considered to be a distorted version of y if the 
difference of their numbers of ones, lax - Ay I. is within certain threshold 0y. 
It is worth noting that lax - Ayl = 0 if y = x. 
The crucial point is to give an appropriate  threshold for each prototype. Here 
we give a straight-forward method. We con~der  v prototypes y(1). y(2) . . .  ,y(~) 
which are nearest to y, in the sense of H ( y . - ) .  among all prototypes in the 
same class as y. In fact, we can regard yCll y(2) . . .  ,y(r) as the distorted 
versions of y. Therefore we determine the threshold by 

Oy ~ max{lAy - X(y~) I �9 i - 1 . 2 , . . . ,  T}. (7) 

To classify an unknown pat tern  x~ we first check whether lax - A y l  _< 0y. 
If the check fails, we simply do not consider y any further. Figure 2 shows 
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prototypes ""' - - ]  output 

Figure 2" Classification process 

two stages of classification, where H denotes the set of prototypes y which 
are qualified as candidate prototypes of x, tha t  is. lax - )~yl <- 0y, and c(x) 
denotes the label that x is classified to. 

Since ,ky and 8y for each protoD-pe can be pre-calculated in the training 
procedure. We just need to calculate ,kx once. The complexity of prepro- 
cessing for each prototype is O(1), especially: it is independent of the pattern 
dimension n. However, to obtain the matching measure H ( y , x )  the complex- 
ity is O(n). Thus, the larger the value n. the more powerful the preprocessing. 
We observe that. the smaller the value v. the smaller the threshold, therefore, 
the more prototypes are precluded in the preprocessing. However. with the 
threshold smaller and smaller, the preprocessing even rejects the truly close 
prototypes: which is not desirable. 

5 Experimental  Resu l t s  

In this Section we accommodate the above two methods to a well-known 
digit recognizer. GSC [1]. A GSC feature vector is a 512-dimensional binary 
vector, i.e.~ n = 512. In GSC recognizer the matching measure is defined as 

H ( x . y )  - 2 �9 1{1 _< i < n" x, - y, -- 1}1 + I{1 _< / _< = y, - 0}1, (8) 

and the parameter K = 6. 
For digital recognition: there are 10 c lasps ,  i.e.. p -  10. The given training 
set ~ of 126,000 patterns has equal number  of patterns in each class. The 
given testing set has 25,300 patterns and again equal number in each class. 
We simulate on a SPARC 400 MHZ computer.  

Experiment 1" 
In this experiment we apply the proposed approach of template reduction 
to the GSC recognizer. We simulate on 4 classifiers. Classifier I uses the 
training set of 126.000 patterns as template  and original scheme as in [1]. In 
the template reduction procedure, we set ~(t) = 0.4 x (t + 1) -~  Classifier II 
uses the reduced template of 23.900 patxerns (N - 5). Classifier III uses the 
reduced template of 33.320 patterns (N  -- 4). Classifier IV uses the reduced 
template of 46,470 patterns (N -- 3). The results are listed in Table I. 

By applying the proposed template reduction. Classifier III reveals the 
similar accuracy as Classifier I. however, the classification procedure of Clas- 
sifter III takes almost 1/4 of that  of Classifier I. 
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Table i 
Simulation Comparisons for Different Classifiers 

Classifier 

II 
III 
IV 

Time (ms) 
. . . .  

307.1 
58.2 
80.9 

"i'i3.0 

Accuracy (%) 

97.62 
96.86 
97.58 
97:63 

Table I i  
Simulation Comparisons for Different Classifiers 

Cl'assifier Time (ms) 
�9 

Accuracy (%) 

I 307.1 97.62 
III 80.9 97.58 
V 35.2 95.83 
VI 44.8 97.56 

61.2 VII 97.61 

Experiment 2: 

In this experiment we apply the proposed preprocessing to accommodate 
Classifier III. Classifier V. VI, VII are generated by combining Classifier III 
and preprocessing with parameter v - 10.15.20, respectively. We show the 
simulation results along with those of Classifier I and Classifier III as in Table 

II. 
We observe that the preprocessing reduces classification time by almost 

one time while maintaining similar accuracy. Totally, the combination of two 
techniques makes the classification rime almost 7 times less than the original 
one but sacrifices no accuracy. 

6 C o n c l u s i o n  and  F u t u r e  W o r k  

We have presented two approaches to improve the efficacy of K-NN classifi- 
cations. Differing from the template reduction methods in literature, which 
reduced the template size also lowered down the classification accuracy, we 
implement the template reduction by gradually eliminating the prototypes 
with high capacity. This method allow us to cease a lot of redundant pro- 
totypes. Consequently it is able to notably reduce the template size but 
maintain the accuracy. We also developed an efficient preprocessing. It took 
just one step. i.e., the complexity is O(1). which is much less than full match- 
ing complexity of O(n). It precluded a large part of prototypes which were 
not close to the unknown pattern, thus significantly reduced the classification 
time, especially when n is rather large, at same time kept the classification 

accuracy. 
We have not proposed any rules for optimal selection of template proto- 

types. We are confident that  it should result better performance if parameter 
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depends on both class label and i terat ion times. Furthermore.  the proposed 
stopping rule is heuristic and nothing to do with optimality. This aspect is 
worthwhile to be further studied. 

In the proposed preprocessing, the opt imal  selection rule of parameter r 
is to be studied. In a broader view, it is worthwhile to study on the optimal 
selection of threshold for each pro to type ,  which is unnecessary to be based 
on the proposed scheme. Furthermore~ it is worth  working on some other 
interpretations of "first sight", or more broadly, "finite sights". 
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Abstract. We introduce a novel algorithm for optimal feature selection.
As opposed to our recent Fast Branch & Bound (FBB) algorithm [5]
the new algorithm is well suitable for use with recursive criterion forms.
Even if the new algorithm does not operate as effectively as the FBB
algorithm, it is able to find the optimum significantly faster than any
other Branch & Bound [1,3] algorithm.

Keywords: subset search, feature selection, search tree, recursive crite-
ria, optimal search, subset selection.

1 Introduction

The problem of optimal feature selection (or more generally of subset selection)
is difficult especially because of its time complexity. Any known optimal search
algorithm has an exponential nature. The only alternative to the exhaustive
search is the Branch & Bound (BB) algorithm [1,3] and ancestor algorithms
based on a similar principle. Any BB algorithm requires the criterion function
fulfilling the monotonicity condition. Let χ̄j be the set of features obtained by
removing j features y1, y2, · · · , yj from the set Y of all D features, i.e.

χ̄j = {ξi|ξi ∈ Y, 1 ≤ i ≤ D; ξi 6= yk,∀k} (1)

The monotonicity condition assumes that for feature subsets χ̄1, χ̄2, · · · , χ̄j ,
where

χ̄1 ⊃ χ̄2 ⊃ · · · ⊃ χ̄j

the criterion function J fulfills

J(χ̄1) ≥ J(χ̄2) ≥ · · · ≥ J(χ̄j). (2)

By a straightforward application of this property many feature subset evaluations
may be omitted.

Before discussing the new algorithm, let us summarize the BB principle
briefly. The algorithm constructs a search tree where the root represents the

S. Singh, N. Murshed, and W. Kropatsch (Eds.): ICAPR 2001, LNCS 2013, pp. 230–239, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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Fig. 1. Example of “branch & bound” problem solution, where d = 2 features are to
be selected from the set of D = 5 features. The dashed arrows illustrate the way of
tracking the search tree.

set of all D features and leaves represent target subsets of d features. While
tracking the tree down to leaves the algorithm removes successively single fea-
tures from the current set of “candidates” (χ̄k in the k-th level). The algorithm
keeps the information about both the till-now best subset X and the criterion
value X∗ it yields (we denote this value the bound). Anytime the criterion value
in some internal node is found to be lower than the current bound, due to the
condition (2) the whole sub-tree may be cut-off and many computations may be
omitted. The course of the BB algorithm is illustrated on Fig. 1. For details see
[1,3,2].

Several improvements of this scheme are known: the “Improved” BB algo-
rithm [3] utilizes a heuristic for ordering tree branches so as to find the optimum
faster and therefore to allow more sub-tree cut-offs. The “Fast” BB algorithm [5]
introduces a prediction mechanism being able to predict impossibility of cutting-
off a sub-tree and therefore to save a significant number of computations.

2 Drawbacks of the Traditional Branch & Bound
Algorithm

When compared to the exhaustive search, every BB algorithm requires additional
computations. Not only the target subsets of d features χ̄D−d, but also their
supersets χ̄D−d−j , j = 1, 2, · · · , D − d have to be evaluated.

The BB principle does not guarantee that enough sub-trees will be cut-off
to keep the total number of criterion computations lower than their number in
exhaustive search. The worst theoretical case would arise when we defined a
criterion function J(χ̄k) = |χ̄k| ≡ D − k; the criterion function would be com-
puted not only in every leaf (the same number of computations as in exhaustive
search), but additionally also in every other node inside the tree.
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Weak BB performance in certain situations may result from simple facts
that nearer to the root: a) criterion value computation is usually slower (evalu-
ated feature subsets are larger), b) sub-tree cut-offs are less frequent nearer the
root (higher criterion values may be expected for larger subsets, which reduces
the chance of the criterion value to remain under the bound, which is updated
in leaves). The BB algorithm usually spends most of time by tedious, but less
promising evaluation of tree nodes near the root. This effect is to be expected
especially for d � D. In case of the “Improved” BB algorithm a significant
number of additional computations is needed for ordering internal search tree
node descendants. The advantage following from these computations may be-
come questionable, because a slightly better heuristic organization of the search
tree is often outweighted by the additional computational time.

A very effective way of resolving BB disadvantages offers the FBB algorithm,
which is able to replace a large number of computations by means of prediction.
Although the FBB algorithm requires usually several times less criterion compu-
tations than any other BB algorithm, its suitability for many practical problems
is limited if the recursive criterion forms are to be used. To resolve this limitation
we define a new, more universal algorithm.

3 Improving the “Improved” Algorithm

Let’s focus on the “Improved” BB algorithm heuristics for ordering the internal
tree node descendants. Let the criterion value decrease be the difference between
the current criterion value and the value after the removal of a particular feature.
Let bad features be those features, whose removal from the current candidate
set causes only a slight criterion value decrease. Let good features be those ones,
whose removal from the current candidate set causes a significant criterion value
decrease. (At this stage there is no need to quantify what a slight or significant
decrease is).

In this explanation we assume that the BB algorithm constructs a search tree
with a given topology (e.g. the “minimum solution tree” described by Yu and
Yuan [4]). It is apparent that given the search tree topology, different feature
assignments to the tree edges may be defined. The “Improved” algorithm aims
to position bad features to the right, less dense part of the tree and good features
to its left, more dense part . Based on such ordering we may expect faster bound
increase, because preferred removal of bad features should keep the candidate
criterion value higher. Consequently, removing good features from later candidate
sets in the left, dense part of the tree gives better chance to decrease the criterion
value under the bound and therefore to allow more effective sub-tree cut-offs.

The “Improved” BB algorithm operates approximately twice as fast as the
“Basic” BB algorithm in most practical problems. However, the ordering heuris-
tic requires a significant number of additional computations. Let’s illustrate this
drawback on Fig. 1 – when constructing the first level, i.e. when specifying the
ordering of root descendants, the “Improved” algorithm evaluates the criterion
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Fig. 2. Simplified diagram of the new algorithm
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value decrease for every available feature (all 5 features), although only 3 features
are to be assigned to first level edges.

Our intention is to find the same (or very similar) ordering of tree nodes as
given by means of the “Improved” BB algorithm with reduced number of cri-
terion evaluations. To achieve this goal we utilize the prediction mechanism as
defined for purposes of the FBB algorithm. The new algorithm will construct
the consecutive tree levels in several phases. First the criterion value decrease
will be predicted for every feature being currently available for the tree construc-
tion. The features will be sorted descending according to the predicted criterion
value decreases. Then, the required number of features (beginning from the fea-
ture with highest predicted criterion value decrease) will be taken to form the
consecutive tree level.

Different features appear in different search tree construction stages, there-
fore we need to collect the prediction information separately for every feature.
First we introduce a vector of feature contributions to criterion value for stor-
ing the individual information about average criterion value decrease caused by
removing single features from current “candidate” subsets. Next we introduce a
counter vector recording the number of criterion value decrease evaluations for
every individual feature.

4 Branch & Bound with Partial Prediction (BBPP)

Our algorithm description is based on the notion from book [2]. We will use
following symbols:
constants:

D – number of all features,
d – required number of selected features,

other symbols:
Y – set of all D features,
J(.) – criterion function,
k – tree level (k = 0 denotes the root),
χ̄k = {ξj | j = 1, 2, · · · , D− k} – current “candidate” feature subset in k-th

tree level,
qk – number of current node descendants (in consecutive tree level),
Qk = {Qk,1, Qk,2, . . . , Qk,qk} – ordered set of features assigned to edges

leading to the current node descendants (note that “candidate” subsets χ̄k+1
corresponding to the current node descendants are fully determined by features
Qk,i for i = 1, · · · qk),

Jk = [Jk,1, Jk,2, . . . , Jk,qk ]T – vector of criterion values corresponding to the
current node descendants in consecutive tree level (Jk,i = J(χ̄k \ {Qk,i}) for
i = 1, · · · , qk),

Ψ = {ψj | j = 1, 2, · · · , r} – control set of r features being currently available
for search-tree construction, i.e. for building consecutive descendant vector Qk;
the Ψ set serves for maintaining the search tree topology,

X = {xj | j = 1, 2, · · · , d} – current best subset of d features
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X∗ – current bound (criterion value corresponding to X ),
A = [A1, A2, . . . , AD]T – vector of feature contributions to criterion value,
S = [S1, S2, . . . , SD]T – counter vector (together with A serves for predic-

tion)
Remark: it is necessary to store all values qj , ordered sets Qj and vectors Jj for
j = 0, · · · , k during the algorithm course to allow backtracking.

The algorithm is to be initialized as follows:
k = 0 (starting in the root),
χ̄0 = Y ,
Ψ = Y , r = D
X∗ – lowest possible value (computer dependent)
Si = 0 for all i = 1, · · · , D.

The BBPP Algorithm
Whenever the algorithm removes some feature yi from the current “candidate”
subset and computes the corresponding real criterion value J(χ̄k \ {yi}) in k-th
tree level, use the difference J(χ̄k) − J(χ̄k \ {yi}) for updating the prediction
information. Let

Ayi =
Ayi · Syi + J(χ̄k) − J(χ̄k \ {yi})

Syi + 1
(3)

and let

Syi = Syi + 1 (4)

STEP 1: Select descendants of the current node to form the consecutive tree
level: first set their number to qk = r − (D − d − k − 1). Construct an ordered
set Qk and vector Jk specifying the current node descendants as follows: sort
all features ψj ∈ Ψ, j = 1, · · · , r descending according to their Aψj , j = 1, · · · , r
values, i.e.

Aψj1 ≥ Aψj1 ≥ · · · ≥ Aψjr

and choose successively first qk features among them, i.e. let
Qk,i = ψji for i = 1, · · · , qk
Jk,i = J(χ̄k \ {ψji}) for i = 1, · · · , qk

To avoid future duplicate testing, features ψji cannot be used for construction
of consecutive tree levels, so let Ψ = Ψ \Qk and r = r − qk

STEP 2: Test the right-most descendant node (connected by the Qk,qk -edge): if
qk = 0, all descendants were tested, go to Step 4 (backtracking). If Jk,qk < X∗,
then go to Step 3. Else let χ̄k+1 = χ̄k \ {Qk,qk}. If k + 1 = D − d, then you
have reached a leaf, go to Step 5. Otherwise go to the consecutive level: let
k = k + 1 and go to Step 1.
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STEP 3: Descendant node connected by the Qk,qk -edge (and its possible
sub-tree) may be cut-off: return feature Qk,qk to the set of features available for
tree construction, i.e. let Ψ = Ψ ∪ {Qk,qk} and r = r + 1, Qk = Qk \ {Qk,qk}
and qk = qk − 1 and continue with its left neighbor; go to Step 2.

STEP 4: Backtracking: Let k = k − 1. If k = −1, then the complete tree had
been searched through; stop the algorithm. Otherwise return feature Qk,qk to
the set of “candidates”: let χ̄k = χ̄k+1 ∪ {Qk,qk} and go to Step 3.

STEP 5: Actualize the bound value: Let X∗ = Jk,qk . Store the currently best
feature subset X = χ̄k+1 and go to Step 2.

Remark: In Step 1 for k = 0 the term J−1,q−1
denotes the criterion value on a

set of all features, J(Y ).

5 New Algorithm Properties

The algorithm may be expected to be most effective, if the individual feature
contribution to the criterion value does not change strongly in relation to differ-
ent subsets. Practical tests on real data fulfilled this property in most of cases.
Moreover, the BBPP algorithm proved to be effective even in cases, when due to
difficult statistical dependencies individual feature contributions failed to remain
stable.

When compared to the FBB algorithm, the BBPP may be expected to be
more robust. A potential failure of the prediction mechanism would have only
indirect influence on the overall algorithm performance. A potentially wrong or-
dering of internal tree nodes (i.e. assigning of features to edges) would eventually
decrease the efficiency of sub-tree cut-offs, but on the other hand the basic ad-
vantage over the “Improved BB” algorithm – reducing the number of additional
computations – remains preserved.

When compared to both “Basic” and “Improved” algorithms the BBPP al-
ways spends some additional time for maintaining the prediction mechanism.
However, this time proved not to be important in case of non-recursive criterion
forms, while in case of faster recursive criterion forms it still proved to be short
enough to ensure overall algorithm speedup. Moreover, especially for use with
recursive criterion forms attempts to define even simpler prediction mechanisms
to save computational time (e.g. to utilize the last known feature contribution
to criterion value only) have been made with promising results.

Remark: To ensure good results we recommend to evaluate the individual fea-
ture contributions to criterion value once for all features in the initial algorithm
phase. This will ensure a correct start of the prediction mechanism. Moreover,
the first search tree level may then be constructed in the same way as in the
“Improved” BB, what may prove to be advantageous for later algorithm phases.
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6 Experiments

The algorithms were tested on a number of different data sets. Here we present
representative results computed on 30-dimensional mammogram data (2 classes
– 357 benign and 212 malignant samples) obtained from Wisconsin Diagnostic
Breast Center via the UCI repository - ftp.ics.uci.edu. We used both the recursive
and non-recursive Bhattacharyya distance as the criterion function. Performance
of different methods is illustrated on Fig. 3 and Fig. 4 by a graph of total
computational time and a graph of criterion evaluation numbers. We did not
include the graph of criterion values, because all the methods yield the same
optimum values.

Fig. 3. Example: Optimal subset search methods performance when maximizing the
non-recursive Bhattacharyya distance on 30-dimensional data (Wisconsin Diagnostic
Breast Center). Results computed on a Pentium II-350 MHz computer.

We compare all the results especially with the results of the “Improved” BB
algorithm [3,2], because this algorithm is generally accepted to be the most effec-
tive optimal subset search strategy. In case of non-recursive criterion functions
we compare the new algorithm also with our recent FBB algorithm. Note that in
case of non-recursive criterion computations we implemented all BB algorithms
so as they construct the “minimum solution tree” [4].
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Fig. 4. Example: Optimal subset search methods performance when maximizing the
recursive Bhattacharyya distance on 30-dimensional data (Wisconsin Diagnostic Breast
Center). Results computed on a Pentium II-350 MHz computer.

Although the FBB algorithm usually finds the optimum after the smallest
number of computations, its principle prevents it to be used with recursive cri-
terion functions. The graphs on Fig. 3 and Fig. 4 illustrate that the BBPP
operates faster than the “Improved” BB when used both with non-recursive or
recursive criterion forms. According to expectations, being used with recursive
criterion forms the new algorithm brings a less significant speedup; the computa-
tional complexity of recursive criterion forms is usually significantly lower than
in non-recursive case, although the computational time spend by the prediction
mechanism remains the same.

Remark: When used with recursive criterion form, no BB algorithm may
utilize the “minimum solution tree” [4] due to the necessity to preserve criterion
value computation sequence. The minimum solution tree assumes shortening
of straight paths to leaves, what breaks the criterion computation sequence.
Because of this reason numbers of computations differ in recursive and non-
recursive case.

Both for the FBB and BBPP a slight shift of their graphs to the right may
be observed when compared to the “Improved” BB algorithm. The prediction
mechanism based algorithm acceleration relates to the number of criterion eval-
uation savings in internal search tree nodes, therefore with decreasing d the
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search tree depth increases and allows more effective operation of the prediction
mechanism.

The majority of experiments produced results similar to those on Fig. 3 and
Fig. 4. In one isolated worst case the speed of the BBPP used with recursive cri-
terion form remained comparable to the speed of “Improved” BB. Theoretically
we can not exclude the prediction mechanism failure – if the individual feature
contributions to criterion value were unstable, i.e. changed too often and too
strongly, the BBPP operation could become comparable with the “Basic BB”
algorithm. However, we have not met such situation in our experiments.

7 Conclusion

We defined a new algorithm for optimal subset search. Its prediction mechanism
allows significant time savings when compared to “Basic” or “Improved” Branch
& Bound algorithms [3]. The algorithm was experimentally proved to be robust
and well suitable for use with different criterion functions, both in recursive and
non-recursive form.
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Model Validation for Model Selection
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University of Surrey, Guildford, Surrey. UK. GU2 7XH.

Abstract. Gaussian mixture modelling is used to provide a semi-parametric den-
sity description for a given data set. The fundamental problem with this approach
is that the number of mixtures required to adequately describe the data is not
known in advance. In our previous work [12] we introduced a new concept, termed
Predictive Validation as a basis for an automatic method to select the number
of components. In this paper we investigate the inuence of the various parameters
in our model selection method in order to develop it into an operational tool. We
also demonstrate the utility of our model validation method to two applications in
which the selected models are used for supervised classi�cation and outlier detection
tasks.

Keywords: model selection, gaussian mixtures, predictive validation.

1 Introduction

In this paper we are concerned with the problem of density estimation using
mixture modelling. Consider a �nite set of data points X = fx1;x2; : : :xNg,
that are independent and identically distributed samples of the random vari-
able x. We wish to �nd the function that describes the data, i.e. its pdf p(x).
Building such a model has many potential applications, especially in pattern
classi�cation.

In this work the density is estimated using a semi-parametric technique
based on Gaussian mixture distribution modelling. This o�ers a compromise
between parametric and non-parametric methods. A Gaussian mixture has
a functional form, but the free parameters in the model are allowed to vary
which facilitates a more concise and adaptable model of the data to be built.
The number of free parameters does not depend upon the size of the data set.
In here we are particularly concerned with the problem of model selection,
i.e. determining the number of mixture components required to successfully
model the data.

A simple method of model selection would be to choose the model which
gives the highest likelihood of the data given that model. Schwarz [13] stated
that, in the limit of an in�nitely large training set, the log-likelihood selects
the optimal model. In practice, very large data sets are rarely available and
this criterion is biased to selecting more complex models than actually re-
quired. This bias can be reduced by the use of re-sampling plans such as cross
validation, bootstrapping or jackkniving [4].

S. Singh, N. Murshed, and W. Kropatsch (Eds.): ICAPR 2001, LNCS 2013, pp. 240−249, 2001.
 Springer-Verlag Berlin Heidelberg 2001



Information criteria work on the principal that the model to be preferred
is the simplest one. All work on the product of the likelihood of the data
with a prior imposed over the di�erent models. Many information criteria
have been suggested including, [1], [13], [11], [10] and[2]. The main advan-
tage of information criteria are their simplicity and hence low computational
cost. The downside is that the chosen penalty term depends on the problem
analysed. If the function is complex and the penalty is too strong the model
will be under-�tted.

Other approaches to model selection include total kurtosis [14] and multi-
scale clustering [6].

The work in this paper is an extension of a conceptually novel approach
to model selection based on the idea of model validation [12]. Predictive val-
idation works on the assumption that a good model will predict the data. In
the case of an under-�tted model the model will not predict the data and the
model will be rejected. We investigate the inuence of the various parameters
of the model validation method in order to develop it into an operational tool:
The dependence of the algorithm on the estimation errors of the empirical
probilities; the sensitivity to training data set sample size and the problem of
window size selection have all been investigated. As a result of the work re-
ported in here and in [8], several modi�cations to the algorithm are proposed.
Finally, the proposed e�ectiveness of the modi�ed algorithm is demonstrated
on several real world applications.

The rest of this paper is organised as follows. In the next section our
Predictive Validation algorithm is detailed in full. In section 3 experi-
ments are performed on real data sets. Finally, some conclusions are given
and possible directions for future research are suggested in section 4.

2 Mixture Modelling

A mixture model is de�ned by equation 1.

p(x) =

MX

j=1

p(xjj)P (j) (1)

The coeÆcients P (j) are called the mixing parameters and are chosen
such that

MX

j=1

P (j) = 1 and 0 � P (j) � 1 (2)

Also note that the component functions satisfy the axiomatic properties
of probability density functions
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Z
p(xjj)dx = 1 (3)

In this work we use the normal distribution with a diagonal covariance
matrix for the individual component density functions. The estimation of the
parameters governing the Gaussian mixture model is done via the Expecta-
tion Maximisation (EM) algorithm [3].

Unfortunately, the EM algorithm su�ers from a few major aws. Firstly,
even-though the EM increases the likelihood of the observations, it does not
guarantee a global maximum and it can easily get con�ned to a local maxi-
mum or saddle point. For this reason, di�erent initialisations of the algorithm
have to be considered which may give rise to di�erent models being obtained.
Secondly, there exist parameter values for which the likelihood goes to in�n-
ity. This happens when one of the components collapses onto one of the data
points. Finally, the most diÆcult problem is that the number of components
k, required as an input, is very rarely known in advance.

Ideally, when setting k, the goal is to �nd the least complex model (fewer
components) that gives a satisfactory �t to the data. In practice, this usually
involves computing a set of models with a di�erent number of components
and selecting the model according to some other optimality criteria. This
process is often referred to as model selection.

2.1 Predictive Validation

Suppose we have a model that predicts an event A = xL � x � xU with
probability p(A) = 0:9. If in the dataset X there is no such value for x that
lies in this range, i.e. the observed probability is zero, the model computed
must be a bad one. This is irrespective of any classi�cation performance the
model might have, how many data samples are in the data set and how many
parameters describe the model.

Suppose that a modelMj with j components has been estimated for data
set X . The empirical probability pemp in a hyper-cubic window W placed at
random in the observation space is de�ned as

pemp(x) =
k(W )

N
(4)

where k(W ) is the number of training points falling within window W .
The predicted probability of the data in the window based on the same

model Mj is computed using

ppred(x) =

Z
W

p(x)dx (5)
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If the model is good the empirical and predicted frequencies should be
approximately equal. Making repeated observations of pemp and ppred , for
di�erent window sizes and random placements, permits a weighted linear least
square �t of ppred versus pdiff to be formed, where pdiff = ppred � pemp.

Ppred = a � (Pemp � Ppred) + b (6)

where a is the gradient and b the intercept.
If the model is good then the �tted line in equation 6 should lie close to

the line y = 0. This can easily be checked via a statistical test. Performing
this test allows a model to be self-calibrated.

In summary, the predictive validation algorithm is as follows,

Algorithm 1: Predictive validation

1 Obtain the candidate Gaussian mixture model Mj that has been com-
puted on data set X which contains j components.

2 For each training point xi in X choose a window W of random size and
compute pemp and ppred.

3 Find the weighted least squares �t for Ppred = a � (Pemp � Ppred) + b.
4 Check the (ppred; pdiff ) data can be �tted to a linear model. If it can,
then proceed to step 5. Else model is not validated.

5 Statistically test whether the �tted line is close to the line y = 0. If it is
then accept the model. Else the model is rejected.

In our previous work, the calculation of pemp was selected randomly in
such a way that pemp spanned the interval [0; 1]. Through experimentation
[8], we have found that this is not the best strategy and more control over
the window size and range of pemp needs to be made.

The procedure that is employed to select a window, for each data sample
in the data set, in which pemp and ppred are computed is given by algorithm
2.

Algorithm 2: Calculation of pemp and ppred

1 For all points in data set XN compute the Euclidean distance to all other
points and form a distance matrix. Set i = 1.

2 Select point xi from XN and sort the (N � 1) remaining points in the
order of Euclidean distance from this point.
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3 Randomly choose the desired level of probability, pran, from the chosen
range, e.g. [0; 1]

4 Compute the corresponding number of points k that would be required
to give this level of probability, i.e. k = pran �N .

5 Find the minimum bounding window, centred on xi which includes the
k nearest points. This window is used to compute piemp and pipred.

6 If i = N then stop. Else set i = i+ 1 and goto step 2.

Weighted least squares is used to �t the line to the computed pemp and
ppred data. For this step, it is important that the associated error on the
pemp measurement is calculated correctly. In practice we estimate this error
from the binomial distribution. Experimental results [8] suggest that this
assumption is valid.

Another critical issue in weighted least squares �tting is that the errors
should be uncorrelated. Experimental results [8] indicate that the correlation
e�ects present are minimal and can be safely ignored.

2.2 Model Selection

The predictive validation measure, used by algorithm 1, detects under�tting
models. If this measure is performed on the same data that has been used
for training, there is no hope of detecting over�tting. In this scenario, the
obvious choice is to select the model that validates with the lowest number
of parameters.

The model selection algorithm we utilise is similar in principal to the SFS
algorithm used in feature selection [9]. It is a bottom up procedure which
keeps adding components until the model is validated , Mval. Using this
procedure ensures that an over�tted model is never computed.

Algorithm 3: Model Selection

B.1 Set j = 1.
B.2 Using the EM algorithm compute model Mj on data set X with j com-

ponents.
B.3 Using algorithm 1 perform the model validation step.
B.4 If the model does not validate, set j = j + 1 and goto step 2.
B.5 Else if the model validates terminate the algorithm and set Mval =Mj .
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3 Experiments

In this section we demonstrate how the models selected can be used in two
real world applications.

3.1 Automatic Target Recognition

Automatic Target Recognition (ATR) is concerned with the detection, track-
ing and recognition of small targets using input data obtained from a mul-
titude of sensor types such as forward looking infrared (FLIR), synthetic
aperture radar (SAR) and laser radar (LADAR). Applications of ATR are
numerous and include the assessment of battle�eld situations, monitoring of
possible targets over land, sea and air and the re-evaluation of target position
during unmanned missiles weapon �ring.

We are designing an adaptive ATR system which is suitable for scenes
with strong clutter that can be spatially and temporally highly structured,
such as sea glint and atmospheric scintillation.

For this application we view target detection as an outlier detection prob-
lem. That is, anything that does not normally occur in the background is
viewed as a potential target. Our target detection algorithm has three basic
steps:

Model Generation The background is described using a Gaussian mixture
model.

Model Optimisation The model and model size are optimised using train-
ing data (if available).

Target Detection Outliers are found by deciding, per pixel, whether it is
consistent with the model.

The background is represented by computing a feature vector, f = [y0; y1; : : : ; yn],
for every pixel in the training image. Each yk represents a measurement ob-
tained by the kth �lter. The distribution of these feature vectors is modelled
by a mixture of Gaussians. The number of mixture components is found using
the model selection algorithm, algorithm 3.

To detect possible targets in test frames the same set of n features is
generated for every pixel in the image. Each feature vector, f test, is tested
in turn to see whether it belongs to the same distribution as the background
or is an outlier (i.e. possible target). This is done by computing the density
function value for that pixel, based on the mixture model. If this value falls
below a threshold, the pixel is considered an outlier and treated as a possible
target. This threshold can be automatically determined from the training
data.

There is also a problem of knowing which features to use to ensure the
targets and background vectors are well separated in the feature space. For
this reason a feature selection stage was added which selects features using
the sequential forward selection algorithm [9].
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The background regions of an image are described adaptively using Prin-
cipal Component Analysis (PCA, also known as the Karhunen-Loeve trans-
form). More on this method can be found in [7].

The proposed target detection technique has been applied to several se-
quences made available by DERA Farnborough and compared to the results
obtained on the same sequence using the multivariate conditional probability
(MCP) methods described in [15]. Typical results are shown in this section
on sequence SEASIM.

(a) First image (b) Enhanced ground truth
(the original size of each of the
objects is 1 pixel).

Fig. 1. Sequence SEASIM.

The SEASIM sequence contains about twenty frames which have been
arti�cially generated using a standard ray-tracing package. It represents the
scenario of a sensor attached to a ship looking out over the ocean. Figure 1(a)
shows the �rst frame of this sequence. Five targets have been inserted into
this sequence; whose locations are given by the ground truth image of �gure
1(b). These targets are very small (typically one pixel) and represent missiles
moving towards the observer. The intensity of these targets are lower than
the maximum intensity of the image and as the targets are moving slowly
its pixel intensity will vary in time due to aliasing e�ects. A human observer
will �nd it extremely diÆcult to identify all targets in this sequence. The two
methods of target detection were then applied to this sequence.

The top ten most likely targets using multivariate conditional probability
are shown in �gure 2(a). The results obtained using mixture modelling are
shown in �gure 2(b). As one can see only four of the �ve targets have been
recognised and two false positives have been identi�ed in the top �ve for MCP.
Using the proposed adaptive method, all �ve targets have been selected as
the �ve most likely.
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(a) Multivariate conditional
probability
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(b) 3D-PCA and mixture
modelling

Fig. 2. SEASIM: Top 10 detections using both methods

3.2 Humber Bridge Data

A sequence of 280 consecutive grey-scale frames was captured from a plane
ying over the Humber bridge. Each frame was then automatically segmented
into homogeneous textured regions. If the segmented region was bigger than
a pre-de�ned size it was manually classi�ed as belonging to one of the ten
classes. A total of 2,663 regions were identi�ed. Each region then had a 121-
dimensional feature vector computed on it where each value in the vector
described a property of that region. Using principal component analysis the
dimensionality of these vectors was reduced to just two.

Half the samples from the labelled Humber data set were then randomly
selected. For each labelled class, a Gaussian mixture model model was se-
lected using Predictive Validation. These models were then used to perform
a maximum likelihood classi�cation on the remaining half of the Humber data
set. This process was repeated 10 times using di�erent sets of training and
test samples (cross-validation). The average probability of miss-classi�cation
(PMC) rate was computed. This process was also repeated using a 3-nearest
neighbour classi�er.

The PMC rate for the k-nearest neighbour classi�er was 0:2022(0:013).
The corresponding PMC rate for the PDF classi�er was PDF 0:1564(0:013).

4 Conclusions

In this paper we have developed our proposed Predictive Validation al-
gorithm into an operational tool that automatically selects the number of
components for Gaussian mixture models. It was demonstrated that the se-
lected models could be used in real world applications, including
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GD RS GM VM G T GS M S SM

Grass Distant 130 0 0 0 18 0 0 0 0 0

River Sky 0 540 1 0 3 0 49 0 0 1

Grass Mixed 3 0 47 1 0 1 10 3 28 0

Veg Mixed 1 0 12 105 3 13 2 38 16 10

Grass 11 0 8 0 71 0 5 0 1 0

Trees 0 0 2 4 0 79 5 0 2 2

Grass Shadow 2 0 2 0 1 0 10 0 0 0

Mixed 0 0 0 12 0 0 0 29 0 1

Shadow 3 0 4 1 0 1 2 0 26 0

Structured Mixed 0 0 0 0 0 0 0 6 0 3

Table 1. Example confusion matrix for Humber data set using kNN classi�er.

GD RS GM VM G T GS M S SM

Grass Distant 135 0 1 0 12 0 0 0 0 0

River Sky 0 591 1 0 1 0 1 0 0 0

Grass Mixed 2 0 63 6 1 2 0 0 19 0

Veg Mixed 1 0 19 106 3 14 0 39 10 8

Grass 11 1 8 4 69 0 3 0 0 0

Trees 0 0 3 5 0 83 0 2 1 0

Grass Shadow 2 0 6 0 0 0 7 0 0 0

Mixed 0 0 0 6 0 0 0 27 0 9

Shadow 2 0 4 2 0 1 0 0 28 0

Structured Mixed 0 0 1 2 0 0 0 5 0 1

Table 2. Example confusion matrix for Humber data set using PDF classi�er.

Outlier Detection A Gaussian mixture model was used to describe the
background region in an image. Anything that was not described by this
model, i.e. an outlier, was consider a target. This modelling approach
performed well in detecting targets and compared to a baseline, state of
the art, ATR system in the literature.

Supervised classi�cation A Gaussian mixture model was generated for
each labelled class in a ground-truth annotated data set. These models
were then used to build a Bayes classi�er. It was demonstrated that this
classi�er produced a lower PMC rate than a k-nearest neighbour classi�er
on a test data set.

In the future we intend to investigate the possibility of using this technique
with full covariance matrices for each component. This should enable more
exible models to be built. However, this would rely upon the estimation of
the integration of the mixture-model in a window, through numerical Monte-
Carlo techniques, see [5]. The error in this estimation and its e�ects on the
accuracy of our algorithm needs to be addressed. It would also be interesting
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to investigate the e�ect of di�erent window shapes, such as hyper-spheric, on

the algorithm.
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Abstract. In this contribution, a novel and robust, geometry-based grouping strat-
egy is proposed. Repeated, planar patterns in special relative positions are detected.
The grouping is based on the idea of �xed structures. These are structures such as
lines or points that remain �xed under the transformations mapping the patterns
onto each other. As they de�ne subgroups of the general group of projectivities, they
signi�cantly reduce the complexity of the problem. First, some initial matches are
found by comparing local, aÆnely invariant regions. Then, possible �xed structure
candidates are hypothesized using a cascaded Hough transform. In a further step,
these candidates are veri�ed. In this paper, we concentrate on planar homologies,
i.e. subgroups that have a line of �xed points and a pencil of �xed lines.

Keywords: Grouping, Planar Homologies, Projective Geometry, AÆnely Invariant
Regions, Fixed Structures, Cascaded Hough Transform

1 Grouping from a Geometric Perspective

`Grouping' is an important step in vision that combines features into higher-
order perceptual entities, more amenable to semantic interpretation. Many
grouping types boil down to the repetition of one or more basic patterns.
Di�erent grouping types are distinguished by the speci�c nature of this rep-
etition, i.e. the relative placements of the patterns, rather than the nature
of the patterns themselves. In many cases the patterns are planar or even
coplanar. Here we will assume repeated, planar but not necessarily coplanar
patterns.

Although the repetition often is of a simple nature, image projection com-
plicates its appearance through the perspective skew that it induces. Even if
a pattern is for instance mirror symmetric, its images are usually not. What
survives projection are the structures that remain �xed. Structures like points
and lines that are their own image under the repetition also remain �xed un-
der the special projectivity that exists between the projected patterns in the
image. As an example, mirror symmetric point pairs remain �xed as a pair,
all points on the (projected) symmetry axis are their own symmetric image
{ i.e. form a line of �xed points { and the joins (lines) connecting symmetric
points are also mapped onto themselves, forming a pencil of �xed lines [1].

S. Singh, N. Murshed, and W. Kropatsch (Eds.): ICAPR 2001, LNCS 2013, pp. 250−259, 2001.
 Springer-Verlag Berlin Heidelberg 2001



This property that �xed structures under the original symmetry also remain
�xed under the transformation between the repeated patterns in the image
is valid in general. The eigenvalues of the transformation that represents the
original repetition are not changed through conjugation with a perspectiv-
ity. Hence, the same kind of �xed structures are found after the perspective
skew. We conclude that �xed structures form a good basis to build a grouping
strategy. This idea, propounded in more detail in [8], lies at the heart of our
grouping strategy.

One can build a hierarchy of grouping types based on their �xed struc-
tures [8]. Taking all projectivities that keep a speci�c structure �xed yields a
subgroup of the projectivities. The subgroups that have a line of �xed points
or a pencil of �xed lines are of particular interest. These �xed structures
both lift 5 degrees of freedom, yet only require two parameters to specify
them. This eases the detection of these grouping types, as their subgroups
have invariants that are strictly simpler than general, projective invariants.
Also, these are the types of �xed structures that are easiest to �nd, as they
correspond to non-accidental con�gurations. In this paper we will restrict the
discussion to the detection of these cases, and more in particular to repeti-
tions that amount to planar homologies in the images. If a projectivity has
a line of �xed points it automatically also has a pencil of �xed lines and
v.v. Such transformations are called planar homologies [5,9]. A special case
are the homologies that have the vertex of the pencil on the axis. These are
called elations [5,4]. Planar homologies occur often in images, e.g. as the
transformation between a planar shape and its shadow, between identical
patterns in parallel planes, between the two halves of a mirror symmetric
pattern (harmonic planar homologies), between identical patterns under a
point symmetry or between coplanar, periodic patterns (elations).

2 A Grouping Strategy

Our strategy towards geometry-based grouping, dedicated to �nding repeated
patterns that are related by planar homologies, is the following:

step 1: �nd small regions of interest, that remain invariant under changing
viewpoint and illumination

step 2: �nd matches between these regions, i.e. repeated patterns
step 3: use region matches as input to a cascaded Hough transform, which

yields candidate �xed structures (non-accidental alignments)
step 4: test the validity of the �xed structures and �nd out the extent of the

image regions that can be mapped onto each other by the corresponding
transformation

The work that comes closest to our approach is that by Scha�alitzky and
Zisserman [4]. They detect coplanar, periodic structures by picking up ela-
tions that bring multiple basic features into correspondence. Our work di�ers
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in a number of respects. First, we widen the class of groupings that can be
detected to repetitions characterized by the more general class of planar ho-
mologies. Secondly, the features for which matches are searched in the initial
steps of our algorithm are more general than the lines, line intersections
and parallelograms present in the images that they use. Thirdly, the way in
which these matches are used also di�ers. Scha�alitzky and Zisserman use a
RANSAC approach to elicit a speci�c elation, whereas we �rst hypothesize
�xed structures, a process to which matches under di�erent transformations
can contribute. This process entails less search and smoothes out noise on
the position of the individual features.

In the sequel of the paper, the di�erent steps mentioned above are dis-
cussed in somewhat more detail, although for some we mainly refer to earlier
work.

3 Selecting AÆnely Invariant Regions (Step 1)

The �rst step consists of �nding small regions of interest. The regions are
those propounded by Tuytelaars et al. [6,10]. They are invariant under chang-
ing viewpoint in that they change their shape in the image in order to sys-
tematically keep covering identical physical parts of surfaces. A limitation of
the regions proposed by Tuytelaars et al. is that they require a corner that
lies next to a well-textured region for one type of such regions and variations
of intensity around a local extremum for another. We propose to also extract
parallelogram shaped regions of a constant colour as an additional type of
invariant region. Such regions often appear in practice, e.g. as tilings on a
wall or oor, or as windows in a building.

Starting from corner points with straight edges at both sides, two points
are moved away from the corner, one on each edge. But �rst, the two edges are
brought into normalized position, with one is the horizontal x-axis and the
other is the vertical y-axis. With each position of these points corresponds a
parallelogram de�ned by the corner and the points. Positions of the points are
selected where a function calculated over the parallelogram's edges opposite
to the corner reaches its local extrema:

f(x; y) =
1

xy

2
4

yX
j=0

DxI(x; yj) �

xX
i=0

DyI(xi; y)

3
5

where DxI , DyI denote di�erences of the intensity I(x; y) between horizon-
tally and vertically neighbouring pixels, resp. It is assumed that the borders
of the homogeneous areas consist of step discontinuities. This decision func-
tion reaches its extrema when the edges opposite to the corner coincide with
the boundaries of the homogeneous region (which is mentioned to have a
parallelogram shape). It is invariant under aÆne deformations and changes
of illumination. This construction is illustrated in Fig. 1.
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Fig. 1. Extraction of homogeneous, parallelogram-shaped regions, for example oor
tiles. (a) The �lled area is the two-dimensional search space where f(x; y) reaches
its extrema at the opposite corner. (b) The result when applied to an image with
a large number of homogeneous areas

4 Finding Region Matches (Step 2)

Matching proceeds according to two di�erent principles. The regions pro-
posed by Tuytelaars et al. [6] are matched on the basis of the geometric-
photometric moment invariants presented in the same reference. Matching
for these regions amounts to the calculation of a Mahalanobis distance be-
tween the corresponding invariant feature vectors (18 moment invariants are
used).

The homogeneous regions proposed in the previous section cannot be
matched like that, however. Such regions only supply us with three colour
values. Three measurements do not suÆce to build invariants under the com-
bination of aÆne distortions and photometric changes consisting of indepen-
dent scalings and o�sets for the three colour bands. Fortunately, in the case
of grouping we are not interested in matching regions between di�erent im-
ages as was the case in the original work by Tuytelaars et al.. Here we want
to group regions within a single image. The chance that similar regions are
subject to a completely di�erent illumination is smaller in such case. Hence,
matching the homogeneous regions is based on the clustering of the average
red, green, and blue colour values within the regions.

5 Generating Fixed Structure Hypotheses (Step 3)

The matches between these invariant regions are then fed into the Cascaded
Hough Transform (CHT) [7] that allows to detect collinear points and pencils
of lines. The CHT amounts to an iterated application of the Hough transform,
where straight lines are parameterized as ax+ y + b = 0, a parameterization
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that brings out the projective duality between points and lines explicitly. We
refer to [7] for a more detailed discussion of the CHT and examples of its
output.

The positions of matching regions (e.g. the corresponding corners or in-
tensity extrema) are fed into the �rst level of the CHT, if there are at least
three that match each other. This level detects collinear arrangements. Also
the second and third level of the CHT are of direct interest. We feed lines
that connect the positions of matching pairs of regions into the second level
(and not if there is more than a pair of such matching regions). Pencils of
�xed lines can be detected that way, when lines connecting corresponding
points all intersect in a single point, the vertex of the pencil. Intersections of
corresponding edges connected to matching region pairs are fed into the third
level of the CHT. The edges of the parallelogram shaped regions are a good
case in point. For the elliptical regions [10], lines through the region center
with corresponding orientations are used. This allows to detect lines of �xed
points, as corresponding lines all have their intersection on this axis. Also
the vertices of the pencils that come out of the second level are fed into the
Hough. This allows for instance to �nd horizon lines from collinear vanishing
points.

This CHT based strategy allows di�erent transformations of the subgroup
characterized by a line of �xed points or a pencil of �xed lines to contribute all
to its extraction. In fact, the CHT draws on the invariants of these subgroups.

6 Validating Fixed Structures (Step 4)

Non-accidental structures like pencils of �xed lines or axes of �xed points are
selected based on the CHT's output. We start with the structures that obtain
the most votes at its second and third level. They represent good candidates
for the possible center of a pencil of �xed lines or a line of �xed points, resp.

Even if structures obtain good scores by the CHT, they still don't need
to be �xed structures though. Further tests are needed, and this is the task
of this step. It also produces a more precise delineation of the extent of the
grouping. Matches between the local, aÆnely invariant regions are extended
to matches between larger areas, while taking perspective e�ects fully into
account. To this end, the image is divided into a quadrilateral tessellation with
cells that can be mapped onto each other by the planar homology de�ned by
the hypothesized �xed structures and some individual matches.

We are most interested in pairs of an hypothesized axis and pencil that
are supported by the same invariant regions in the CHT voting process. Once
a pencil and an axis have been selected, a single match will in principle �x
the planar homology (it �xes the cross ratio of the vertex, the �rst feature
position, the second feature position and the intersection of the join with the
axis) [9]. Suppose m and m0 are such a pair of matching positions.
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Once the homology is fully �xed, a tessellation of the image is built. How
this tessellation is constructed is explained in Fig. 2 (a). The axis is labeled
A, while the vertex v is at the intersection of lines B, C and D. The lines of
the pencil, such as B, C and D yield a �rst set of lines in the construction of
the tessellation's quadrangles. These lines are their own corresponding lines.
For the transversal lines such as E and E0 which are chosen parallel to the
axis, we use the fact that their intersections with the lines through the vertex
such as B and D give the same cross ratio as the known match m and m0:

C(b0; ab;b;v) = C(c0; ac; c;v) = C(m0; am;m;v)

So given the line E, the position of E0 can be derived.

E’
A E

B

C

b

ba
b

m
m’

m

c’

a

a

c

c D

Fig. 2. Tessellation based on a hypothesized axis and pencil

It is also interesting to look at cases where the CHT has only detected an
axis or pencil. Indeed, it is not always guaranteed that both �xed structures
appear equally strong in the CHT. Then a construction method based on
a hypothesized pencil of �xed lines or line of �xed points only should be
used instead, in combination with point correspondences to �x the other
structure. If the axis is available a pair of matches yields the pencil. If the
pencil is available, three point matches yield the axis (or a pair of matching
lines, according to the projective duality between points and lines).

Once the tessellation has been constructed, we can proceed with the ac-
tual validation of the hypothesized �xed structures and the corresponding
planar homology. To this end, each cell of the tessellation is compared with
its corresponding counterpart. If several matching cells can be found, this
supplies suÆcient evidence that the planar homology under scrutiny is actu-
ally present in the image. At the same time, the extent of the image regions
that can be mapped onto each other by the transformation is found. This
results in the segmentation of the image part that is symmetric under the
tested homology.
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For the comparison of the patterns within corresponding cells, the normal-
ized cross correlation between the intensities of corresponding pixels within
the cells is computed. Since the cross correlation is rather sensitive to even
small misalignments if the image contains high spatial frequencies, we locally
adjust the corner points of one of the two cells using a nonlinear optimiza-
tion technique that tries to maximize the cross correlation. If the �nal cross
correlation is above a certain threshold, the two cells are identi�ed as being
symmetric. If not, we do not immediately discard the whole cell, but subdi-
vide it into smaller subcells and repeat the same procedure on each of the
subcells.

7 Experimental Results

As a �rst example, the method is used to extract the mirror symmetric region
in �g. 3 that corresponds to the buttery. By comparing corresponding cells,
the validity of the hypothesized �xed structures is checked and at the same
time we �nd out the spatial extent of the grouping. The �nal result is shown in
Fig. 4, where the image is segmented into the grouping and the background.
Clearly, our initial hypothesis was correct. As a second example, consider

Fig. 3. (a) The image of a buttery, with the hypothesized axis (line of �xed
points) and the matching regions that contributed to this hypothesis. (b) Based
on the hypothesized axis and vertex, the image is divided in two quadrilateral
tessellations

the image of a carpet, shown in Fig. 5. As this is a hand-woven carpet, the
symmetry is not perfect. Also, this example shows a much stronger perspec-
tive skew than the one with the buttery. Nevertheless, again the symmetry
could be detected in the image. The hypothesized axis, together with the
matching regions that contributed to it in the CHT, are shown superimposed
on Fig. 5 (b).
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Fig. 4. Segmentation of the image based on the hypothesized planar homology.
Clearly the initial hypothesis was correct

Fig. 5. (a) The image of a detail of a carpet, with the hypothesized axis (line of
�xed points) and the matching regions that contributed to this hypothesis. (b)
Segmentation of the image based on the hypothesized planar homology. Clearly the
initial hypothesis was correct
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8 Conclusions

We have presented a method for grouping repeated planar (but not neces-
sarily coplanar) patterns in an image based on the idea of �xed structures.
It o�ers a principled, powerful, and eÆcient approach for the cases where
the grouping amounts to a planar homology, which is more general than the
elation oriented approach proposed by Sha�alitzky and Zisserman [4]. It is
principled in that it presents a single mathematical framework in which all
planar homologies are encapsulated. It is powerful as it takes perspective dis-
tortions into account. It is eÆcient as it eliminates much of the search by
which grouping strategies are so often plagued, through the combination of
invariant-based indexing and the Hough transform. It also avoids the use of
RANSAC, which is less eÆcient for general planar homologies, as 3 corre-
spondences have to be hypothesized in order to �x the transformation (in
the case of elations this is less of a problem as two correspondences suÆce).
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Abstract

Fitting models with several components to data consists of the two

operations of identifying components with subsets of the data and of

�ne tuning. These operations are elaborated for polygon �tting as a

sample case. The frequently used iterative closest point ICP algorithm

is replaced by an iterative best point IBP algorithm.

Key words: correspondence problem, global optimization, relaxation.

1 Introduction

Due to the increasing variety and availability of data collecting and storage de-

vices, methods for estimation, �tting, and matching between data and models

are of increasing importance. Models that consist of several components may

easily lead to complex, challanging estimation issues. A pragmatic approach

to complex estimation is to break down the estimation to all components and

then merge individual estimates. While the former typically leads to mathe-

matically clean operations, the latter may become an uncontrolled process.

Whenenver models consist of several components, estimation consists of the

interrelated operations of �tting and matching. While �tting typically adheres

to continuous methods and appeals to "�ne tuning", matching adheres to

discrete methods by deviding the data into subsets and deciding for each subset

on the model component that should be considered for �tting.

Estimations will be assessed by least squares which are chosen for their al-

gorithmic implications being comparatively simple. Computation of the zero

of the gradient may lead to the best estimate. Complex models may lead to

quadratic non-convex �tting objectives having multipe minima. Then, opti-

miziation techniques often rely critically on initial conditions so that �nal

estimates tend to be good if initial estimates are good but they tend to run

out of control for bad initial estimates. Fitting procedures may run into local

minimawhich are not global and the underlying notion of locality is not always
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clear. This work aims at making estimation procedures robust against (bad)
initial estimates by globally convergent optimization procedures.

The concept is illustrated by polygons. They are to be aligned to a �nite data
set that typically stems from an image. Instead of using edge detectors from
computer vision for locating individual lines and then somehow aggregating
individual �ndings, positions of polygons will be estimated holistically. Besides
image interpretation and image registration, the interest in this problem orig-
inates from position estimation of a robot moving in a mapped environment
and taking distance measurements.

Global optimization here relies on lower bounding by geometric relaxation.
Polygonal segments are allowed to vary individually which appeals to the no-
tion of elasticity of a polygon. This is eventually combined with Lipschitz
techniques leading to certain restrictions for elasticity.

Permitting the matchings to vary involves a precise neighbourhood notion.
The celebrated iterative closest point ICP algorithm need not result in a local
minimum. Variations of the matchings will be organized within a general as-
signment problem. This comprises various combinatorial problems and leads
to the notion of k-optimality to replace the ICP by the a computation scheme
that is called iterative best point IBP algorithm.

2 Problem

2.1 The general problem

A polygon of � segments lying on the lines H1; : : : ;H� � IR2 is to be aligned
with the �nite point set X = fp1; : : : ; png � IR2. The alignment adheres
to translation and rotation. The objective is to minimize the sum of squared
Euclidean distances between the points and their assigned lines, comp. �gure 1.
An assignment C = fX1; : : : ; X�g with all points of Xi being matched to Hi

is called correspondence. The set of all correspondences is denoted C.

In case � = 1, the correspondence trivially assigns all points of X to a single
line and the alignment problem restricts to the classical problem of �nding
a line of minimum inertia. The polygon alignment problem hence is called
minimum inertia polygon. Minimum inertia lines can be computed in closed
form either algebraically or trigonometrically [9].

The two cases of �xed correspondences and variable correspondences are con-
sidered. For any correspondence the polygon �tting problem with given and
known consecutive intersection angles �1; : : : ; ���1 between H1 and H2, H2

and H3, . . . , H��1 and H� respectively is formally given by

min
'2[0;2�);#2IR2

�X
j=1

X
pi2Xj

�
(cos(
j + '); sin(
j + ')) � (pi � #)� cj

�2
;
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Figure 1: Polygon with � = 3. Point p4 corresponding toH1 has closest distance
to H1 on the "extension" rather than on the proper polygonal segment.

where 
1 := 0 and 
j := �1 + : : :+ �j�1 for j = 2; : : : ; �. The lines Hj =
fxj (cos
j; sin
j)x = cjg describe the initial position of the polygon which is
translated by # = (#1; #2)

T and rotated by ' about the origin.

2.2 Related approaches

Closed form solutions of matching two �nite point sets have been stated
for �xed correspondences in two-dimensional problems [11] and for three-
dimensional problems by linear algebraic methods [6] and by the use of quater-
nions by [4], [2].

Correspondences are typically determined by the nearest neighbours, cluster-
ing [1], minimum weighted distances embodying features like colour [12], and
restrictions to particular search regions like cones [11]. All these require esti-
mates for rotation and translation prior to �tting. Both the determination of
a correspondence and the �tting operation can be merged to form a two step
procedure in which a new correspondence is found based on the current �t.
Whenever the new correspondence results from nearest neighbours, the proce-
dure is called iterative closest point ICP algorithm. It has been investigated in
theoretical settings [2], for self-localization of autonomous robots [3], and for
registration in computer vision problems [13]. In any of these cases the ICP
need not lead to a global optimum.

2.3 Properties of polygonal �ts

The objective of polygon �tting is convex and quadratic in # for �xed '. This
allows to explicitly compute optimal translations. Solutions of the restricted
problem min#2IR2

P�

j=1

P
pi2Xj

((cos(
j + '); sin(
j + ')) � (pi � #) � cj)2

are computable by solving a linear 2 � 2 system. The solutions, denoted by
# = #('), are unique if and only if two nonparallel lines are each assigned at
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least one point of X. This gives an underpinning of an observation from [4,
p. 42] that "lines should not be parallel".

A closed form solution of the polygon �tting problem does not appear to exist.
An iterative solution will be obtained by substituting # = #(') in the objective
leading to the univariate objective

min
'2[0;2�)

�X
j=1

X
pi2Xj

�
(cos(
j + '); sin(
j + ')) � (pi � #('))� cj

�2
:

3 Fixed correspondence solutions

Even for �xed correspondences, the �tting problem can have local minima
which are not global. Polygonal �tting thus falls into the category of so-called
multiextremal global optimization problems [8, p. 6].

Example 1 Let four line segments be arranged in a square bounded by the

lines H1; : : :H4. These are assumed to correspond to singletons X1 = fp1 =
(1; 0)Tg, X2 = fp2 = (0; 1)Tg, X3 = fp3 = (�1; 0)Tg, and X4 = fp4 =
(0;�1)Tg, comp. �gure 2. Optimal rotations are 'opt = �=2 and 'opt = 3�=2

-

6

r

p1

bp1;"

r

p2

r
p3

r
p4

H1

H2

H3

H4

Figure 2: Square with corresponding measurement set.

with F ('opt) = 4. Perturbing p1 to become p1;" = (1; ")T for 0 < " < 1=2
results in F (�=2) = 3+ (1� ")2 < 3 + (1 + ")2 = F (3�=2) making the smaller

minimum unique and hence global. �

A local minimumof the �tting objective can be approximated by bisection i.e.
by iterated subdivision of a search interval into those halves that are guaran-
teed to contain a zero of the derivative.

3.1 Geometrical relaxation

Global minimization of the �tting objective can be based on lower bounds.
Such can be obtained for any �xed rotation by translating each line individ-
ually to its corresponding partial point cloud. All angles between lines being
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preserved motivates to call such an arrangement of lines an elastic polygon [9],
comp. �gure 3. The optimal �t of an elastic polygon can be computed explic-
itly and e�ciently based on independent minimum inertia line computations.

r r

r r

r r

r

r

r

r

r r

r r

r r

�

�

-

-
r r

r r

r r

r

r

r

r

r r

r r

r r

Figure 3: Line arrangement (left) and elastic relaxation (right).

3.2 Lipschitz bounds and bound improvement

Another bounding strategy is so-called Lipschitz bounding which uses linear
functions whose absolute slope is guaranteed to be smaller than that of the
objective function. Computations of Lipschitz bounds are quite intricate here
and the result is sketched in �gure 4. The Lipschitz bounds and the geometrical
bounds can be overlayed to the bounding function H as sketched in �gure 5.

This allows for the subsequent, so-called saw tooth cover algorithm employing
ideas from Piavskii and Pinter [8]. The algorithm follows a branch and bound
approach over the set U of unexplored subintervals of [0; 2�]. An interval is
explored if its length falls below a threshold �0 or if it cannot contain the global
minimum due to lower bounding. All other intervals are unexplored.

A�xcor

1. U = f[0; 2�]g, Select 'init 2 (0; 2�),M = F ('init), Li = f'initg, �0 > 0.

-

6

'0 '1'0;1 2�

F

B
B
B
B
B
B
B
BB

g0

�
�
�
��
g1

Figure 4: Fitting objective with lower linear bounds over the interval ['0; '1].
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'0 '1

F

F�

B
B
B
B
BBg0

�
�
��g1

Figure 5: Overlay of geometrical and Lipschitz bounds over ['0; '1].

2. While U 6= ; and max['0;'1]2U '1 � '0 � �0 do

(a) Selection of maximumlength interval ['0; '1] 2 U , U = U�f['0; '1]g.

(b) If H(['0; '1]) < M , then U = U [ f['0; '0;1]; ['0;1; '1]g for

'0;1 =

� 1
�

P�

j=1'j;0; if 1
�

P�

j=1 6= '0; '1
'0+'1

2 ; else,

where 'j;0 is optimal rotation angle for elastic Hj over ['0; '1] and
if minfF ('0); F ('0;1); F ('1)g =M , then
Li = Li [ fargminfF ('0); F ('0;1); F ('1)gg, else

if minfF ('0); F ('0;1); F ('1)g < M , then
Li = fargminfF ('0); F ('0;1); F ('1)gg and M = minfF ('0),

F ('0;1); F ('1)g.

3. Output minimum value M and list Li of arguments attaining M .

4 Variable correspondences

The number of correspondences grows exponentially in the size of data set even
if the component number � is �xed. This renders correspondence enumeration
intractable.

4.1 Local optimality

The notion of local optimality requires a neighbourhood relation on C. The
dependency of the �tting objective from correspondences and rotation angles
is denoted by F (';C).
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De�nition 1 The correspondence neighbourhood N (C) of some C = (X1; : : : ;
X�) 2 C is the set N (C) of all correspondences which di�er from C in the

assignment of at most one point from X.

De�nition 2 A local correspondence minimum ('0; C0) is given by

1. min'2[0;2�) F (';C0) = F ('0; C0), i.e. '0 is a global minimum for the

�xed correspondence C0 and

2. F ('0; C0) � min'2[0;2�) F (';C
0) 8C 0 2 N (C0).

It can easily be shown that local correspondence minimumhas the closest point
property meaning that each point from X is assigned to a hyperplane that is
closest in the position belonging to rotation angle '0. This property leads to
the frequently applied iterative closest point ICP algorithm which constructs
improvements of ' and C until the �rst condition of the previous de�nition
is (approximately) satis�ed. Each new correspondence is constructed from the
current correspondence by assigning all data points to the currently closest
hyperplane.

The ICP need not terminate with a local minimum, i.e. the second condition
of local correspondence minima need not be satis�ed.

Example 2 Two orthogonal lines are to be �tted to X = fp1 = (6:2; 0)T ; p2 =
(6:2; 2)T ; p3 = (5; 1)T ; p4 = (5;�1)T ; p5 = (0; 0)T ; p6 = (0:5; 0)T ; : : : ; p13 =
(4; 0)Tg. The matching C0 = (X1 = fp1; p2g; X2 = X�X1) leads to the optimal

line positions given in �gure 6 with �tting objective F ('opt; C0) = 12+ 12 and

closest point property being satis�ed. The ICP algorithm initialized with C0

would terminate with it.

-

6

H1

H2

H1

r

p1

rp2

rp3

rp4

r

p5
r r r r r r r r

p13

Figure 6: Uninterrupted lines show the optimal line positions for C0. The
dotted line shows an improved position for H1 obtained from violating the
closest point property.

However, the matching C0 = (X1 = fp1; p2; p3g; X2 = X �X1) 2 N (C0) leads
to the objective F ('opt; C0) = (4=10)2 + (4=10)2+ (8=10)2+ 12 = 1:96 < 2 for

'opt = 'opt(C0). The optimal rotation for C0 leads to an even better �t. �
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An improvement of the ICP algorithm can be based on the notion of k-
optimalitywhich originallywas developed for combinatorial optimization prob-
lems such as the traveling salesman problem [10].

De�nition 3 A correspondence C0 is k-optimal for some k � 1 if no reas-

signment of up to k data points allows an improvement, i.e.

min
'2[0;2�]

F (';C0) � min
'2[0;2�]

F (';C)

8C 2 C which assign at most k points to other hyperplanes than C0.

The resulting algorithm is as follows.

IBP

1. Input initial correspondence C.

2. While 9C 0 2 C with min'2[0;2�] F (';C
0) < min'2[0;2�] F (';C) with C 0

and C di�ering in at most k assignments do

(a) Select best C 0

(b) C = C0.

3. Output C and corresponding optimal rotation angle 'opt.

Minimization in the condition of step 2 is perforemd by the algorithmA�xcor.
In order to keep the combinatorial explosion to a moderate level, values for k
in IBP are typically small such as k = 1; 2; 3. Whenever initialized with the
same correspondence, IBP will result in an overall �t that is at least as good
as that of ICP.

4.2 Complex �tting and mathematical programming

Finding a correspondence can be reduced to a conjoint assignment problem
with binary variables over a complete bipartite graph with one vertex set
corresponding to X and the other to fH1; : : : ;H�g.

min

�X

j=1

f(Xj )

s:t:

�X

j=1

xij = 1 8 i = 1; : : : ; n

xij 2 f0; 1g 8 i = 1; : : : ; n j = 1; : : : ; �

where f is a real-valued function over Xj = fpijxij = 1g. The conjoint assign-
ment problem generalizes the linear assignment problem. Another special case
stems from codebook design [5, p. 360�]. Also, certain clustering problems are
comprised which implies the NP-hardness of the conjoint assignment problem.
E�cient heuristics are currently under development.
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5 Application

Algorithm IBP in the simple form of 1-optimality for correspondences was ap-
plied to laser scans. Data were collected by the Sick PLS 200 system which has
a radial resolution of :5o and a longitudinal resolution of 4 cm. The laser scan-
ner was mounted on a mobile indoor platform NOMAD 4000. The platform's
odometry together with a particular visibilty criterion was used to generate
an initial correspondence for IBP.

Figure 7 shows a hallway scene where the lower part shows the polygon in an
arbitrary position and the upper part shows the estimated position. The latter
was found within 2 cm and :5o which is as least as accurate as alternative
measurements. Two more complex scenes are presented in �gure 8.

Figure 7: Hallway scene.
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Ä I M Æ < S 8 9 < I S M A 9 Ç I ^ ? ä å : æ F M Ô B 9 < ? 9 8 b A Ä I M Æ < S 8 9 I K ? ä å å æ F b K I Ô Â × Ù < ? A Ä B 8 ? ? < Å ×
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9 < I S M Ô ? 9 Æ A < S Ä B Ô ^ A ^ Ú â Ç A 9 Ó Â A I Õ K Ô B A ? Ä 8 S Ã 8 K Ó Õ K I M Ã A K Ó ? < M Â B A Ù A < b Ç 9 < S b
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Ô S 9 < B 8 B B Ä I S 3 < Ä 9 ? 8 K A K A ? I B Ã A ^ Ú
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S I 8 Â Â B < Ä 8 Æ B A K Ô B A < ? Õ I Ô S ^ F 9 Ç A ^ A Õ 8 Ô B 9 ^ A Ä < ? < I S < ? 8 Â Â B < A ^ Ú â Ç A Ä B 8 ? ? < Å Ä 8 9 < I S
K A ? Ô B 9 < ? Ä I M Â 8 K A ^ 9 I 9 Ç A Ä I K K A Ä 9 Ä B 8 ? ? Ú Û Õ 9 Ç A K A Ä I b S < 9 < I S Ù 8 ? < S Ä I K K A Ä 9 F 8
S A Ù K Ô B A < ? Ä K A 8 9 A ^ Ú V Ã A K Ó S A Ù K Ô B A 9 Ç 8 9 < ? Ä K A 8 9 A ^ A M Â B I Ó ? M I K A Ä I S 9 A Ý 9 Ô 8 B
> S I Ù B A ^ b A F < Õ 8 9 8 B B Â I ? ? < Æ B A F 9 Ç 8 S 9 Ç A K Ô B A Ä 8 Ô ? < S b 9 Ç A Ä I S 3 < Ä 9 Ú V Ã A S 9 Ô 8 B B Ó 9 Ç A
A S 9 < K A Ä I S 9 A Ý 9 8 Ã 8 < B 8 Æ B A Ù < B B Æ A Ô ? A ^ 8 S ^ M I K A Â K A Ä < ? A K Ô B A ? Ä 8 S S I B I S b A K Æ A
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8 B ? I < M Â B A M A S 9 A ^ Ú â Ç A M 8 < S < ^ A 8 < ? 9 I ? A B A Ä 9 9 Ç A Æ A ? 9 Ä B 8 ? ? < Å A K Õ I K A 8 Ä Ç < S ×
^ < Ã < ^ Ô 8 B Ù K < 9 A K Æ Ó A Ã 8 B Ô 8 9 < S b A 8 Ä Ç Ä B 8 ? ? < Å A K ã ? Â A K Õ I K M 8 S Ä A ^ Ô K < S b I Â A K 8 9 < I S
8 S ^ Ô ? A 9 Ç A K A ? Ô B 9 Õ K I M 9 Ç A Ä B 8 ? ? < Å A K 9 Ç 8 9 Ç 8 ? Â A K Õ I K M A ^ 9 Ç A Æ A ? 9 Ô Â 9 I 9 Ç 8 9

Â I < S 9 Ú

� � � 2 . Ì Ñ , . Ê Ë 7

= B B 9 Ç A Ä I M M < 9 9 A A A Ý Â A K < M A S 9 ? Ù A K A K Ô S < S Æ 8 9 Ä Ç M I ^ A ? < M Ô B 8 9 < S b I S × B < S A
I Â A K 8 9 < I S Æ Ó 9 8 > < S b ^ 8 9 8 < S < 9 ? I K < b < S 8 B I K ^ A K 8 S ^ ^ < ? 8 B B I Ù < S b K A < 9 A K 8 9 < I S Ú

� Á � � º À � ¾ 
 � � 
 ½ � ½ C � K º ¿ � � � À º � À

â Ç A ^ 8 9 8 Ô ? A ^ < S 9 Ç A A Ý Â A K < M A S 9 ? Ù A K A < ? I B 8 9 A ^ I S × B < S A Ä Ç 8 K 8 Ä 9 A K ? Ä I B B A Ä 9 A ^
I S 8 à < B < Ä I S � K 8 Â Ç < Ä ? Ù I K > ? 9 8 9 < I S Ô ? < S b 8 � 8 Ä I M = K 9 Â 8 ^ Û Û 9 8 Æ B A 9 Ú â Ç A ^ 8 9 8
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Abstract. This paper deals with the problem of automatically compiling rules
which describe complex actions in terms of the spatio-temporal attributes of la-
beled parts. Of particular interest is the exploration of a model-based approach
to induction of part attributes constrained by known properties of the generation
process. The resultant algorithm is based on constraint propagation over spatio-
temporal decision trees which produces Horn clause descriptions which depict the
spatio-temporal properties of parts and their relations which satisfy training con-
ditions.
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1 Introduction

Most current techniques for the encoding and recognition of actions use nu-
merical machine learning models which are not relational in the sense that
they typically induce rules over numerical attributes which are not linked via
an underlying data structure (e.g. a relational structure description). There-
fore, these models assume that the correspondence between candidate and
model features is known before rule generation (learning) or rule evaluation
(matching) occurs. This assumption is dangerous when large models or large
test data are involved, as is the case in complex actions involving, for exam-
ple, the tracking of multiple limb segments of humans. On the other hand,
well known symbolic relational learners like Inductive Logic Programming
(ILP) are not eÆcient for numerical data. So, although they are suited to
induction over relational structures (e.g. Horn clauses), they typically gener-
alize or specialize over the symbolic variables and not so much over numerical
attributes. Further, it is very rare that symbolic representation explicitly con-
strain the types of permissible numerical learning or generalizations obtained
from training data.

Over the past six years we have explored methods for combining the
strengths of both sources of model structures [1{3] by combining the expres-
siveness of ILP with the generalization models of numerical machine learning.
We have produced a system for numerical relational learning which induces
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over numerical attributes in ways which are constrained by relational pat-
terns. Our approach, Conditional Rule Generation (CRG), generates rules
for the recognition of pattern fragments that are linked via an underlying
relational structure.

Since it induces over a relational structure it requires general model as-
sumptions, the most important being that the models are de�ned by a labeled
graph where relational attributes are de�ned only with respect to speci�c ver-
tices. These can be de�ned in a general way (e.g. they might be de�ned only
for adjacent image regions), or they can be de�ned explicitly through model
de�nitions. It is often the case that the properties of one part are physically
controlled by others (as we will see for the case of human body motion where
one limb segment controls the range of another). These models constrain the
types of unary and binary features which can be used to resolve uncertainties
(Figure 1).

In the following, we �rst describe briey CRG [1] and then CRGST, a
spatio-temporal extension of CRG. We discuss representational issues, model
constraints, rule generation and rule application, and then illustrate our ap-
proach with several examples.

2 Conditional Rule Generation

In Conditional Rule Generation [1], classi�cation rules for patterns or pattern
fragments are generated that include structural pattern information to the
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Fig. 1. Example of input data and conditional cluster tree generated by CRG
method. The left panel shows segmented input data with a sketch of the relational
structure descriptions generated for these data. The right panel shows a cluster tree
generated for the data on the left. Classi�cation rules are derived directly from this
tree [5].
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extent that is required for classifying correctly a set of training patterns. CRG
analyzes unary and binary features of connected pattern components and
creates a tree of hierarchically organized rules for classifying new patterns.
Generation of a rule tree proceeds in the following manner (see Figure 1).

First, the unary features of all parts of all patterns are collected into a
unary feature space U in which each point represents a single pattern part.
The feature space U is partitioned into a number of clusters Ui. Some of
these clusters may be unique with respect to class membership and provide a
classi�cation rule: If a pattern contains a part pr whose unary features u(pr)
satisfy the bounds of a unique cluster Ui then the pattern can be assigned
a unique classi�cation. The non-unique clusters contain parts from multiple
pattern classes and have to be analyzed further. For every part of a non-
unique cluster we collect the binary features of this part with all adjacent
parts in the pattern to form a (conditional) binary feature space UBi. The
binary feature space is clustered into a number of clusters UBij . Again, some
clusters may be unique and provide a classi�cation rule: If a pattern contains
a part pr whose unary features satisfy the bounds of cluster Ui, and there is
an other part ps, such that the binary features b(pr; ps) of the pair hpr; psi
satisfy the bounds of a unique cluster UBij then the pattern can be assigned
a unique classi�cation. For non-unique clusters, the unary features of the
second part ps are used to construct another unary feature space UBU ij that
is again clustered to produce clusters UBU ijk . This expansion of the cluster
tree continues until all classi�cation rules are resolved or a maximum rule
length has been reached.

If there remain unresolved rules at the end of the expansion procedure
(which is normally the case), the generated rules are split into more discrim-
inating rules using an entropy-based splitting procedure where the elements
of a cluster are split along a feature dimension such that the normalized
partition entropy HP (T ) = (n1H(P1) + n2H(P2))=(n1 + n2) is minimized,
where H is entropy. Rule splitting continues until all classi�cation rules are
unique or some termination criterion has been reached. This results in a tree
of conditional feature spaces (Figure 1), and within each feature space, rules
for cluster membership are developed in the form of a decision tree. Hence,
CRG generates a tree of decision trees.

3 CRGST

We now turn to CRGST, the focus of this paper and a generalization of CRG
from a purely spatial domain into a spatio-temporal domain. Data consist
of time-indexed pattern descriptions, where pattern parts are described by
unary features, part relations by (spatial) binary features, and changes of
pattern parts by (temporal) binary features.

In contrast to other temporal learners like hidden Markov models [12]
and recurrent neural networks [4], the temporal relations are not limited to

282 W.F. Bischof and T. Caelli



�rst-order time di�erences but can involve more distant (lagged) temporal
relations as a function of the data model and uncertainty resolution strate-
gies. At the same time, CRGST allows for the generation of non-stationary
rules, in contrast to stationary models like multivariate time series which
also accommodate correlations beyond �rst-order time di�erences but do not
allow for the use of di�erent rules at di�erent time periods.

3.1 Representation of Spatio-Temporal Patterns

A spatio-temporal pattern is de�ned by a set of labeled time-indexed at-
tributed features, i.e. a pattern is de�ned as Pi = fpi1(a : ti1); : : : ; pin(a :
tin)g where pij(a : tij) corresponds to part j of pattern i with attributes a
that are true at time j. The attributes a are de�ned with respect to spe-
ci�c labeled features, and consist of unary (i.e. single feature) attributes,
spatial binary (i.e. spatial relational) and temporal binary (i.e. temporal
relational) attributes, that is, a = fu; bs; btg (see Figure 2). Examples of
unary attributes u include area, brightness, position; spatial binary attributes
bs include distance, relative size, and temporal binary attributes bt include
changes in unary attributes over time, such as size, orientation change, long
range position change.

Our data model and consequently the rules generated are subject to
several constraints, spatial and temporal adjacency (in the nearest neigh-
bor sense) and temporal monotonicity, i.e. temporal indices for time must
be monotonically increasing (\predictive" model) or decreasing (\causal"
model). Further, we discuss additional constraints in Section 3.4, where induc-
tion over speci�c model-based relational structures is introduced. Although
this limits the expressive power of our representation, it is still more general
than strict �rst-order discrete time dynamical models such as hidden Markov
models or Kalman �lters.

For CRGST an \interpretation" then involves determining the smallest
set of linked lists of attributed and labeled features, causally indexed (i.e. the
starting times must be monotonically indexed) over time, which maximally
index a given pattern, and it is de�ned by directed paths within the directed
acyclic graph (DAG) which covers all examples and classes in the training
set, as illustrated in Figure 2.

3.2 Rule Learning

CRGST generates classi�cation rules for spatio-temporal patterns involving
a small number of pattern parts subject to the following constraints: 1) The
pattern fragments involve only pattern parts that are adjacent in space and
time, 2) the pattern fragments involve only non-cyclic chains of parts, 3)
temporal links are followed in the forward direction only to produce causal
classi�cation rules that can be used in classi�cation and in prediction mode.
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Fig. 2. Illustration of a spatio-temporal pattern consisting of three parts over three

time-points. Undirected arcs indicate spatial binary connections, solid directed in-

dicate temporal binary connections between the same part at di�erent time-points,

and dashed directed arcs indicate temporal binary connections between di�erent

parts at di�erent time-points.

Rule learning proceeds in the following way: First, the unary features
of all parts (of all patterns at all time points), u(pit), i = 1; : : : ; n, t =
1; : : : ; T , are collected into a unary feature space U in which each each point
represents a single pattern part at any time point t = 1; : : : ; T . From this
unary feature space, cluster tree expansion can proceed in two directions,
in the spatial domain and in the temporal domain. In the spatial domain
cluster tree generation proceeds exactly as described in Section 2 following
spatial binary relations, etc. In the temporal domain, binary relations can be
followed only in strictly forward (predictive) or backward (causal) directions,
analyzing recursively temporal changes of either the same part, bt(pit; pit+1)
(solid arrows in Figure 2), or of di�erent pattern parts, bt(pit; pjt+1) (dashed
arrows in Figure 2) at subsequent time-points. This leads to a conditional
cluster tree as shown in Figure 1, except that the relational attribute spaces
B can be either spatial or temporal, in accordance with the usual Minimum
Description Length (MDL) criterion for Decision Trees[10].

3.3 Rule Application

A set of classi�cation rules is applied to a spatio-temporal pattern in the fol-
lowing way. Starting from each pattern part (at any time point), all possible
sequences (chains) of parts are generated using parallel, iterative deepen-
ing, subject to the constraints the only adjacent parts are involved and no
loops are generated. Note, again, that spatio-temporal adjacency and tem-
poral monotonicity constraints are used for rule generation. Each chain is
classi�ed using the classi�cation rules. Expansion of each chain Si = <

pi1; pi2; : : : ; pin > terminates if one of the following conditions occurs: 1)
the chain cannot be expanded without creating a cycle, 2) all rules instanti-
ated by Si are completely resolved, or 3) the binary features bs(pij ; pij+1) or
bt(pij ; pij+1) do not satisfy the features bounds of any rule.
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If a chain S cannot be expanded, the evidence vectors of all rules instan-
tiated by S are averaged to obtain the evidence vector E(S) of the chain S.
Further, the set Sp of all chains that start at p is used to obtain an initial
evidence vector for part p:

E(p) =
1

#(Sp)

X
S2Sp

E(S): (1)

where #(S) denotes the cardinality of the set S. Evidence combination based
on (1) is adequate if it is known that a single pattern is to be recognized. How-
ever, if the test pattern consists of multiple patterns then this simple scheme
can easily produce incorrect results because some some part chains may not
be contained completely within a single pattern but \cross" spatio-temporal
boundaries between patterns. This occurs when actions corresponding to dif-
ferent types cross can intersect in time and/or space. These chains are likely
to be classi�ed in a arbitrary way. To the extent that they can be detected
and eliminated, the part classi�cation based on (1) can be improved.

We use general heuristics for detecting rule instantiations involving parts
belonging to di�erent patterns. They are based on measuring the compati-
bility of part evidence vectors and chain evidence vectors. More formally, the
compatibility measure can be characterized as follows. For a chain Si =<
pi1; pi2; :::; pin >,

w(Si) =
1

n

nX
k=1

E(pik) (2)

where E(pik) refers to the evidence vector of part pik . Initially, this can be
found by averaging the evidence vectors of the chains which begin with part
pik. Then the compatibility measure is used for updating the part evidence
vectors using an iterative relaxation scheme [7]:

E
(t+1)(p) = �

0
@ 1

Z

X
S2Sp

w
(t)(S)
E(S)

1
A ; (3)

where � is the logistic function, Z a normalizing factor Z =
P

S2Sp
w(t)(S),

and the binary operator 
 is de�ned as a component-wise vector multiplica-
tion [a b]T 
 [c d]T = [ac bc]T . The updated part evidence vectors then reect
the partitioning of the test pattern into distinct subparts.

3.4 Rule Generation using Domain Model Constraints

The de�nition of spatio-temporal patterns introduced in Section 3.1 is very
general and applies to situations where no domain knowledge is available.
Learning of patterns may be made more eÆcient through introduction of re-
lational constraints based on domain knowledge. For example, for the recog-
nition of human body movements, the spatial relation between hand and
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elbow may be much more diagnostic than the relation between hand and
knee, or, more generally, intra-limb spatial relations are more diagnostic
than inter-limb spatial relations. For these reasons, arbitrary model-based
constraints can be introduced into the underlying relational structure, thus
covering the range from fully-connected non-directed relational models to
speci�c directed relational models. Obviously, in situations where no domain
knowledge is available, the most general model should be used, and learning
is consequently slower and sub-optimal. Conversely, when suÆcient domain
knowledge is available, strong constraints can be imposed on the relational
model, and learning is consequently more eÆcient.

4 Example

The CRGST approach is illustrated in an example where the classi�cation
of four di�erent variations of lifting movements were learned, two where a
heavy object was lifted, and two where a light object was lifted. Both objects
were either lifted with a knees bent and a straight back ("good lifting"), or
with knees straight and the back bent ("bad lifting"). Thus there were four
movement classes, 1) good lifting of heavy object, 2) good lifting of light
object, 3) bad lifting of a heavy object, and 4) bad lifting of a light object.
The movements are quite diÆcult to discriminate, even for human observers.
This was done in order to test the limits of the movement learning system.

The movements were recorded using a Polhemus system [11] running at
120Hz for six sensors, located on the hip, above the knee, above the foot, on
the upper arm, on the forearm, and on the hand of the left body side (see
Figure 3). Each movement type was recorded �ve times. From the position
data (x(t); y(t); z(t)) of these sensors, 3-D velocity v(t) and acceleration a(t)
were extracted, both w.r.t. arc length ds(t) = (dx2(t) + dy2(t) + dz2(t))1=2,
i.e. v(t) = ds(t)=dt and a(t) = d2s(t)=dt2 [9]. Sample time-plots of these
measurements are shown in Figure 4.

Fig. 3. Lifting a heavy object. The movement sensors were placed on the hip,

above the knee, above the foot, on the upper arm, on the forearm, and on the hand

of the left body side.
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Fig. 4. Sample time-plots of the movement sequences illustrated in Figure 3. The
�rst row shows time-plots for the vertical position of the sensor placed on the hand,
the second row the acceleration of the sensor placed above the knee. The four
columns show traces the four movement classes (see text for further details).

The spatio-temporal patterns were de�ned in the following way: At every
time point, the patterns consisted of six parts, one for each sensor, each
part being described by unary attributes u = [x; y; z; v; a]. Binary attributes
were de�ned by simple di�erences, i.e. the spatial attributes were de�ned as
bs(pit; pjt) = u(pjt) � u(pit), and the temporal attributes were de�ned as
bt(pit; pjt+1) = u(pjt+1)� u(pit).

Performance of CRGST was tested with a leave-one-out paradigm, i.e. in
each test run, movement classes were learned using all but one sample, and the
resulting rule system was used to classify the remaining pattern, as described
in Section 3. The system was tested with three attribute combinations and
four pattern models. The three attributes combinations were 1) u = [x; y; z],
2) u = [v; a] and 3) u = [x; y; z; v; a]. The four pattern models were 1) a fully
connected relational model (i.e. binary relations were de�ned between all
six sensors), 2) a non-directional intra-limb model, i.e. binary relations were
de�ned between hip - knee, knee - foot, upper arm - forearm, and forearm

Fig. 5. Sketch of the four pattern models used for the recognition of lifting move-
ments. From left to right, the sketches show the fully connected relational model,
the non-directional intra-limb model, the directional intra-limb model and an inter-
limb model. See text for further explanations.
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Model xyz va xyzva

fully connected 48.7 (85) 24.6 (30) 45.7 (75)
intra-limb non-directional 46.2 (75) 32.4 (32) 46.2 (75)
intra-limb directional 52.7 (85) 24.1 (20) 63.3 (90)

inter-limb non-directional 41.4 (60) 22.1 ( 5) 42.1 (70)

Table 1. Performance of CRGST for learning four di�erent types of lifting actions.
The �rst column indicates what relational model was used, and the three remaining
columns give average performance for three di�erent attributes combinations ( xyz
= position in 3D; v = velocity: a = acceleration). Each cell gives raw percentage
correct for a model + feature set combination. The number in parentheses gives
classi�cation performance under the assumption that a single movement pattern is
present and is obtained from the former using a simple winner-take-all criterion.

- hand, 3) a directional intra-limb model (i.e. binary relations were de�ned
as in 2) but only in one direction), and �nally 4) an inter-limb model (i.e.
binary relations were de�ned between hip - upper arm, knee - forearm, and
foot - hand) (see Figure 5).

Results of these tests are shown in Table 1, for the attribute subsets
and the pattern models just described. The results show that performance
is fairly high, in spite of the fact that the movement patterns are not easy
to discriminate for human observers. Best performance is reached for the
intra-limb directional model (see Figure 5) and the full feature combination
xyzva. Even though performance for feature combination va is very low,
the two features improve, not unexpectedly, performance for the xyz feature
combination [6].

An example of the rules which demonstrate their higher-order spatio-
temporal nature is the following, with V = velocity; A = acceleration, �V
= velocity di�erence between di�erent sensors or for the same sensor over
di�erent time points, �A = acceleration di�erence between di�erent sensors
or for the same sensor over di�erent time points:

if Ui(t) any value
and Bij(t) �57 � �V � 114 and �580 � �A � 550
and Uj(t) A � 180
and Tj(t; t+ 1) �249 � �V � 73 and 181 � �A � 2210
and Uj(t+ 1) 17 � V � 24 and 132 � A � 301
then this is part of a good-heavy lifting action

In plain language, rules like the one above read something like the following: If
the relative velocity between the upper and lower limb is in the range [-57,114]
and that of the relative acceleration in the range [-580,550], and the lower
limb has an acceleration less than 180, and to the next time step, velocity
change of the lower limb is in the range [-249,73] and that of acceleration
change is in the range [181,2210], and at the next time point velocity of
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the lower limb is in the range [17,24] and that of acceleration in the range
[132,301], then this is part of a good lifting of a heavy object.

5 Conclusions

In this paper, we have considered a new type of spatio-temporal relational
learner which, like explanation-based learning [8], uses domain knowledge
constraints to control induction over training data. The results show that such
constraints can indeed improve performance of decision-tree type learners.
There are still many open questions to be solved. Of particular relevance is
the ability of the spatio-temporal learners to incorporate multi-scaled interval
temporal logic constraints and how the spatio-temporal domain modeling can
be further used to generate rules which are generated to be robust, reliable
and permit discovery of new relations while, at the same time, render valid
interpretations.
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Abstract

This paper presents an application of subspace projection tech-
niques to the classi�cation of some EEG data for cognitive
psychology.
The data used come from an \odd ball" experiment, where
the subject was shown targets to which they had to respond
by pressing a button. The target was shown with frequency
1/10 of the frequency with which irrelevant targets (to which
no response was necessary) were shown. The data used in this
study concern only the recordings when the target of interest
was actually shown. This means that we have the recordings
of 20 EEG channels, from 1393 trials, concerning 11 di�erent
subjects. However, in the classi�cation experiments presented,
we use only a single channel at a time. The classes we try to
disambiguate are those of fast and slow response. The signals
in each class are further subdivided into two halves, one used
for training and one for testing.
Our purpose is to predict as soon as possible after the visual
stimulus whether the subject is likely to succeed (ie respond
fast) or fail (ie respond slowly) in his task.
We show that if each subject is treated individually, and if we
use parts of the signal that are identical for the two classes
and parts that are maximally di�erent, we obtain results that
are signi�cantly better than the pure chance level. The results
presented are preliminary results of work in progress.

1 Introduction

There are two major approaches in understanding the functionality of the
human brain and by extension human behaviour: trying to solve the inverse
problem using the recordings of electroencephalograms (EEG) and magne-
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toencephalograms (MEG), and trying to �nd correlations between the ob-
served recorded patterns and subsequent behaviour. In the �rst approach
one tries to identify the electromagnetic state of the brain from the recorded
values of the electric and/or the magnetic �eld outside the head, by postulat-
ing various dipole sources spatially distributed inside the head and trying to
infer their degree of activation (eg [1, 4]). In the second approach one does
not bother with the physical model that creates the observations, but instead
tries to use various pattern recognition techniques to �nd phenomenological
relationships between the patterns of behaviour observed and the patterns of
the recorded signals (eg [5, 7]). Given that the number of recording channels
used in such studies is limited to a few dozens at best, it is not possible to ex-
pect that one will ever establish an 1:1 correspondence between the recorded
pattern and the thoughts of the subject. However, if one restricts the domain
of behaviour to simple tasks, one may hope to be able to predict the expected
behaviour of the subject from a limited number of observations.

Little attention has been devoted to the use of pattern recognition and
signal processing techniques for predicting human performance. Only a few
references were found in the literature. Trejo et al [9] used linear regression
models to study the quantitative relationship between variations in the am-
plitude and latency of components of evoked responses and performance on
a speci�c task across subjects as well as for individual subjects. Factor anal-
ysis of the reaction times, accuracy, and con�dence of responses was used to
create a global measurement of the performance. Using principal components
analysis, factors were extracted from the correlation matrix of the single-trial
performance measures for all subjects. The relation between the behavioural
index and the variables of the tasks were studied by analysis of variance
(ANOVA) and multivariate analysis of variance (MANOVA). The results de-
pended on the signal to noise ratio. They concluded that linear combinations
of single trial amplitudes of evoked responses and latency measures did not
provide a useful real time index of task performance. However, models based
on averaging of several adjacent trials produced more reliable prediction of the
index of performance. It was suggested to include task relevant information
for more accurate models of performance.

Trejo and Shensa in [8] reported a further development of evaluation mod-
els for human performance monitoring. They used the discrete wavelet trans-
form (DWT) to extract features from the recorded EEG signals. The results
were compared with models for which features were obtained by principal
component analysis (PCA), and with results obtained with models using the
raw EEG signals as features. Two types of classi�ers were designed for every
feature space. The �rst ones were based on neural networks. The second clas-
si�ers were developed by the linear regression model described in [9]. Both
methods PCA and DWT yielded better results in both types of classi�ers
than the traditional latency and peak analysis. However the DWT method
had better performance than PCA in all cases.

Other work concerned with single trial prediction reported results con-
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cerned with the relation between components of evoked responses and reac-
tion time. Lange et al reported in [2] discriminatory e�ects of matched �lters
applied in the prediction of single trials. They presented sub-averages of trials
which showed a direct relation between the latency of the P300 component
and the reaction time. In [3] the same group used a statistical model of
the �ring instants of neuronal populations to decompose the P300 complex
in subcomponents. Reciprocal changes in the amplitude of each sub P300
component were related with changes in the reaction time.

The objective of the paper is to use pattern recognition techniques to
�nd correlations between the EEG recorded pattern after a stimulus has been
presented to the subject and the subsequent performance of the subject, ex-
pressed by the subject's reaction time.

The data used come from an \odd ball" experiment, where the subject was
shown targets to which they had to respond by pressing a button. The target
was shown with frequency 1/10 of the frequency with which irrelevant targets
(to which no response was necessary) were shown. The data used in this study
concerned only the recordings when the target of interest was actually shown.
This meant that we had the recordings of 20 EEG channels, from 1393 trials,
concerning 11 di�erent subjects. In most cases, the subjects had responded
correctly by pressing the button. In some cases, however, they had not. The
idea is to use the part of the signal soon after the target has been presented,
in order to predict whether the subject is going to respond correctly or not.
The result of the performance of the subject was binarised into two classes:
\success" or \failure". Before we proceed, we must �rst decide what is meant
by \success" and \failure". In many situations, pressing the button does not
necessarily mean that the subject has succeeded. A delayed reaction, even if
it is correct, it may be fatal. This is the case, for example, of a �ghter pilot
having to press a button when he sees an enemy target, or a train or car driver
having to press the break when he sees a red light or a pedestrian on the line.
In our experiments, only in 30 out of the 1393 trials the subject failed to press
the button altogether. The reaction times, however, varied by as much as a
factor of 4 or 5 (the shortest reaction time was 360ms, while the longest was
1932ms). So, we decided that the classes we would like to disambiguate would
be those of fast and slow response. We divided therefore the data into two
categories: Class \success" were the fastest half of the signals (ie signals with
reaction times in the range [360ms; 692ms]), and class \failure" the slowest
half (signals with reaction times in the range (692ms; 1932ms]). The signals in
each class were further subdivided into two halves, one to be used for training
and one for testing.

2 Methodology

Figure 1 shows a typical signal from channel C3 when the subject was per-
forming the task. Time t = 0 corresponds to the time the stimulus is delivered.
The vertical lines mark this time, as well as the time of the reaction of the
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Figure 1: A typical signal recorded by channel C3. Time 0 is when the
stimulus was shown. The vertical lines indicate the stimulus time (left line)
and the time when the subject reacted (right line).

subject. The time span between the time of the stimulus and the time of the
reaction is of interest to us. In what follows the word \signal" will refer to
this segment of the recorded data, unless it is otherwise made clear by the
context. Our purpose is to use the early part of each signal and check for
correlations with the subsequent performance. The size (ie the duration) of
the signal di�ers not only from subject to subject, but also between di�erent
trials performed by the same subject. The last 25ms or so correspond to the
time taken for the signal indicating action to travel from the brain to the
muscles of the hand of the subject. The earlier part, however, is the time
taken by the brain to make the decision for action. As our purpose is early
prediction, we can not a priori know the exact length of the signal. So, in our
experiments we considered all signals we have for training, and identi�ed the
shortest of them. The length of this signal represents the shortest recorded
reaction time over all subjects and all trials. We would like to be able to
make our predictions at most in that length of time. So, for our analysis, all
available signals were truncated to that length, which we shall call M0. In
other words,M0 is the number of samples considered for all available signals.
Perhaps not all of these samples are necessary for prediction. So, the number
of samples used from each signal is Mm < M0.

In this paper, we try to distinguish success or failure on the basis of the
information we receive from a single recorded channel, and the issue of com-
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bining the information from more than one channels is left for future work.
In many pattern recognition tasks, what matters is the relative importance

of the various components, as opposed to their absolute values. What matters
then is not where the tip of the pattern vector in feature space is, but what
is the orientation of the vector. As the magnitude of the pattern does not
matter, people usually normalise all patterns to have the same magnitude,
equal to 1, by dividing each one by its magnitude. This way they reduce
the dimensionality of the problem by 1. To classify an unknown pattern
on the basis of the relative values of its components, they compare then its
orientation with the orientations of the vectors that represent the di�erent
classes. Measuring orientations amounts to measuring angles between vectors.
Angles are found by taking the dot product of the vectors. As all vectors
have length 1, the dot product is really the cosine of the angle between the
two vectors. So, if we get 1 as an answer, the two vectors have the same
orientation, and if we get 0 as an answer, the two vectors are orthogonal to
each other. A result of -1 indicates totally opposite patterns.

Such methods are called subspace projection methods. They are most
appropriate for pattern recognition tasks when non-parametric representa-
tions of the data are more acceptable, and when the absolute value of the
response pattern is not important, but the relative values of the components
in the pattern are important.

We found, however, that the amount of activation was also useful in our
case, so the results presented here were obtained without normalising the
patterns. The implication is that the measure we use to identify similarity
between two patterns, is the component of the test pattern along the pattern
that represents the class. The sign of the component is important as a negative
sign implies anti-correlation and not similarity.

3 Practical considerations in applying subspace

projection methods

When an unknown pattern vector is to be classi�ed, we must project it on
the vectors of each class to see where it has the highest projection. It is not
eÆcient to use all training vectors that represent a class. Instead, we must use
some representative vectors from each class. How we choose these representa-
tive vectors, is a matter of what criteria we use. The most common approach
is to require that the components of the training patterns we have, when pro-
jected on these representative vectors, are decorrelated. Then it can be shown
[6] that these representative vectors must be chosen to be the eigenvectors of
the autocorrelation matrix of the class with non-zero eigenvalues.

When the two classes overlap, the common area is spanned by vectors of
both classes. These vectors are not very useful and reliable for class discrim-
ination. We would like, therefore, to omit them. There are techniques which
allow us to identify only the eigenvectors that are outside the common area.
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The way we achieve it is by identifying the eigenvectors which span all space
that is not covered by class \failure", for example. Then we consider only the
intersection of this space with the class \success".

To calculate the autocorrelation matrix of a class, we applied the following
formula:

Q
(�)
ij =

1

N�

N�X

k=1

x
(�)
ki x

(�)
kj (1)

where � stands for s (for class \success"), or f (for class \failure"), and:

Q
(�)
ij : the (i; j) element of the autocorrelation matrix of the class;

N� : the number of training patterns in the class;

x
(�)
ki : the ith component of the kth training pattern in the class.

To take into consideration the overlapping parts of the two classes, we
need the de�nition of the projection matrix:

P (�) = u
(�)
1 u

(�)T
1 + u

(�)
2 u

(�)T
2 + : : :+ u(�)n�

u(�)Tn�
(2)

where:

P (�) : the projection matrix of the class;
n� : the number of eigenvectors with non-zero eigenvalues of the

autocorrelation matrix of the class;

u
(�)
i : the ith eigenvector of the class;

u
(�)T
i : the transpose of the ith eigenvector of the class.

Algorithm A: Training

1. Calculate the autocorrelation matrix of each class, using formula 1.

2. For each matrix calculate the eigenvectors and eigenvalues.

3. From each class keep all eigenvectors, with nonzero eigenvalues.

4. For each class compute the projection matrix using all eigenvectors and
formula 2.

5. Compute matrix P
(f)

� I � P (f) where I is the unit matrix.

6. Compute the eigenvectors of matrix Q de�ned by:

Q �

1

2
P (s) +

1

2
P
(f)

(3)
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7. For class \success" keep the eigenvectors of matrix Q that have eigen-
values 1 or near 1. For class \failure" keep the eigenvectors of matrix Q
that have eigenvalues 0 or near 0.

Algorithm B: Testing

To classify an unknown signal follow the following steps:

1. Consider as pattern the same segment of the signal as that used for
training.

2. Compute the projection of the pattern vector on each class by calculat-
ing its dot product with all the representative vectors of the class you
identi�ed during training.

3. Classify the signal according to the criterion:

X

i

xTusi >
X

j

xTu
f
j to class \success" (4)

X

j

xTu
f
j >
X

i

xTusi to class \failure" (5)

where:

x : the unknown vector
usi : the ith eigenvector of class \success"

u
f
j : the jth eigenvector of class \failure"

4 Experiments

Each of the two classes (\success" and \failure") is characterised by large
variability. This can be seen by averaging the signals of each class and cal-
culating the standard deviation of the distribution of each sample. Figures 2
and 3 show the average signals of each class and the signals created by adding
and subtracting one standard deviation from the mean signal, for one of the
channels, namely channel Oz. In �gure 2 the curves refer to the training data,
and in �gure 3 to the testing data. In both cases the class \success" is rep-
resented by the thick lines. It is interesting to observe that the two average
signals show regions where they de�nitely diverge from each other, with these
features being observed in both the training and the testing data. Given that
the division of the data into training and testing was done at random, the
fact that the same deviations are observed in both subsets, makes these di�er-
ences signi�cant. However, in all cases these di�erences are buried well inside
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Figure 2: The mean signals for class \success" (thick line) and \failure" (thin
line) and their counterparts plus and minus one standard deviation away.
Class \success" means reaction time � 692ms. Class \failure" means reaction
time > 692ms. Channel Oz. Training data only.

the one standard deviation limit. This means that disambiguation of the two
classes on the basis of these samples will be very diÆcult if at all possible.

So, for each channel, we identi�ed the promising ranges of samples, and
used those as our patterns. If more than one range of samples appeared
di�erent in the two classes, all promising ranges were used. In addition, the
full range consisting of 168 samples was also used. The classi�cation results
of these experiments were barely above the chance level. (Since we have only
two classes, for the classi�cation to be statistically signi�cant, we expect to
predict correctly with accuracy above 50% both successes and failures). The
disappointing performance of this approach made us realise two important
points:

� There is a large variation in the performance of individual subjects, as
it can be judged from the range of their reaction times. The data we
used concerned 11 di�erent subjects. Better results should be expected
if each subject was treated separately.

� The segment of the signal used was the one where the two average signals
between success and failure were most distinct. However, the classi�er
we use is based on the calculation of correlation matrices which are
second order statistics. The second order statistics are most distinct
when each segment used contains a part which is similar to the signals
for the other class and a part which is most dissimilar, so that the 2-point
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Figure 3: The mean signals for class \success" (thick line) and \failure" (thin
line) and their counterparts plus and minus one standard deviation away.
Class \success" means reaction time � 692ms. Class \failure" means reaction
time > 692ms. Channel Oz. Testing data only.

di�erence between samples is most distinct between the two classes.

The �nal series of experiments we performed treated each subject sepa-
rately, and used training data to train the classi�er for each subject separately.
In addition, during the training phase, a sliding window of the signal was used
to identify the segment that would o�er the maximum discrimination between
success and failure. As predicted, the best windows were those which included
the transition region at which the average signal of success from being very
similar to the average signal of failure, becomes most dissimilar from it.

5 Results

Table 1 shows the best results obtained for each subject. The �rst column
gives the identity of each subject. The second column gives the sample num-
bers that identify the segment of the signal used in the experiment with the
results reported. These numbers are in msec after the presentation of the
stimulus to the subject. The shortest reaction time of each subject is given in
the next column. The fourth column shows the EEG recording channel from
which these results were obtained. (The name of the channel is a recognised
name by the practitioners of cognitive EEG studies, indicating the location
of the corresponding electrode on the skull.) The �nal three columns give the
percentages of correctly predicting the cases when the subject failed (under
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\F") and when the subject succeeded (under \S"), as well as their average.
All results are above the 50% limit which is the result of chance.

Table 1: Results for channels Fz, Cz, and Pz considering each subject

separately

Subject Window Fastest Channel Best percentage of
for best reaction for best classi�cation (%)
results time results F S (Avg)

S1 244-304 360 Pz 69 58 64

S2 140-336 592 Cz 63 58 61

S3 124-254 432 Fz 61 83 72

S4 226-330 428 Fz 61 67 64

S5 220-300 412 Fz 72 55 64

S6 200-280 424 Fz 57 59 58

S7 116-182 368 Cz 65 65 65

S8 176-330 468 Fz 68 55 62

S9 284-336 436 Fz 68 58 63

S10 246-316 456 Fz 59 66 61

S11 144-240 540 Pz 83 58 71

6 Conclusions and future work

In this study only individual EEG channels were considered. The conclu-
sions drawn therefore, cannot be �nal on the ability of pattern recognition
to help predict success or failure. From the fact that the results were barely
above chance when all subjects were treated together, one can conclude that
a general purpose classi�er of success or failure appropriate for all subjects is
probably impossible. However, the results are signi�cantly above the chance
level when each subject is treated separately. It seems therefore, that as
the patterns of success or failure are di�erent for di�erent individuals, it is
necessary to develop custom-made decision systems for each individual.

Only 1=10 of the data were used, namely when the target was presented
to the subject. Future work will make use of the recordings when the target
was not presented to the subject. Studying how the patterns of success or
failure for a certain individual di�er when target is presented or target is
not presented, may allow us to develop systems that tend to over-react or
under-react to targets.

In addition, combinations of channels have to be used to see whether the
prediction performance improves. If combinations of channels do not improve
the results, then simpler systems may be designed which record the data from
one channel only (or a small number of channels that are most relevant).

The development of such systems may be of very signi�cant practical use,
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not only in military applications, but also in routine checks of baggage control
at airports for example, or long distance driving.
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Abstract

In the broadcast of sports events one can commonly see adds or logos that
are not actually there – instead, they are inserted into the image, with the
appropriate perspective representation, by means of specialized computer
graphics hardware. Such techniques involve camera calibration and the
tracking of objects in the scene. This article introduces an automatic camera
calibration algorithm for a smooth sequence of images of a football (soccer)
match taken in the penalty area near one of the goals. The algorithm takes
special steps for the first scene in the sequence and then uses coherence to
efficiently update camera parameters for the remaining images. The
algorithm is capable of treating in real-time a sequence of images obtained
from a TV broadcast, without requiring any specialized hardware.

Keywords: camera calibration, automatic camera calibration, computer vision,
tracking, object recognition, image processing.

1 Introduction

In the broadcast of sports events one can commonly see adds or logos that are not
actually there – instead, they are inserted into the image, with the appropriate
perspective representation, by means of specialized computer graphics hardware.
Such techniques involve camera calibration and the tracking of objects in the scene.
In the present work, we describe an algorithm that, for a given broadcast image, is
capable of calibrating the camera responsible for visualizing it and of tracking the
field lines in the following scenes in the sequence. With this algorithm, the programs
require minimal user intervention, thus performing what we call automatic camera
calibration. Furthermore, we seek to develop efficient algorithms that can be used in
widely available PC computers.
There are several works on camera calibration, such as [1], [2], [3], and the most
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classical one, [4], which introduced the well-known Tsai method for camera
calibration. All methods presented in these works require the user to specify
reference points – that is, points in the image for which one knows the true position
in the real world. In this work, our purpose is to obtain such data automatically.
The method for automatically obtaining reference points is based on object
recognition. Some works related to this method include [5], [6], [7] and [8]. [9]
discusses some limitations of model-based recognition.
In [10], a camera self-calibration method for video sequences is presented. Some
points of interest in the images are tracked and, by using the Kruppa equations, the
camera is calibrated. In the present work, we are interested in recognizing and
tracking a model, based on the field lines, and only then calibrating the camera.
The scenes we are interested in tracking are those of a football (soccer) match,
focused on the penalty area near one of the goals. There is where the events of the
match that call more attention take place. In this article we restrict our scope to
scene sequences that do not present cuts. That is, the camera’s movement is smooth
and the image sequence follows a coherent pattern.
The primary objective of our work was to develop an algorithm for a real-time
system that works with television broadcast images. A major requirement for the
algorithm is its ability to process at least 30 images per second.

2 General View of the Algorithm

The proposed algorithm is based on a sequence of steps, illustrated in the flowchart
shown in Fig. 1. The first four steps are performed only for the first image in the
scene. They include a segmentation step that supports the extraction of the field lines
and the determination of a preliminary plane projective transformation. For the
subsequent images of the sequence, the algorithm performs an adjustment of the
camera parameters based on the lines obtained in the previous images and on the
preliminary transformation.

Camer a Calibr ation
The camera is calibrated by means of the Tsai method.

Computation of the plane pr ojec tive tr ans for mation
A better-fitting geometric transformationis found, based on a

enlarged set of lines.

Filtering to e nhance lines
The Laplacian of Gaussian (LoG) filter is applied to the

image with threshold t0 .

Next i mage in
the se quence

Detec tion of long straight-line segments
A segmentation step loca tes long straight line segmen ts

candidate to be field lines.

First i mage of the sequence

Line rec ognition
A subset of the line segmen ts is recognized as

representing field lines.

Line re adjustment
The field lines, either recogn ized or located by th e

transformation, are readjusted based on the LoG filtering
result applied to the image with threshold t1 (t1 < t0).

Computation of the ini tial plane projective
trans for mation

A geometric transformation that maps fie ld lines to their
recognized images is found.

Informat ion in pixels

Geometric informat ion

Informat ion in pixels

Camer a Calibr ation
The camera is calibrated by means of the Tsai method.

Computation of the plane pr ojec tive tr ans for mation
A better-fitting geometric transformationis found, based on a

enlarged set of lines.

Filtering to e nhance lines
The Laplacian of Gaussian (LoG) filter is applied to the

image with threshold t0 .

Next i mage in
the se quence

Detec tion of long straight-line segments
A segmentation step loca tes long straight line segmen ts

candidate to be field lines.

First i mage of the sequence

Line rec ognition
A subset of the line segmen ts is recognized as

representing field lines.

Line re adjustment
The field lines, either recogn ized or located by th e

transformation, are readjusted based on the LoG filtering
result applied to the image with threshold t1 (t1 < t0).

Computation of the ini tial plane projective
trans for mation

A geometric transformation that maps fie ld lines to their
recognized images is found.

Informat ion in pixels

Geometric informat ion

Informat ion in pixels

Fig. 1 - Algorithm flowchart.

3 Filtering

This step of the algorithm is responsible for improving the images obtained from the
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television broadcast. Our primary objective here is to enhance the image to support
the extraction of straight-line segments corresponding to the markings on the field.
To perform this step, we use classical image-processing tools [11]. In the present
article, image processing is always done in grayscale. To transform color images
into grayscale images, the image luminance is computed.
In order to extract pixels from the image that are candidate to lie on a straight-line
segment, we apply the Laplacian filter. Because of noise, problems may arise if this
filter is directly applied to the image. To minimize them, the Gaussian filter must
first be applied to the image. Thus, the image is filtered by a composition of the
above filters, usually called the Laplacian of Gaussian (LoG) filter.
The pixels in the image resulting from the LoG filtering with values greater than a
specified threshold (black pixels) are candidate to be on one of the line segments.
The remaining pixels (white pixels) are discarded.
Figs. 3, 4, and 5 show an example of this filtering step for the image given in Fig. 2.
We will use this image to explain all the steps of the proposed algorithm. In these
figures we can notice the improvement due to applying a Gaussian filter prior to the
Laplacian filtering. The lines are much more noticeable in Fig. 5 than in Fig. 4.

Fig. 2 - Original image. Fig. 3 - Image with Gaussian filter.

Fig. 4 - Original image with Laplacian filter. Fig. 5 - Original image with LoG filter.

4 Detecting Long Segments

Once the filtering step has roughly determined the pixels corresponding to the line
segments, the next step consists in locating such segments. In our specific case, we
are interested in long straight-line segments.
Up to now in the algorithm, we only have pixel information. The pixels that have
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passed through the LoG filtering are black; those that have not are white. The
desired result, however, must be a geometric structure – more explicitly, parameters
that define the straight-line segments.
The procedure proposed for detecting long segments is divided in two steps:
1. Eliminating pixels that do not lie on line segments:
In this step, the image is divided into cells by a regular grid as shown in Fig. 6. For
each of these cells, we compute the covariance matrix

where n is the number of black pixels in the cell, xi and yi are the coordinates of each
black pixel, and x’ and y’ are the corresponding averages. By computing the
eigenvalues λ1 and λ2 of this matrix, we can determine to what extent the black
pixels of each cell are positioned as a straight line. If one of such eigenvalues is null
or if the ratio between the largest and the smallest eigenvalue is greater than a
specified value, then the cell is selected and the eigenvector relative to the largest
eigenvalue will provide the predominant direction for black pixel orientation.
Otherwise, the cell is discarded. The result can be seen in Fig. 7.

Fig. 6 - Image divided into cells. Fig. 7 - Pixels forming straight-line segments.

Fig. 8 - Extraction of straight-line segments.
2. Determining line segments:
The described cells are traversed in such a way that columns are processed from left
to right and the cells in each column are processed bottom-up. Each cell is given a
label, which is a nonnegative integer. If there is no predominant direction in a cell, it
is labeled 0. Otherwise the three neighboring cells to the left and the cell below the
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given cell are checked to verify whether they have a predominant direction similar
to the one of the current cell. If any of them does, then the current cell receives its
label; otherwise, a new label is used for the current cell. After this numbering
scheme is performed, cells with the same label are grouped and, afterwards, groups
that correspond to segments that lie on the same line are merged. At the end of the
process, each group provides a line segment. The result is illustrated in Fig. 8.

5 Recognizing Field Lines

The information we have now is a collection of line segments, some of which
correspond to field lines. Our current goal, then, is to recognize, among those
segments, the ones that are indeed projections of a field line, and to identify that
line.
For this purpose we use a model-based recognition method [5]. In our case, the
model is the set of lines of a football field. This method is based on interpretations,
that is, it interprets both data sets – the real model and the input data – and checks
whether they are equivalent, according to certain restrictions

We use a tree structure, called
interpretation tree, in which
each leaf represents one
possible solution. Fig. 9
illustrates the two first levels
of an interpretation tree.
The line segments obtained in
the previous step (f1 through
f5) must be matched to the
model given by the field lines
F1 through F7. Each node of
the tree represents a
correspondence between a
found segment fx and a model

segment Fv. The validity of a node is determined by a set of restrictions, some of
which are given below.
1. Two lines cannot have the same representation.
2. Two lines are parallel (or almost parallel, due to the projective transformation)

in the visualization only if their representatives in the model are also parallel.
3. All lines must be in the same half-plane determined by the line representing F1.
4. All lines must be in the same half-plane determined by the line representing F2,

except for the one representing F1.
An example of an application of these restrictions is the invalidation of the node
shown in bold in Fig. 9; in this node, f1 represents F1 and f2 represent F2. The node is
invalid because f1 and f2 are parallel, while F1 and F2 are orthogonal (thus
contradicting restriction 2).
We do not require that all fx lines correspond to some Fv model line. This leads to
the existence of multiple feasible solutions. Therefore, a tie-breaking criterion must
be applied: the chosen solution is the one with the largest sum of the lengths of the
lines with representations. This, for instance, automatically discards the trivial
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Fig. 9 - Example of an interpretation tree.
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solution (where none of the lines has a representation).
For the situation in Fig.9 we have: f1 : ∅, f2 : F3, f3 : ∅, f4 : F1, f5 : F6, f6 : F4, f7 : F7,
where fx : Fy means that line fx represents line Fy and fx : ∅ indicates that fx

represents none of the model lines.

6 Computing the Planar Projective Transformation

In the previous section we discussed how to recognize visible field lines. However,
some of the lines may not be clear in the image, and the algorithm may fail to detect
them. In this section we shall discuss an algorithm for locating such lines.
We begin by using the pairs fx : Fy obtained in the previous step to compute a planar
projective transformation that projects field lines onto the lines representing them.
For that purpose, we find the intersection points of the recognized pairs of lines.
This generates a set of points for which the position both in the field and in the
image is known. We also compute, in the image, the vanishing points relative to the
ox and oy directions of the model. Then, we use least squares to find a projective
transformation – represented by a 3×3 matrix in homogeneous coordinates – that
best maps field points to image points.
This initial transformation may not be very good due to errors in the location of the
detected lines and because we may have a small number of points, since there may
be field lines for which we have not found a representative. The transformation error
is illustrated by Fig. 10, in which we can notice a considerable difference between a
sideline of the penalty area and its reconstruction.

Fig. 10 - Initial transformation. Fig. 11 - After line readjustment.
To improve this solution, we shall use the computed transformation to find the
missing field lines. A field line may not have been correctly located by the previous
step, especially if the line is faded in the image and most of its pixels are discarded
by the LoG filter (for instance, the above mentioned sideline of the penalty area was
not located in Fig. 8). However, once an approximate position for that line is known,
these pixels may be retrieved by a LoG filter with a smaller threshold, but subject to
be near the predicted position of one of the field lines.
The idea is to partition the pixels of the image resulting from the LoG filtering
according to the nearest projected field line (computed by the initial projective
transformation), discarding those pixels whose distance to all lines is larger than a
certain value.
From each group of pixels, we use least squares to compute straight lines that best fit
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those pixels. Such lines will replace those that originated the groups. We call this
step of the method line readjustment.
With this new set of lines, we compute a new planar projective transformation. This
new transformation is expected to have better quality than the previous one, because
the input points used to obtain the transformation are restricted to small regions in
the vicinity of each line. Therefore, the noise introduced by the effect of other
elements of the image is reduced.
With this new set of lines, we compute a new planar projective transformation, in
the same way as done for the initial transformation. The result of this readjustment is
illustrated in Fig. 11. These images are in negative to better highlight the extracted
field lines, represented in white. The gray points in the images are the output of the
LoG filter, and they are in the image only to provide an idea of the precision of the
transformation. We can notice that the sideline of the penalty area in the upper part
of the images is better located in Fig. 11 than in Fig. 10.
Some problems may arise in this readjustment due to the players. If there is a large
number of them over a line – for instance, when there is a wall –, this line may not
be well adjusted.

7 Camera Calibration

The projective transformation computed in
the previous section is planar, therefore it
does not consider points outside the plane
of the field, such as the top of the goal
posts. In order to obtain a full three-
dimensional reconstruction of the field, we
must calibrate the camera used to capture
the image, that is, we must find its intrinsic
and extrinsic parameters. Tsai’s algorithm
[4] is employed for such purpose. A
regular grid is generated inside the penalty
area of the model, and pairs of the form

(pci, pii), where pci are points of the model and pii are their images according to the
last computed planar transformation, are passed to the calibration procedure. With
this information the position, orientation and zoom factor of the camera can be
recovered.
The result of the Tsai method is illustrated in Fig. 12. One can notice that it is now
possible to appropriately reconstruct objects outside the field, such as the goal posts.

8 Working with a Sequence of Images

When there is a sequence of images (with no cuts), we are interested in calibrating
the camera with the least possible computational effort, in order to obtain real-time
processing. Since we are dealing with television images, this means that, for each
image, we have 1/30 of a second to calibrate the camera.
For the first image, we apply the camera calibration process described above. In
order to optimize the proposed algorithm from the second image on, we shall take

Fig. 12 - Result of the Tsai method.
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advantage of the previous image. We can use its final plane projective
transformation as an initial transformation for the current image, and go directly to
the line readjusting method.

9 Results

To test the proposed algorithm we have analyzed two sequences of images. The first
one is a synthetic sequence obtained from an OpenGL visualization of a football
field aims at verifying if model. The second sequence was obtained by capturing real
images from a TV broadcast using a video capture board. Each sequence has 27
frames with a resolution of 320x240. Figs. 13 and 14 show the first and the last
images in each sequence, showing the reconstructed elements of the field.
In the first sequence of images the results from the algorithm reproduce the original
model. The second sequence aims at verifying the behavior of the algorithm when
working with real images. These should be harder for the algorithm, since they
contain extraneous elements – such as the audience and marketing plates around the
field – and feature curved field lines, due to lens distortion.

Fig. 13 - Artificial data. Fig. 14 - Real data.
In the artificial sequence of images, visual errors cannot be noticed. In the real
sequence, there are some small errors in the superposition of the reconstructed lines
(white) over the image lines.
The numerical errors for the first sequence are shown in Tables 1 and 2. These tables
present the correct projected coordinates and those resulting from our algorithm
(reconstructed coordinates). The comparison shows that the error, for each point, is
never greater than 2 pixels, with the typical average of about 0.5 pixel. These small
errors result mainly from the discrete nature of the low-resolution image.
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The tests were conducted in a Pentium III 600 MHz. The processing time was 380
milliseconds for the first sequence and 350 milliseconds for the second one. This
difference results from the fact that the algorithm detected 10 line segments in the
first image of the synthetic sequence and only 7 in the TV sequence, as we can see
in Fig. 8 (the side lines and goal posts were not detected in the first TV image). This
increase in the number of detected segments influences the processing time of the
recognition step, increasing the depth of the interpretation tree. Both processing
times are well below the time limit for real-time processing. If the desired frame rate
is 30 fps, up to 900 milliseconds could be used for processing 27 frames.

10 Conclusions

The algorithm presented here has generated good results even when applied to noisy
images extracted from TV. Our goal to obtain an efficient algorithm that could be
used in widely available computers was reached. In the hardware platform where the
tests were performed the processing time was well below the time needed for real-
time processing. The extra time could be used, for example, to draw ads and logos
on the field.

11 Future Works

Although the method presented here is capable of performing camera calibration in
real time for an image sequence, the sequence resulting from the insertion of new
elements in the scene suffers from some degree of jittery, due to fluctuations in the
computed camera position and orientation. We intend to investigate processes for
smoothing the sequence of cameras by applying Kalman filtering [12] or other
related techniques.
Another interesting work is to develop techniques to track other objects moving on
the field, such as the ball and the players. We also plan to investigate an efficient
algorithm to draw objects on the field behind the players, thus giving the impression
that the objects drawn are at grass level and the players seem to walk over them.
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Field’s Points Correct Coordinates Reconstructed
Coordinates

x y z u v u v

Error
(Euclidean
Distance)

105.0 68.00 0.00 81.707 216.584 81.731 215.972 0.612
88.5 13.84 0.00 230.117 78.133 228.747 77.525 1.499
88.5 54.16 0.00 1.236 183.463 0.424 183.197 0.854
99.5 24.84 0.00 259.039 134.206 258.566 133.815 0.614
99.5 43.16 0.00 146.690 174.826 146.067 174.484 0.711

105.0 30.34 0.00 269.817 155.102 269.629 154.697 0.446
105.0 30.34 2.44 270.921 181.066 270.215 180.863 0.735
105.0 37.66 2.44 224.101 194.645 223.291 194.407 0.845
105.0 37.66 0.00 223.405 170.271 223.082 169.876 0.510

Average Error 0.696
Tab. 1 - Comparison between the correct and reconstructed coordinates for the first scene.

Field’s Points Correct Coordinates Reconstructed
Coordinates

x y z u v u v

Error
(Euclidean
Distance)

105.0 68.00 0.00 97.167 205.940 96.791 205.585 0.517
88.5 13.84 0.00 243.883 66.434 243.549 66.022 0.530
88.5 54.16 0.00 16.101 173.174 15.655 172.623 0.709
99.5 24.84 0.00 273.344 124.029 273.125 123.715 0.382
99.5 43.16 0.00 160.672 164.798 160.366 164.421 0.486

105.0 30.34 0.00 284.160 145.173 283.992 144.914 0.309
105.0 30.34 2.44 285.241 171.290 284.886 171.090 0.407
105.0 37.66 2.44 238.127 184.768 237.744 184.538 0.447
105.0 37.66 0.00 237.462 160.349 237.252 160.063 0.355

Average Error 0.452
Tab. 2- Comparison between the correct and reconstructed coordinates for the last scene.
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Complex Images and Complex Filters:
A Unified Model for Encoding and Matching
Shape and Colour

Terry Caelli1 and Andrew McCabe1

Department of Computing Science, The University of Alberta, Edmonton,
Canada, T6G 2H1

Abstract. In many practical areas of visual pattern recognition the images are
complex-valued. Examples include images generated from 2-dimensional colour, mo-
tion, radar and laser sensors. To this date the majority of encoding and matching
schemes for such images do not treat the complex nature of the data in a unified
way but, rather, separate the associated “channels” and combine them after pro-
cessing each image attribute. In this paper we describe a technique which utilizes
properties of the complex Fourier transform of complex images and develop new
types of complex filters for colour and shape specific feature extraction and pattern
matching. Results are encouraging particularly under quite noisy conditions.

Keywords: Spatio-chromatic filtering, colour encoding, complex Fourier tran-
sorm, complex images.

1 Introduction

Many current sensors generate complex-valued images in so far as the pixels
have both an amplitude and a phase (angle) component. Examples include
motion (velocity and direction), radar and laser (amplitude and phase prop-
erties of the received signal), and colour (hue and saturation). In this paper
we focus on the area of colour vision though our results apply to any com-
plex image. For colour, past approaches to encoding, filtering and matching
features in such images have typically separated “colour” from “shape” or
“texture” and more often than not treated the spatial characteristics of each
colour channel separately. Examples abound in the image database retrieval
areas where these attributes are typically treated separately: colour being a
first-order (pixel) attribute and shape being second-order [1,2].

To overcome this limitation, in recent years a number of authors have
proposed models for the extraction of features which encode specific types
of spatial distributions and correlations of colours over space [3–6]. In this
paper we extend this work to consider what we term the Spatio-Chromatic
Fourier Transform (SCFT) whereby both colour and shape can be seamlessly
encoded by one transform theory to result in a single class of filters and
complex-valued correlation functions. What differentiates our approach from
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previous ones (see, for example, [5]) is that we have derived an interpretation
for the complex frequencies, filtering and correlations processes associated
with such transforms [7].

To understand the SCFT it is necessary to understand how the complex-
valued positive and negative frequencies actually contribute to the generation
of the basis functions (gratings)1. For a real-valued input image, f(p, q), the
complex-valued Fourier transform is defined by:

F (P,Q) =

N
2∑

p=−N
2 +1

N
2∑

q=−N
2 +1

f(p, q) exp(−j2π(pP + qQ)/N) (1)

where (P,Q) correspond to spatial frequencies, (p, q) to the complex image
coordinates defined over an N × N grid. First, we note that each spatial
frequency grating is generated with respect to an angle whose initial value
is defined by the phase of the grating. We can then consider the positive
frequency (P,Q) modulation to be generated by a clockwise rotation of angle,
and the corresponding negative frequency (F (−P,−Q)) to be generated by an
anticlockwise rotation. In general, then, the resultant of these two rotations
is a harmonic motion which can be real, imaginary or, in general, complex.
For real-valued input images, the resultant (harmonic motion) is real-valued
as the amplitudes (A(P,Q) = A(−P,−Q)) are equal and phase angles are
opposite (θ(P,Q) = −θ(−P,−Q)). However, for complex-valued inputs this
is not the case and the resultant harmonic motion which describes how the
positive and negative frequencies are combined is, in general, elliptical.

The key to applying this complex transformation to colour is that we
can interpret these resultant elliptical harmonic motions in terms of the lo-
cus of hue and saturation changes (in complex colour space) along a given
spatial frequency grating. Consequently, the Spatio-Chromatic Fourier trans-
form (SCFT) requires a chromaticity model — for example the CIE 1976
u′v′ Chromaticity space [8]. Although the exact chromaticity model used is
not critical to the theory, it should be chosen to suit the application and
equipment (display) available. Again, the important aspect of this process is
that chromaticity should be a two-dimensional quantity defined in a complex
plane. A transformation into the CIE 1976 chromaticity u′v′ space is per-
formed from the tri-stimulus values XYZ. These, in turn, are produced using
a transformation matrix suitable for HDTV and the D65 white point. The
u′v′ values are then rotated by π/30 radians in order to align the u′ axis with
the red-green orientation and the v′ axis with the yellow-blue orientation in
colour space.

1 Since the lower part of the Fourier transform of real-valued inputs is redundant,
we typically do not consider its role in generating the amplitude modulations for
each component grating.
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A 2D complex Fourier transform is then performed using the u′ and v′

components for the complex colour input image:

U(P,Q) + jV (P,Q) =
N
2∑

p=−N
2 +1

N
2∑

q=−N
2 +1

(u′(p, q) + jv′(p, q)) exp(−2πj(Pp+Qq)/N). (2)

Here (p, q) corresponds to the spatial coordinates (pixels) of a square (N×N)
image while (u′(p, q), v′(p, q)) represent the complex chromaticity coordinates
at point (p, q) in the image. (P,Q) correspond to the spatial frequency grat-
ings measured in picture cycles or cycles/pixel. The values of (U, V ) corre-
spond to the real and imaginary values occurring at the spatial frequency
(P,Q) which, in this case, determines how the colour and saturation spa-
tially change over the grating in the image forming basis functions which
appear like “rainbow gratings”. Figure 1 shows examples of different (oppo-
nent) colour paths which are straight line transitions at 0, π/4, π/2 and 3π/4
to the u′ axes, of which two are red-green and blue-yellow paths. That is,
as the spatial frequency grating is generated over increments in angle, the
colour positions generated by the vector sum of the motions in clockwise and
anticlockwise directions result in harmonic motion between opponent colours
in u′v′ colour.

Images are then constructed by the corresponding inverse Fourier trans-
form defined by:

u′(p, q) + jv′(p, q) =
N
2∑

P=−N
2 +1

N
2∑

Q=−N
2 +1

(U(P,Q) + jV (P,Q)) exp(2πj(Pp+Qq)/N). (3)

This representation allows us to generate spatial frequencies with modula-
tions operating in either the red-green or yellow-blue colour opponency paths
(“channels”) in colour space. Again, it must be emphasized that the above
discussion is solely focused on how to modulate the spatial frequency com-
ponents with complex hue-saturation values. These amplitude (saturation)
and phase (hue) values are independent of, but in addition to, the underly-
ing spatial frequency amplitude and phase values. In all, then, the complete
(hue, saturation) image is synthesized by sets of spatial frequency gratings,
each of which is determined spatially: by frequency, orientation and phase
and chromatically: by the four components of the two complex numbers cor-
responding to the positive and negative frequency values and resulting in the
“rainbow” grating basis functions as illustrated in Fig. 1. All these properties
are determined via one complex Fourier transform. These basis functions en-
code the distribution of colour over an image which, in turn, encodes shapes
and textures by the attributes of the image colour contrasts.
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(a) (b) (c)

(d) (e) (f)

Fig. 1. Spatio-chromatic spatial frequency gratings defined at one spatial fre-
quency (U, V two cycles/image: 2, 2 top and −2, 2 bottom), with different values of
U(P, Q), V (P, Q), U(−P,−Q) and V (−P,−Q). Top row shows rotation-type mod-
ulations in colour space while bottom row shows straight line composite rotations
in the colour domain (see text for details)

Given this interpretation of the Fourier components for an input hue-
saturation image, we can then consider how spatio-chromatic filtering and
matching may apply.

2 Filtering complex images

Here we consider Gaussian filters, although all classes and filter profiles may
be applied as well as equivalent wavelet formulations. For a complex input
image f and filter h, and complex output g, let g = f ∗ h, where ∗ denotes
convolution. and H corresponds to its Fourier transform, we have:

H(P,Q) = AH(P,Q) exp(−jθH(P,Q)). (4)

Fully complex spatio-chromatic filters incorporate both real and imagi-
nary values in the transfer function H(P,Q). Such a filter can have many
types of outputs ranging from purely real to purely imaginary resulting in
chromatic rotations (phase alterations) from π/2 to −π/2 through to chro-
matic de-saturation (amplitude scaling).
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An interesting property of these complex spatio-chromatic filters is that
their point spread functions (PSF) can apply to both opponent colour dimen-
sions — in this case red-green and blue-yellow axes of colour space. This is
illustrated in Fig. 2. Here we have used red-green Gaussian bandpass filters
at two differing orientations having the point spread functions (psf) shown
in Figs. 2(b) and 2(f). The orientation of the vertical filter (Fig. 2(b)) only
aligns with the top region of the input image (Fig. 2(a)). The real and imag-
inary filter responses in Figs. 2(c) and 2(d) demonstrate this dual opponency
filter response property where the real output matches the filter in colour
(red-green) and orientation while the imaginary matches the dual opponent
colour (yellow-blue) and orientation. Identical dual (conjugate) responses oc-
cur with the oblique filter, as shown in Figs. 2(g) and 2(h).

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 2. Convolution-based filtering using oriented opponent filters. (a, e) input
image; (b, f) oriented red-center green-surround point spread functions; convolution
results: (c, g) real components, (d, h) imaginary components. Notice the response
colour opponency relationship between real and imaginary outputs

From this example it is clear that this model allows us to create linear
filters which are selectively sensitive to specific combinations of colour and
shape: spatio-chromatic features defined by specific distributions of colour
over space.
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3 Spatio-Chromatic Correlation Functions

Cross-correlation is typically used for template matching [9,10]. The SCFT
enables us to use one single cross-correlation operation to define and detect
structures defined by shape and colour by employing a single complex cross-
correlation operation. Again, it should be noted that in this context “colour”
refers to properties of the spatial distribution of colour over the image and
not just the properties of individual pixels.

Cross-correlation using Fourier methods involves the multiplication of the
image by the complex conjugate of the template and then computing the
inverse Fourier transform of this product to result in the cross-correlation
(complex, in this case) image. Existing models and processes typically do not
interpret or utilize the imaginary component of this output. We show that this
imaginary output component from the cross-correlation can be interpreted as
a (dual colour) conjugacy measure: the degree to which a given spatial dis-
tribution of colours in an image region are of dual opponent colour contrasts
to a template. Two regions would be positively or negatively conjugate to
a template if, for example, every occurrence of a given spatial distribution
of red-green in the template had a corresponding blue-yellow or yellow-blue
distribution in the image.

This results in four types of “matches”:

• correlated — same shape and colours (+ similarity),
• negatively correlated — same shape and opposite colours, for example,
red-green to green-red (- similarity),
• positive conjugacy — same spatial distributions as the template but with
dual opponent colour contrasts, for example, red-green to yellow-blue
(+ conjugacy) and
• negative conjugacy — same spatial distributions as the template but
with dual opposite opponent colour contrasts, for example, red-green to
blue-yellow (- conjugacy).

Zero matching values on both direct or conjugate colour dimensions indi-
cate the lack of correlation between a template and an image region: the ab-
sence of a systematic relation with respect to shapes/textures and/or colour
contrast distributions between the template and image region. (These rela-
tions are illustrated in Fig. 3(d)).

When summed over a large set of vector pairs, as occurs in the cross-
correlation operation, these measures determine the degree to which the
spatio-chromatic template is “parallel” (similar) and “orthogonal” (dual colour
conjugates) to each region of the image which is being matched. This means
that both measures can be somewhat reciprocal as the degree of colour den-
sities lie on one of the two opponent colour axes. However, as the spatio-
chromatic relationship between template and image region become less cor-
related in shape or colour (with respect to either opponent colour axes) these
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similarity measures converge to zero. As with the real-only case, these prop-
erties are derived from an extension of the Cauchy-Schwarz inequality (Equa-
tion 5) to both real and imaginary terms as:

(
n∑

k=1

akbk

)2

≤
(

n∑
k=1

a2
k

)(
n∑

k=1

b2k

)
(5)

where

|A ·B| ≤ |A||B| with equality iff A = λB. (6)

This is extended to the “conjugate matching” measure:

|A×B∗| ≤ |A||B∗| again, with equality iff A = λB∗. (7)

3.1 Examples

The Mondrian test image (Fig. 3) demonstrates these measures at each pixel.
The image (Fig. 3(a)) is cross-correlated with a central vertical orange-green
patch (Fig. 3(b)) removed from the original. The results demonstrate that
similar (correlated) oriented coloured regions only occur at two places within
the original: a region at the top left, and also near the image center. The
pseudo-coloured output image (Fig. 3(c)) provides a highlight in both these
regions (in bright red). Fig. 3(d) shows the pseudo-colouring we have used to
portray the results of such measures on the outputs of the cross-correlator.
As can be seen there are no cases where there is a reversal of colour over the
edge (green-orange as opposed to orange-green) and so there is no “green” in
the pseudo-coloured output.

The next sequence of images has been produced as a practical example
of spatio-chromatic pattern recognition. In this case we have considered the
problem of matching the colour, shape and textures necessary to identify
specific bank notes. Four bank notes have been combined into one image as
shown in Fig. 4(a). As in the previous example, a template is selected by
cutting out a region of this image (Fig. 4(b)) and using it as a template in a
matching operation. The resultant pseudo-coloured cross-correlation image is
shown in Fig. 4(c). Here it is clear that the removed template region results
in the highest similarity match (“red”), and that other regions produce quite
high conjugate similarity measures.

The second bank note example (Fig. 4(d)) uses uncorrelated (across colour
channels) additive Gaussian noise to totally obscure the shapes embedded in
the noise from human detection. That is, the Gaussian noise was indepen-
dently generated and applied to each band of the original RGB image. The
σ for each colour channel was set at 32 out of a total range of ±128 grey-
level values out of a dynamic range of 256 (8-bit) values. The success of this
matched filtering (cross-correlation) operation can be seen in Fig. 5 where
the template is detected.
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(a) (b)

(c)

Conjugate similarity

 Similarity
+

+

-

-
(b) (a)

(c)

(d)

(d)

Fig. 3. Cross-correlation using the Mondrian test image. (a) input image, (b) small
section of input image, (c) pseudo-coloured cross-correlation result and (d) pseudo-
coloured indicator for types of complex correlations (see text for details)

4 Conclusions

We have shown how it is possible integrate colour and shape encoding into one
singular Fourier transform, filter and matching model. In this theory images
are decomposed into spatio-chromatic spatial frequency gratings (“rainbow
gratings”) which can include many different colour modulations over space
as a function of their spatial frequencies and phase. A new type of image
filtering was demonstrated using complex filters as well as traditional, purely
real filters. Complex cross-correlation was also considered which produced a
similarity measure in the real variable and a conjugate similarity measure
in the imaginary variable. The robustness of the matching techniques was
demonstrated with surprising success when applied to noisy images where
the signal was not detectable by humans under normal observation conditions
but easily found via the spatio-chromatic cross-correlation operation. Though
not fully discussed here, it is clear that the theory can also be applied to the
development of complex wavelets as a generalization of the oriented complex
gaussian red-green point spread functions shown in Fig. 2. Such a unified
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(a) (b) (c)

(d) (e) (f)

Fig. 4. Bank note examples showing (a) input template containing four images, (b)
input image to be matched, (c) pseudo-coloured correlation result (d) input image
(same as (a) with noise added), (e) input image to be matched and (f) pseudo-
coloured correlation result (see Fig. 3(d) for pseudo-colour code)

approach to the encoding of shape and colour offers an alternative to the
current practice of keeping both attributes of images separate for retrieval,
recognition and identification of structures.

The theory can also be applied to many other complex signals like mo-
tion (flow) fields, orientation-edge maps and other types of complex images
such as radar, laser and ultrasound. Finally, what is interesting to note is
that although what is being coded and detected here is quite relational and
multi-dimensional it can be performed using standard FFT algorithms and
hardware.
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Multiseeded Fuzzy Segmentation on the

Face Centered Cubic Grid
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Summary. Fuzzy connectedness has been e�ectively used to segment out objects
in volumes containing noise and/or shading. Multiseeded fuzzy segmentation is a
generalized approach that produces a unique simultaneous segmentation of multiple
objects. Fcc (face centered cubic) grids are grids formed by rhombic dodecahedral
voxels that can be used to represent volumes with fewer elements than a normal
cubic grid. Tomographic reconstructions (PET and CT) are used to evaluate the
accuracy and speed of the algorithm.

keywords: multisegmentation, fuzzy conectedness, fuzzy graph, FCC grid,

PET, CT.

1 Introduction

Segmentation is the process of recognizing objects in an image. If the image

in question is corrupted by noise or the objects to be recognized are de�ned

not only by the intensity assigned to the pixels belonging to them (i.e., they

are de�ned by some textural property), then thresholding is not an appro-

priate method of segmentation but the concept of fuzzy connectedness can

be successfully used to segment images [1�4]. The concept of fuzzy connect-

edness was introduced by Rosenfeld [5]. Our approach (introduced in [6]) is

based on [7], but is generalized to arbitrary digital spaces [8].

In the fuzzy connectedness context we de�ne a chain as a sequence of

voxels (short for volume elements) and its links as the pairs of consecutive

voxels. The strength of any link is automatically determined according to

statistical properties of the links selected by the user as connecting two voxels

within the object of interest. The strength of a chain is equal to the strength

of its weakest link. The fuzzy connectedness between any pair of voxels is the

? This research is supported by NIH Grant HL28438 (BMC, EG and GTH),
NFS Grant DMS96122077 (GTH), CAPES-BRASÍLIA-BRAZIL (BMC) and
CONACyT-Mexico (EG).
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strength of the strongest chain between them. In multiseeded segmentation

we generalize this approach by allowing each object to have its own de�nition

of strength for the links and its own set of seed voxels. Then, each object is

de�ned as the set of voxels that are connected in a stronger way to one of

the seeds of that object than to any of the seeds of the other objects.

As this high-level description of the method suggests, the most computa-

tionally expensive task in determining these objects based on the pre-selected

seeds is the calculation of the multiple fuzzy connectedness of all the voxels

to the seed voxels. This involves �nding the strongest chain between a voxel

and one or more seed voxels. We make use of the greedy algorithm presented

in [6] to e�ciently achieve the segmentation of PET (Positron Emission To-

mography) and CT (Computed Tomography) volumes on the fcc grid.

In Section 2 we describe in detail the theory and the algorithm which

performs the multiseeded fuzzy segmentation. Section 3 describes the fcc grid

and its advantages in volume representation when compared to the simple

cubic grid. In Section 4 we describe the experiments used to evaluate the

multiseeded fuzzy segmentation algorithm. Finally, in Section 5 we present

our conclusions.

2 Multiseeded Fuzzy Segmentation

For a positive integer M , an M -semisegmentation of a set V (of spels, short

for spatial element) is a function � which maps each c 2 V into an (M + 1)-

dimensional vector �c = (�c0; �
c
1; � � � ; �

c

M
), such that �c0 2 [0; 1] (i.e., it is

nonnegative but not greater than 1) and for at least one m, in the range

1 � m �M , �c
m

= �c0 and for all other m it is either 0 or �c0. We say that �

is an M -segmentation if, for every spel c, �c0 is positive.

A fuzzy spel a�nity on V is a function  : V 2 ! [0; 1]. We think of (c; d)

as a link and of  (c; d) as its  -strength. (In some of the previous literature it

was also assumed that  (c; d) =  (d; c); we do not need this restriction.) We

de�ne a chain in U(� V ) from c(0) to c(K) to be a sequence


c(0); � � � ; c(K)

�

of spels in U and the  -strength of this chain as the  -strength of its weakest

link
�
c(k�1); c(k)

�
; 1 � k � K. (In case K = 0, the  -strength is de�ned to

be 1.) We say that U is  -connected if for every pair of distinct spels in U

there is a chain in U of positive  -strength from the �rst spel of the pair to

the second.

If there are multiple objects to be segmented, it is reasonable that each

should have its own fuzzy spel a�nity [9], which leads to the following.

An M -fuzzy graph is a pair (V; 	), where V is a nonempty �nite set and

	 = ( 1; � � � ;  M ) and  m (for 1 � m �M) is a fuzzy spel a�nity such that
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V is (min1�m�M m)-connected. (This is de�ned by (min1�m�M m)(c; d) =

min1�m�M m(c; d).) For anM -semisegmentation � of V and for 1 � m �M ,

the chain


c(0); � � � ; c(K)

�
is said to be a �m-chain if �c

(k)

m > 0, for 0 � k � K.

Further, for U � V; W � V and c 2 V , we use ��;m;U;W (c) to denote the

maximal  -strength of a �m-chain in U from a spel in W to c. (This is equal

to 0 if there is no such chain.)

Theorem. If (V; 	) is an M -fuzzy graph and, for 1 � m � M , Vm
is a subset (of seed spels) of V such that at least one of these subsets is

nonempty, then there exists a unique M -semisegmentation (which is, in fact,

an M -segmentation) � of V with the following property. For every c 2 V , if

for 1 � n �M

scn =

�
1; if c 2 Vn;
maxd2V (min(��;n;V;Vn(d);  n(d; c))); otherwise;

(1)

then for 1 � m �M

�cm =

�
scm; if s

c
m � scn for 1 � n �M;

0; otherwise:
(2)

The fact that if � is a M -semisegmentation that has this property, then

� is in fact unique and a M -segmentation is proved in [6]. In the same pa-

per a greedy algorithm is provided which receives as input M sets of spels

(Vm, for 1 � m � M) and updates, during its execution, the current M -

semisegmentation �; producing, at the end, an M -semisegmentation that

satis�es the property of the Theorem.

An intuitive picture of our algorithm is the following. There are M com-

peting armies (one corresponding to each object). Initially they each have

full strength and they occupy their respective seed spels. All armies try to in-

crease their respective territories, but the moving from a spel to another one

reduces the strength of the soldiers to be the minimum of their strength on

the previous spel and the a�nity (for that army or object) between the spels.

At any given time, a spel will be occupied by the soldiers of the armies which

were not weaker than any other soldiers who reached that spel by that time.

Eventually a steady state is reached; this steady state satis�es the property

of the Theorem. The sequential algorithm simulates this intuitively described

parallel behaviour of the M armies.

A priority queue H of spels c is used by the algorithm. This queue,

with associated keys �c0, is a max-queue, meaning that the ��rst� element

of the queue is the element with the maximal key (we denote this value

by Maximum-Key(H), that returns 0 if H is empty). The algorithm keeps

inserting spels into the queue (each spel is inserted exactly once using the
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operation H  H [ fcg) and will eventually be extracted from the queue

(using the operation Remove-Max(H) that removes the element at the top

of the queue), at which time, this spel c already has the �nal value for the

vector �c. The real variable l holds the current value of Maximum-Key(H)

and the spels are removed from H in a non-increasing order of their keys �c
0
.

In the initialization phase (steps 1-9 of algorithm), all spels have the values

�cm set to 0 for 0 � m � M . Then, for every spel c belonging to one of the

seed spel sets Vm, c is inserted into H and both �c
0
and �c

m
are set to 1. After

this step, l is also set to 1.

After the initialization, the following conditions are satis�ed:

1. � is an M -semisegmentation of V .

2. A spel c is in H if, and only if, �c
0
> 0.

3. l = Maximum-Key(H).

4. For 1 � m �M , Vm = fc 2 H j �c
m

= lg.

At the beginning of the main loop (steps 10-28), conditions 1 to 4 are satis�ed,

and this loop is executed for decreasing values of l until this variable is set to

0, at which point the priority queue is empty and the algorithm terminates.

The �rst part of the main loop (steps 10-23) is responsible for updating

the values of �cm. A value is updated when a �m-chain with a  m-strength

greater than the old value from an element of the seed spels in the initial

Vm to c is found, and the value �cm is set to 0 if it is found, for an n 6= m,

that there is a �n-chain from an element of the seed spels in the initial Vn
to c with a  n-strength greater than the old value of �c

m
. The second part of

the loop (steps 24-28) is responsible for removing the spels c with maximum

keys (�c
0
= l), assigning to l the value of the new maximum key and setting

Vm to be the set of spels c with �c
m

= l, for 1 � m �M , thus satisfying the

conditions 3 and 4. The algorithm, using the conventions adopted in [10], is

described on the next page.

3 The Fcc Grid

Now we explain why we use the fcc grid, by comparing it to the cubic grid

and showing the advantages of the former.

Let G be a set of points de�ned in ZN. The Voronoi neighborhood in G

of any element g of G is de�ned as

NG(g) =
�
v 2 RN j for all h 2 G; kv � gk � kv � hk

	
; (3)

i.e., the Voronoi neighborhood of g consists of all points that are not nearer to

any other point of G than they are to g. Voxels are the Voronoi neighborhoods

associated with a grid in three-dimensional space.
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Algorithm 1 Multiseeded segmentation algorithm.

1 for c 2 V
2 do for m 0 to M
3 do �cm  0
4 H  ;
5 for m 1 to M
6 do for c 2 Vm
7 do if �c

0
= 0 then H  H [ fcg

8 �c
0
 �cm  1

9 l 1
10 while l > 0
11 for m 1 to M
12 do while Vm 6= ;
13 do remove a spel d from Vm
14 C  fc 2 V j�cm < min(l;  m(d; c))g
15 while C 6= ;
16 do remove a spel c from C
17 t min(l;  m(d; c))
18 if l = t and �cm < l then Vm  Vm [ fcg
19 if �c

0
< t then

20 if �c
0
= 0 then H  H [ fcg

21 for n 1 to M
22 do �cn  0
23 if �c

0
� t then �c

0
 �cm  t

24 while Maximum-Key(H) = l
25 Remove-Max(H)
26 l Maximum-Key(H)
27 for m 1 to M
28 Vm  fc 2 H j�cm = lg

The cubic grid G is G = f(c1; c2; c3) j c1; c2; c3 2 Zg ; (where Z is the set

of integers). The voxels of G are cubes of unit volume. The fcc grid F is

F = f(c1; c2; c3) j c1; c2; c3 2 Zand c1 + c2 + c3 � 0 (mod 2)g. The voxels of

F are rhombic dodecahedra (polyhedra with 12 identical rhombic faces) of

twice unit volume. We de�ne the adjacency � for the grid F by: for any pair

(c; d) of grid points in F , (c; d) 2 � , kc� dk = p2.
A grid point c has 12 �-adjacent grid points in F . In fact, two grid points

in F are adjacent if, and only if, the associated voxels share a face. This fact

points to the �rst advantage of the fcc grid: only a single adjacency relation

� need to be used in computing the fuzzy connectedness. If we were using

the cubic grid, then, for a grid point c, we may need to use several fuzzy

a�nity functions:  mf for grid points whose voxels share a face,  me for grid

points whose voxels share an edge and  mc for grid points whose voxels share

a corner.
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The fcc grid with the adjacency � forms a 1-simply connected digital space

and boundaries in such digital spaces are automatically Jordan surfaces [8];

i.e., there is no path from a voxel a 2 A to a voxel b 2 B (where A and B

are two di�erent digitally connected objects) without crossing the boundary

between A and B. The reader should consult [11] for a description of an

e�cient algorithm for boundary tracking in the fcc grid.

Another advantage of the fcc grid is that if we have an object made up

from voxels on this grid, for any two boundary faces that share an edge, the

normals of these faces make an angle of 60Æ with each other, resulting in a less

blocky image than if we used a surface based on the cubic grid with voxels of

the same size. This can be seen in Fig. 1, where we display approximations to

a sphere based on di�erent grids. Note that the display based on the fcc grid

(b) has a better representation than the one based on cubic grid with the

same voxel volume (a) and is comparable with the representation based on

cubic grid with voxel volume equal to one eighth of the fcc voxel volume (c).

This points to another advantage of fcc grids when compared to cubic grids:

fewer grid points are necessary to obtain a comparable digital representation

of a volume [11].

(a) (b) (c)

Fig. 1. Computer graphic display of a sphere using di�erent grids. (a) is the display
based on a cubic grid with voxels of the same volume as the display based on a fcc
used for (b). The image (c) corresponds to a display based on a cubic grid with
voxels of volume equal to one eight of the voxel volume in the other two images.

One might argue that the example of Fig. 1 is not general. In fact, we

can choose a cube whose size is a multiple of the cubic grid voxel size and

get a perfect representation of it as a collection of cubic voxels, but the same

cannot be done with the fcc grid. However it is this latter example that is

misleading, one can prove the general superiority of the fcc grid over the

cubic grid for digital approximations of continuous functions (the fcc grid is

said to be more e�cient than the cubic grid). For a more detailed discussion

of fcc and cubic grid e�ciencies, the reader should consult [12] and [13].
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4 Experimental Results and Discussion

In this section we show experiments that demonstrate the applicability of

using the multiseeded fuzzy segmentation algorithm on the face centered

cubic grid. For accuracy results and comparisons with other segmentation

techniques for two-dimensional images, the reader can refer to [6].

The volumes used in the �rst segmentation experiments are PET recon-

structions (with approximately 5,500,000 voxels) obtained using real data

collected from a HEAD PENN-PET scanner, and the RAMLA algorithm for

2.5D [14] was used for reconstruction. The spatial resolution of the scanner

used is 3:5 � 3:5 � 3:5mm FWHM. The phantom consists of 6 spheres with

walls 1mm thick, where 2 are �lled with cold (non-radioactive) and 4 are �lled

with hot (radioactive) water immersed in warm water (the concentration ra-

tio between the hot spheres and the background is 8:1). The two cold spheres

have diameters of 28 and 37mm and the hot spheres have diameters of 10,

13, 17 and 22mm. In order to determine the robustness of the segmentation

algorithm on this volume two of the authors and another user independently

selected seeds for six fuzzy objects: one representing the two cold spheres, one

for each one of the four hot spheres and one for the material in which they are

immersed. The reason why we selected seeds for the hot spheres as separate

fuzzy objects is that, although they have the same physical activity inside

them, the reconstructed activity for each one is di�erent due to inaccuracies

in the data collection and reconstruction. The results were compared based

on the volumes of the detected objects (Table 1).

Table 1. Comparison of actual and detected fuzzy object volumes (in cm3) corre-
sponding to seed selection by three users. (The �rst two columns correspond to the
two cold objects and the last four columns correspond to the hot objects)

Cold Hot
Actual 24.9 10.8 5.2 2.4 1.1 0.5
User 1 14.3 4.0 13.6 6.8 4.6 1.2
User 2 13.8 4.6 15.0 7.8 5.0 1.1
User 3 12.6 3.3 13.7 6.7 3.8 0.6

In this experiment we are measuring the robustness of the algorithm when

receiving inputs from di�erent users. The volume to be segmented is noisy

and has low contrast, thus when we compare the volumes of the detected

spheres with their actual sizes we are measuring the accuracy of the whole

process, from scanning through reconstruction to segmentation. The detected

volumes of cold and hot spheres have to be interpreted di�erently because of
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the physical properties [15] of the imaging device used. In PET, a positron

generated in a hotter region often migrates to a neighboring colder region

before annihilation, but the reverse is less likely to happen. For this reason,

we should expect an increase in the apparent volume of the hot spheres and

a decrease in the apparent volume of the cold spheres in a reconstruction.

(a) (b) (c) (d)

Fig. 2. Central slice of reconstructed phantom (a) and of the segmentations by the
three users ((b), (c) and (d))

In Fig. 2 we show the central slice of the reconstructed phantom (a) and

of the segmentation by the three users (b, c and d). In the cases of (b), (c)

and (d), the hue indicates the object to which the voxel belongs (i.e., the m

such that �c
m
= �

c

0
> 0) and the intensity indicates the grade of membership

(i.e., it is proportional to �c
0
. The phantom slice showed in Fig. 2(a) had

its gray levels inverted and adjusted in order to make all objects of interest

visible. The average CPU time needed for segmenting the volume consisting

of approximately 5,500,000 voxels using a Pentium III (450 MHz) was 7.5

minutes.

Fig. 3. Slice of CT volume (a) and of the
segmentation (b)

(a) (b)

In the second experiment we make use of the algorithm to segment the

blood vessels inside the lungs, dividing the volume in three objects, the spels

belonging to lung tissue (colored as red), blood vessels (green) and backgroud

(blue). The user identi�ed some points inside the three objects, providing the

algorithm with the input needed. Since there is no ground truth, the quality

of the segmentation is subjective and has to be assessed by a specialist.

346 B.M. Carvalho, E. Garduño, and G.T. Herman



The volume used for this experiment was collected using a CT (Comput-

erized Tomography) scanner, with a spatial resolution of 1:0 � 1:0 � 5:0mm

and interpolated to the FCC grid.

In Fig. 4 we show a slice of the reconstructed volume (a) and of the

segmentation (b). Again, in the case of (b), the hue indicates the object

to which the voxel belongs (i.e., the m such that �c
m

= �
c

0
> 0) and the

intensity indicates the grade of membership (i.e., it is proportional to �
c

0
).

The volume slice showed in Fig. 4(a) also had its gray levels inverted and

adjusted in order to make all objects of interest visible. The segmentation was

evaluated by a pulmonary radiologist who judged it to be accurate except for

some overestimation of blood vessels that can be removed by thresholding

the conectedness map. The CPU time needed for segmenting the volume

consisting of approximately 3,500,000 voxels using a Pentium III (450 MHz)

was slightly under 3 minutes.

5 Conclusion

Multiseeded fuzzy segmentation is a semi-automatic method that allows the

segmentation of multiple objects in images/volumes containing noise and/or

shading. If the user chooses one of the objects to be the background in the

volume (as in Fig. 2), then the fuzzy segmentation is achieved without any

thresholding.

In this paper we showed that this method can be used to, within a reason-

able time, perform segmentation on a poor contrast volume produced by PET

reconstructions or on CT data using the fcc grid. The CPU time needed to

perform the segmentation is especially important since our technique is semi-

automatic, thus the user may wish to add, delete or change seeds after a �rst

segmentation to achieve a better result.

The choice of the fcc grid was based on the facts that fewer grid elements

have to be used to represent the same volume with similar accuracy than using

a cubic grid and that only one adjacency (the face adjacency) is involved in

the computation of the fuzzy a�nity function values ,while in a cubic grid we

may have as many as three di�erent adjacencies involved at the same time

(face, edge and corner adjacencies).

The results of the experiments shows that even when applied to a volume

with very poor contrast, the volumes of the segmented fuzzy objects based

on inputs from three di�erent users are similar, and, when applied to a lung

volume, it was able to segment blood vessels from lung tissue.

The selection of the seeds is a very important step of the process, it is

there that the user gives the algorithm her/his high-level knowledge about
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the volume to be segmented. Our current work includes experiments whose

intent is the determination of the best way to automatically select the seeds

for the objects. This has to be application speci�c, in order to incorporate

the high-level knowledge about the properties of the objects.
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Abstract

Content based video retrieval is particularly challenging because the

huge amount of data associated with videos complicates the extraction of

salient information content descriptors. Commercials are a video category

where large part of the content depends on low level perceptual features

such as colors and color dynamics. These are related to the evolution

|in terms of shrinking, growth and translation| of colored regions along

consecutive frames. Each colored region, during its evolution, de�nes a 3D

volume: a color ow. In this paper, a system is presented that supports

description of color ows based on 3D wavelet decomposition and retrieval

of commercials based on color ow similarity.

1 Introduction

In the context of digital libraries of images and videos a key problem is the
developement of e�cient techniques for description and retrieval of visual infor-
mation based on their content.

Retrieval of videos is particularly challenging because the huge amount of
data involved complicates the extraction of salient information content descrip-
tors. Several recent papers have addressed aspects and problems related to the
access and retrieval by content of video streams. Research on automatic seg-
mentation of a video into shots has been presented by several authors [1], [2], [3],
[4], [5]. Once the video is segmented, video shots can be clustered into higher
level aggregates. In [10], a set of rules to identify macro segments of a video is
proposed. Algorithms to extract story units from video are described in [11].
In [12], [13] the speci�c characteristics of a video type are exploited to build
higher level aggregates of shots.

Commercials are a video category where the link between low level percep-
tual features and high level semantics is stressed. Commercials convey informa-
tion through a multiplicity of planes of communication which encompass what
is represented in the frames, how frames are linked together, how the subject
is imaged and so on. Hence, the e�ectiveness of commercials is mainly related

S. Singh, N. Murshed, and W. Kropatsch (Eds.): ICAPR 2001, LNCS 2013, pp. 349−358, 2001.
 Springer-Verlag Berlin Heidelberg 2001



to its perceptual impact than to its mere content or explicit message: the way
colors are chosen and modi�ed throughout a spot, characters are coupled and
shooting techniques are selected create a large part of the message in a com-
mercial, while the extraction of canonical contents (e.g. imaged objects) has less
conceptual relevance than in other contexts.

Quite recently, some works have been presented explicitly addressing com-
mercials. They investigate the possibility of detecting and describing advertising
content from a stream of video data. In [6] a system is presented for identi�-
cation and recognition of commercials from TV broadcaster channels. In [14],
commercials are analyzed under the semiotic perspective.

A common trait of commercials is the frequent use of colors and color dy-
namics to convey information. Colors and color dynamics are related to the
evolution |in terms of shrinking, growth and translation| of colored regions
along consecutive frames. During this evolution, a colored region de�nes a 3D
volume: a color ow (Fig. 1). The 3D shape of the color ow retains information
about dynamics of the region that generated it and can be used to represent
relevant information associated with the commercial content.

y

x

t

x

t

y

(a)

(b) (c)

Figure 1: (a) A sequence of video frames. (b) Original color ows. (c) Extraction
of one color ow.

In this paper, a system is presented that supports retrieval of commercials
based on dynamics of color ows. The system is composed of three main mod-
ules: a video content analysis subsystem that performs video segmentation into
shots, color segmentation of shot frames and extraction of color ows (described
in Sect.2). A video content description subsystem that performs color ows de-
scription based on 3D wavelet decomposition (described in Sect.3). A retrieval
engine that supports querying of commercials based on color ow similarity
(described in Sect.4).
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2 Video Segmentation and Color Flow Extrac-

tion

The primary task of video analysis is its segmentation, i.e. the identi�cation of
the start and end points of each shot that has been edited, in order to charac-
terize the entire shot through its most representative keyframes. The automatic
recognition of the beginning and end of each shot implies solving two problems:
i) avoiding incorrect identi�cation of shot changes due to rapid motion or sudden
lighting change in the scene; ii) identi�cation of sharp transitions (cuts) as well
as gradual transitions (dissolves). For a detailed descrition of the techniques
used for cut and dissolve detection the interested reader can refer to [14].

Video segmentation partitions a video into shots. Each shot is processed
in order to extract relevant color ows. This requires that each shot frame is
segmented so as to identify regions characterized by homogeneous colors. Then,
regions are tracked over shot frames so as to reconstruct color ows.

2.1 Frame Segmentation

Image regions characterized by uniform color distribution are identi�ed through
a color image segmentation process. This is obtained by looking for clusters in
the color space and then back{projecting cluster centroids onto the image [7].
To guarantee that small distances in the color space correspond to perceptually
similar colors, colors are represented in the CIE L�u�v� (extended chromaticity)
space.

Clustering in the 3-dimensional feature space is obtained using an improved
version of the standard K-means algorithm [8], which avoids convergence to
non{optimal solutions. Competitive learning has been adopted as the basic
technique for grouping points in the color space as in [9].

In more detail, the clustering issue can be set as the problem of minimizing a
functional SW of within cluster distance, which penalizes the spread of a cluster
and the distance between cluster centers. Let xi 2 X (X = L�u�v�) be one of
n points in the 3-dimensional color space, projection of an image pixel. If the
n points are grouped into d clusters Ci of centers !i, then the within cluster
distance is de�ned as:

SW =
1

n

dX

i=1

X

xk2Ci

jjxk � !ijj
2 (1)

To achieve global minimization of (1), competitive learning repetitively com-
pares the color coordinates c =< L; u; v > of a randomly chosen image pixel
against the center !i of each cluster Ci in the feature space; the image pixel is
aggregated with the nearest cluster ( c votes for cluster Ci ), which, in turn,
modi�es its centroid towards c. The following stepwise delta rule implements
cluster update:

!c(t+ 1) = !c(t) + �[c(t) � !c(t)]
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!i(t+ 1) = !i(t) for i 6= c (2)

At the beginning, the entire image is associated with a single cluster, whose
centroid is positioned on the global color average. During learning, clusters are
recursively split on reaching an assigned number of votes until the pre-de�ned
�nal number d of clusters is achieved, which imposes the number of distinct
colors that will be present in the segmented image. The algorithm requires
that the number of colors be preset during the initialization step, which may
a�ect the overall segmentation process. A large value for d may result into an
over-segmented image, where regions with similar colors have been split. On
the other side a small value for d leads to relevant region missing, since it forces
the learning to blend very di�erent colors into their average in order to satisfy
the constraint d. To evaluate a feasible estimate for the �nal number of color
clusters, a rough estimate of color distribution over the image is performed,
which exploits the cluster detection technique described by A. K. Jain in [8].

Once that the d \winning" fc1; c2; : : : ; cdg colors have been identi�ed, each
color pixel c(x; y) is associated with its closest neighbor ci such that

jjc(x; y)� cijjL2
< jjc(x; y) � cjjjL2

8j 6= i 2 [1; d]

and the pixel is labeled as an i-pixel. As a result, the segmented image will be
a d-reduced color image.

2.2 Region Tracking

In order to extract color ows, homogeneous color regions identi�ed in shot
frames must be tracked. Region tracking is subject to the following constraints:

- a generic region in frame i is mapped into a region in frame i + 1 only if
the two regions are characterized by similar colors and similar positions
in the two frames.

- it is not necessary that every region of a generic frame is mapped into a
region of the next frame. This allows the length of a color ow to be less
than the length of the shot.

The similarity between region Rk
i in frame k and region Rk+1

j in frame k+1
is measured as:

S(Rk
i ; R

k+1
j ) := F (Rk

i ; R
k+1
j ) �

1

C(Rk
i ; R

k+1
j )

(3)

The �rst term in Eq. (3) is the Fisher distance between two color regions, that
is:

Fh(R
k
i ; R

k+1
j ) :=

q
A(Rk

i ) +A(Rk+1
j )j�h(R

k
i )� �h(R

k+1
j )j

q
A(Rk

i )�
2
h(R

k
i ) +A(Rk+1

j )�2h(R
k+1
j )
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where h identi�es one of the three color components in the CIE L�u�v� color
space (h = 1 for L*, h = 2 for u* and h = 3 for v*), A(�) is a measure of region
area, �h(�) the average value of the h-th color component and �h(�) its variance.

The second term of Eq.(3) accounts for the spatial location similarity be-
tween the two regions. It is based on projection of region Rk+1

j into frame k

and measurement of the number of pixels that overlap with region Rk
i . Thus,

the spatial location similarity between regions Rk
i and Rk+1

j is measured as:

C(; Rk
i ; R

k+1
j ) :=

4 �Ovrl(Rk
i ; R

k+1
j )

min(A(Rk
i ); A(R

k+1
j ))

(4)

Segmentation results of i� th frame are represented through a list Li, each
node in the list corresponding to one region identi�ed by the segmentation
process. Eq. (3) can be used to measure the similarity between two nodes. Thus,
region tracking is equivalent to a minimum search path problem. Presently, this
is resolved through a heuristic search approach that requires to associate with
a generic region in frame i the most similar region in frame i + 1. To account
for those cases where a region cannot be mapped in the next frame, a threshold
�S is used. Let N (Rk

i ) 2 fR
k+1
j g � ; be the region in frame k + 1 where region

Rk
i is mapped. If region Rk

i cannot be mapped in frame k+1 then N (Rk
i ) = ;.

N (Rk
i ) is computed as follows:

N (Rk
i ) =

8><
>:

; if s > �S

Arg

 
min
R
k+1

j

�
S(Rk

i ; R
k+1
j )

�!
if s � �S

(5)

being s = min
Rk+1

j

(S(Rk
i ; R

k+1
j )). Eq. (5) is used to track regions over contiguous

frames. This procedure is recursively applied to every frame of the shot so as
to identify color ows. The i-th color ow Fk

i within the k-th shot is identi�ed
through a binary function F k

i (i; j; t) that returns 1 if pixel (i; j) of frame ft
belongs to the color ow, 0 otherwise.

3 Color Flow Representation

Functions F k
i (i; j; t) identify color ows within a shot. In order to support re-

trieval by visual similarity of color ows, the characterizing visual elements of
color ows have to be described. In our approach these elements retain infor-
mation about both static and dynamic features. Static features address repre-
sentation of color ow average color and color ow volume. Dynamic features
address representation of color ow 3D shape.

The volume of color ow Fk
i is measured as:

V k
i =

X
i;j;t

F k
i (i; j; t)
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Color ow average color (�Lk
i ; �u

k
i ; �v

k
i ) is measured in the CIE L�u�v� color

space:

�Lk
i =

X

i;j;t

L(i; j; t) � F k
i (i; j; t)

V k
i

�uki =
X

i;j;t

u(i; j; t) � F k
i (i; j; t)

V k
i

�vki =
X

i;j;t

v(i; j; t) � F k
i (i; j; t)

V k
i

Description of color ow 3D shape is carried out through a 3D wavelet rep-
resentation, as expounded in the following section.

3.1 3D Wavelet Analysis

Description of color ow Fk
i is carried out through a Haar wavelet decomposition

of function F k
i (i; j; t). Haar wavelets have been used because they are fast to

compute and they are best suited to model binary functions such as F k
i (i; j; t).

Coe�cients of the wavelet decomposition are computed by processing each
coordinate axis separately. Functions F k

i (i; j; t) are scaled so as to �t in a
3D box D � D � D. The three-dimensional Haar wavelet decomposition of
function F k

i (i; j; t) involves D two-dimensional Haar decomposition on each axis
of the 3D space. The wavelet decomposition of F k

i (i; j; t) returns D
3 coe�cients

W k
i = fw0; : : : ; wD3

�1g retaining information about the 3D shape of the color
ow (presently, the wavelet decomposition is carried out for D = 64, which
results in 262144 distinct coe�cients). Actually, due to intrinsic and well known
properties of the wavelet decomposition, only a few coe�cients are relevant
for representation of the color ow. Therefore, coe�cients are subjected to
truncation and quantization, so as to keep only the prominent characterizing
elements of the wavelet decomposition. Truncation is performed by retaining
only those coe�cients whose magnitude exceed a prede�ned threshold �t:

Ŵ k
i = f(n;wn)jjwnj > �tg

Coe�cients Ŵ are further subjected to a quantization process that compresses
their dynamics to f�1; 1g:

~W k
i = f(n; sign(wn))jjwnj > �tg

Each element of the set ~W k
i includes one index (n) and the sign of the con-

tribution of the corresponding wavelet coe�cient. Since the wavelet decomposi-
tion provides a multi-resolution representation of data, some coe�cients model
coarse features of color ow shape, other coe�cients model �ner details. The
value n of the index is used to associate a relevance Rel(n) with the contribution
sign(wn). Information about the relevance of ~W elements is necessary in order
to de�ne an e�ective similarity metric between color ows.
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3.2 Similarity Metric

The description of a generic color ow Fk
i retains the following elements:

< V k
i

�Lk
i �u

k
i �v

k
i

~W k
i >

The distance between two color ows Fk
i and Fh

j is a weighted combination of
distances in the volume, color and shape features:

D(Fk
i ;F

h
j ) = wv � dv(V

k
i ; V

h
j ) +

wc � dc(�L
k
i �u

k
i �v

k
i ;
�Lh
j �u

h
j �v

h
j ) + ws � ds( ~W

k
i ;

~W h
j ) (6)

Volume and color distances conform to the Euclidean distance model. Com-
puting the distance between wavelet descriptors according to the Euclidean
distance model would be a too rigid scheme and wouldn't allow weighting of
multi-resolution coe�cients according to their relevance. Hence, the distance
between wavelet descriptors is computed as follows:

ds( ~W
k
i ;

~W h
j ) =
X

n2S

wRel(n)

being S � fmj(m;�m) 2 ~W k
i ; (m; �m) 2

~W h
j ; �m 6= �mg and wRel(n) a penalty

score that depends on the relevance of the n-th coe�cient.
Eq.(6) is used to compute the distance between two generic shots, based

on the distance of their color ows. Since two distinct shots almost never fea-
ture the same color ows, the method used to compute the distance between
two shots considers the similarity of the most relevant color ows. Given two
generic shots, their color ows are ordered in decreasing values of volume: from
the largest color ow to the smallest one. Only the �rst �r color ows are com-
pared for computation of the shot distance. Let fF1

1 ; : : : ;F
1
�r
g be the largest

color ows of the �rst shot (S1) and fF
2
1 ; : : : ;F

2
�r
g the largest color ows of the

second one (S2). Computing the distance between the two shots requires to �nd
the best color ow correspondence function. This is de�ned as the permutation
p : f1; : : : ; �rg ! f1; : : : ; �rg that minimizes the distances between correspond-
ing color ows, that is:

Dshot ((S1); (S2)) = min
p

(
�rX
i=1

D(F1
i ;F

2
p(i))

)
(7)

4 Video Retrieval

The retrieval system has been implemented on a stand-alone platform, featur-
ing a Silicon Graphics MIPS R10000 processor, 128 MB Memory and IRIX 6.2
Operating System. At database population time, each commercial is automati-
cally processed in order to segmented it into shots. Each shot is analyzed and its
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color ows are extracted and described. Color ow descriptions extracted from
all the database videos are stored in an index signature �le with the following
form:

< videoID; shotID; V
k

i
; �Lk

i
; �uk

i
; �vk

i
; ~W k

i
>

Presently the system includes over 150 commercial videos digitized from several
Italian TV channels.

The graphic interface is designed to support video retrieval by color ow
similarity: the user can select a color ow from one of database videos and
query for videos featuring similar color ows. A result list-box is used to present
matched videos in decreasing order of similarity. By selecting a video from the
list, the video can be either viewed at full or in its most salient keyframes
through a movie player application.

Fig. 2(a) shows some frames of a shot used to query for color ow similarity.
The shot features three main color ows (shown in Fig. 2(b)): a black ow
|subjected to shrinking| in the upper part of the frames; an orange ow |
subjected to growth| in the lower part of the frames; a gray ow in between
the �rst two. Fig. 3(a)(b) shows the two best ranked shots according to the
query of Fig. 2(a). It can be noticed that both shots feature a yellow-orange
region subjected to growth and a black one subjected to shrinking. Similarly to
the commercial used for query (that advertises a brand of pasta) the �rst two
retrieved commercials advertise food products (a brand of rice and a brand of
chicken soup). This result con�rms the general criterion according to which the
kind of promoted product often drives the choice of the graphic elements that
characterize the commercial.

5 Conclusion and Future Work

In this paper a system is presented that supports retrieval of commercials based
on dynamics of color ows. Color ows capture changes of color regions over
contiguous frames. They retain prominent features of the video content, due to
the tight relationships between color and motion features and the video content
in commercials.

A 3D Haar wavelet decomposition technique is used to represent color ows.
Based on this representation a metric is de�ned to compute color ow similarity.
The metric combines into a uni�ed measure the similarity between two color
ows in terms of color, volume and 3D shape. A measure of the similarity
between two shots is computed based on the similarity between their color ows.
This measure is used to support retrieval of commercials based on color ow
similarity.

Future enhancements include the possibility to enrich the description of the
video content by exploiting additional clues such as audio and textual captions
included in the video.
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(a)

(b)

Figure 2: Original (a) and segmented (b) frames of a shot used to query based
on color ow similarity.
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Abstract. A new class of moment-based features invariant to image

rotation, translation, and also to convolution with an unknown point-

spread function is introduced in this paper. These features can be used

for the recognition of objects captured by a nonideal imaging system of

unknown position and blurring parameters. Practical applications to the

registration of satellite images is presented.

Keywords: Complex moments, convolution invariants, rotation invari-

ants, invariant basis, image registration.

1 Introduction

In scene analysis, we often obtain the input information in the form of an image
captured by a nonideal imaging system. Most real cameras and other sensors can
be modeled as a linear space-invariant system, where the relationship between
the input f(x; y) and the acquired image g(x; y) is described as

g(�(x; y)) = a(f � h)(x; y) + n(x; y): (1)

In the above model, h(x; y) is the point-spread function (PSF) of the system,
n(x; y) is an additive random noise, a is a constant describing the overall change
of contrast, � stands for a transform of spatial coordinates due to projective
imaging geometry and � denotes 2D convolution.

In many application areas, it is desirable to �nd a representation of the scene
that does not depend on the imaging system without any prior knowledge of
system parameters. Basically, there are two di�erent approaches to this problem:
image normalization or direct image description by invariants.

Image normalization consists of geometric registration, that eliminates the
impact of imaging geometry and transforms the image into some "standard"
form, and blind deconvolution, that removes or suppresses the blurring. Both
steps have been extensively studied in the literature, we refer to the recent
surveys on registration [3], [9] and on deconvolution/restoration techniques [11],
[15]. Generally, image normalization is an ill-posed problem whose computing
complexity can be extremely high.

S. Singh, N. Murshed, and W. Kropatsch (Eds.): ICAPR 2001, LNCS 2013, pp. 359−368, 2001.
 Springer-Verlag Berlin Heidelberg 2001



In the invariant approach we look for image descriptors (features) that do
not depend on h(x; y), �(x; y) and a. In this way we avoid a diÆcult inversion
of eq. (1). In many applications, the invariant approach is much more e�ective
than the normalization. Typical examples are the recognition of objects in the
scene against a database, template matching, etc.

Much e�ort has been spent to �nd invariants to imaging geometry, particu-
larly to linear and projective transformations. Moment invariants [10], [1], [17],
[18], [7], Fourier-domain invariants [12], [2], di�erential invariants [19], [14], and
point sets invariants [13], [16] are the most popular groups of them. On the
other hand, only few invariants to convolution have been described in the liter-
ature. A consistent theory has been published recently in [8] where two sets of
convolution invariants were constructed in spatial as well as Fourier domains.
Unfortunately, those features are not invariant to rotation and therefore their
practical utilization is limited.

This paper introduces combined invariants that are invariant both to convo-
lution and linear transform of spatial coordinates.

The rest of the paper is organized as follows. In Section 2, basic de�nitions
and propositions are given to build up the necessary mathematical background.
In Section 3, the invariants to convolution composed of the complex moments
are introduced and a derivation of the combined invariants is given. We also
show how to select a complete and independent system of them. In Sections
4, an application of the combined invariants to satellite image registration is
presented.

2 Mathematical background

In this Section, we introduce basic terms and propositions that will be used later
in the paper.

De�nition 1: By image function (or image) we understand any real function
f(x; y) 2 L1 having a bounded support and nonzero integral.

De�nition 2: Complex moment c
(f)
pq of order (p+ q), where p � 0 and q � 0, of

the image f(x; y) is de�ned as

c(f)pq =

Z
1

�1

Z
1

�1

(x + iy)p(x � iy)qf(x; y)dxdy; (2)

where i denotes the imaginary unit.
In polar coordinates, (2) becomes the form

c(f)pq =

Z
1

0

Z 2�

0

rp+q+1ei(p�q)�f(r; �)d�dr: (3)

It follows immediately from (3) that cpq = c�qp (the asterix denotes a complex
conjugate).
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The following Lemmas describe an important rotation property of the com-
plex moments and their behavior under convolution.

Lemma 1: Let f 0 be a rotated version (around the origin) of f , i. e. f 0(r; �) =
f(r; �+�) where � is the angle of rotation. Let us denote the complex moments
of f 0 as c0pq . Then

c0pq = e�i(p�q)� � cpq : (4)

Lemma 2: Let f(x; y) and h(x; y) be two image functions and let g(x; y) =
(f �h)(x; y). Then g(x; y) is also an image function and we have, for its moments,

c(g)pq =

pX
k=0

qX
j=0

�
p

k

��
q

j

�
c
(h)
kj c

(f)
p�k;q�j

for any p and q.

In the following text, we assume that the PSF h(x; y) is centrally symmetric
(i.e. h(x; y) = h(�x;�y)) and that the imaging system is energy preserving,

i.e.
R
1

�1

R
1

�1
h(x; y)dxdy = 1: The centrosymmetry implies that c

(h)
pq = 0 if

p+q is odd. The assumption of centrosymmetry is not a signi�cant limitation of
practical utilization of the method. Most real sensors and imaging systems, both
optical and nonoptical ones, have the PSF with certain degree of symmetry. In
many cases they have even higher symmetry than the central one, such as axial
or radial symmetry. Thus, the central symmetry is general enough to describe
almost all practical situations.

3 Invariants to convolution and rotation

In this Section, we introduce a new class of features, called combined invariants,
invariant simultaneously to convolution with an arbitrary centrosymmetric PSF
and rotation. Theorem 1 introduces invariants to convolution that are further
used in Theorem 2 to de�ne combined invariants.

Theorem 1: Let f(x; y) be an image function. Let us de�ne the following func-
tion K(f) : Z �Z ! C, where Z is the set of non-negative integers and C is the
set of complex numbers.
If (p+ q) is even then

K(p; q)(f) = 0:

If (p+ q) is odd then

K(p; q)(f) = c(f)pq �
1

c
(f)
00

pX
n=0

qX
m=0

0<n+m<p+q

�
p

n

��
q

m

�
K(p� n; q �m)(f) � c(f)nm: (5)

Then K(p; q)(f�h) = K(p; q)(f) for any p and q and for any centrosymmetric
h(x; y).
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For the proof of Theorem 1, we refer to our earlier paper [5], where a similar
theorem is formulated and proven for standard moments. The proof in case of
complex moments is analogous.

As can be easily proven by induction, the invariants K(p; q) have the same
rotation property as the complex moments themselves. Thus,

K 0(p; q) = e�i(p�q)� �K(p; q): (6)

Theorem 2: Let n � 1 and let kj ; pj and qj ; j = 1; � � � ; n; be non-negative
integers such that (pj + qj) is odd for each j and that

nX

j=1

kj(pj � qj) = 0:

Then

I =

nY

j=1

K(pj ; qj)
kj (7)

is invariant to rotation around the origin and to convolution with a centrosym-
metric PSF.

According to Theorem 2, simple examples of the combined invariants are
K(1; 0)K(0; 1),K(1; 0)K(1; 2),K(2; 1)K(1; 2),K(2; 1)3K(0; 3), etc. Most invari-
ants (7) are complex. If one prefers to have real-valued features, one can consider
their real and imaginary parts separately.

Theorem 2 allows us to construct, for any order of the convolution invariants,
an in�nite number of the combined invariants, but only few of them are mutually
independent. For the rest of this Section, the attention is paid to the construction
of a basis of combined invariants. By the term basis we intuitively understand the
smallest set of the combined invariants, by means of which all other invariants
can be expressed. The knowledge of the basis is a crucial point in all object
recognition tasks, because it provides the same discrimination power as the set
of all invariants at minimum computational cost.

De�nition 3: Let k � 1; let I = fI1; � � � ; Ikg be a set of the combined invariants
(7) and let J be an invariant of the same type. Invariant J is said to be dependent

on I if and only if there exists a function F of k variables containing only
the operations multiplication, involution with an integer (positive or negative)
exponent and complex conjugation, such that

J = F (I1; � � � ; Ik):

A set of invariants is said to be dependent if one of its elements depends on
the rest of the set. Thus, fK(2; 1)K(1; 2), K(2; 1)2K(1; 2)2g, fK(0; 1)K(2; 1),
K(1; 0)K(1; 2)g and fK(1; 0)K(1; 2), K(1; 0)K(3; 0)K(1; 2)4, K(3; 0)K(1; 2)3g
are typical examples of dependent invariant sets.
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De�nition 4: Let I be a set of the combined invariants (7) and let B be its
subset. B is a basis of I if and only if

{ B is independent,
{ Any element of I � B depends on B (this property is called completeness).

Construction of the basis is solved by the following Theorem.

Theorem 3: Let S be a set of the convolution invariants (5) of any odd orders
(not necessarily of all invariants), let S� be a set of their complex conjugates
and let K(p0; q0) 2 S [ S� such that p0 � q0 = 1 and K(p0; q0) 6= 0. Let I be a
set of all combined invariants created from the elements of S [ S� according to
(7). Let B � I be constructed as follows:

(8p; qjp > q ^K(p; q) 2 S [ S�)(�(p; q) � K(p; q)K(q0; p0)
p�q 2 B):

Then B is a basis of I.

The proof of Theorem 3 can be found in our recent paper [6]. Using Theorem
3, we can set up for instance a basis of all combined invariants up to the �fth
order B5 = fK(1; 0)K(1; 2);K(2; 1)K(1; 2);K(3; 0)K(1; 2)3;K(5; 0)K(1; 2)5;
K(4; 1)K(1; 2)3;K(3; 2)K(1; 2)g.

Note that Theorem 3 does not guarantee the uniqueness of the basis. Dif-
ferent choices of p0 and q0 lead to di�erent bases. For practical reasons it is
recommended to choose p0 and q0 as small as possible because low-order mo-
ments are more robust to noise than the higher-order ones.

4 Application to satellite image registration

Image registration is the process of overlaying two or more images of the same
scene acquired from di�erent viewpoints, by di�erent sensors and/or at di�erent
times so that the pixels of the same coordinates in the images correspond to
the same part of the scene. Image registration is required as a pre-processing
stage in analysis of remotely sensed data, medical image analysis, image fusion,
in automatic change detection and scene monitoring, among others. Here, the
use of the combined invariants in satellite image registration is presented.

Regardless of the image data involved and of the particular application, image
registration usually consists of the four major steps.

{ Detection of control point candidates. CPCs are signi�cant points or struc-
tures detected automatically (edge intersections, objects centroids, signi�-
cant contour points, etc.) or manually by a domain expert.

{ Control point matching. The correspondence between the CPCs in the ref-
erence and sensed images is established. Matching methods are based on
the image content (cross-correlation, mutual information) or on symbolic
description of the CPC sets (parameter clustering, graph matching, relax-
ation, invariant approaches).
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Fig. 1. The detected CPCs in the reference image: real satellite data, SPOT subscene

of the size 400�400 pixels, band 2. Numbered CPCs have the counterpart in the sensed

image.

{ Estimation of the mapping model. The type and parameters of spatial trans-
form present between the reference and sensed images are estimated. The
type of the mapping function can be global (linear, projective or quadratic
transform model) or local (local triangular mapping, radial basis functions,
thin-plate splines), depending on the type of the image distortions.

{ Resampling and transformation. The sensed image is transformed over the
reference one according to the above mapping model. Appropriate resam-
pling technique (nearest neighbor, linear or cubic interpolation) is employed
to �nd image values in non-integer coordinates.

The combined invariants enter the process of image registration in the sec-
ond step, CP matching. They are calculated over a circular neighborhood of each
CP candidate detected earlier in the �rst step. After that, the correspondence is
established by minimum distance rule with thresholding in the Euclidean space
of the invariants. Herein described application uses the combined invariants for
registration of satellite images, that are rotated and shifted one another and dif-
ferently blurred. In practice, the blurring function is often an unknown compos-
ite function describing the degradation e�ects of the sensor and the atmosphere.
Thanks to the invariance of the combined invariants to rotation, translation and
also to image blurring by any symmetric PSF, blurred images can be registered
directly without any de-blurring. Most of the earlier matching methods fail in
such a case.
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Fig. 2. The detected CPCs in the sensed image: real satellite data, di�erent SPOT

subscene of the size 325 � 325 pixels, band 2, from the same y over covering ap-

proximately the same ground. The image was rotated by 15 degrees, the non-ideal

acquisition was simulated by blurring with the 7� 7 averaging mask. Numbered CPCs

have the counterpart in the reference image.

The experiment was performed on real satellite data with simulated blurring
and rotation. The reference image of the size 400�400 pixels was extracted from
the SPOT subscene, Czech Republic, band 2 (see Fig. 1). The sensed image of
the size 325� 325 pixels was extracted from the di�erent SPOT subscene, band
2, from the same ight covering approximately the same ground. It was then
rotated by 15 degrees and the nonideal acquisition was simulated by blurring
with the 7� 7 averaging mask (see Fig. 2).

To �nd CPCs in the both frames, a method developed particularly for de-
tection of corner-like dominant points in blurred images [20] was employed. 30
CPCs selected in the reference and sensed images are depicted in Figs. 1 and 2,
respectively.

The CPC matching has been realized by the following algorithm.

Algorithm Match:

Input: Two sets of CPCs from the sensed and reference images. These sets
may contain also some points having no counterparts in the other set.

1. Invariant vector computation. A vector of invariants is computed for each
CPC over its circular neighborhood of the radius 60 pixels. The vector consist
of the following blur-rotation invariants basic combined invariants: (�(2; 1),
�(3; 0), �(5; 0), �(4; 1), �(3; 2), �(7; 0), �(6; 1), �(5; 2) and �(4; 3), where
p0 = 2 and q0 = 1).
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Fig. 3. The registered sensed image overlaid over the reference one. Intensity values in

the overlapped area are calculated as the mean of the corresponding intensity values

of the reference and sensed images.

2. CPC correspondence. The two most-likely matching CPC pairs can be found
as the ones with the minimum distance of their invariant vectors. To gain
higher robustness, the Matching Likelihood CoeÆcients [4] can be employed
instead of the minimum distance criterion (as it was done in our exper-
iments). CPCs from the sensed image are transformed using a similarity
transform the coeÆcients of which are calculated by means of the two above
mentioned CPC pairs. Correspondence between transformed CPCs from the
sensed image and CPCs in the reference image is found via the thresholded
nearest neighbor rule in the spatial domain (Figs. 1 and 2). Knowing the
correspondence the set of matched control point (CP) pairs is established.
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3. Improvement of CP localization in the sensed image. For each CP in the
sensed image, its improved position is found in its local neighborhood. For
every point from the neighborhood its invariant vector is computed accord-
ing to Step 1. The point with the minimum distance between its invariant
vector and the invariant vector of the CP counterpart is found and set as
the improved position of the CP.

Algorithm Match has several user-de�ned parameters, namely the number
of the invariants involved, the radius of the neighborhood the invariants are
calculated from, the distance threshold used in Step 2 and the radius of the
neighborhood used for localization improvement. The choice of the parameters
is inuenced by the type of the images and an extent of the blurring degrada-
tion, among others. The experiments we have performed indicate that from 3
to 9 invariants usually provide suÆcient discriminative power. Furthermore, the
more blurred the images are, the larger neighborhood for calculating the invari-
ants should be. Common values range from 30 to 90 pixels. The neighborhood
should be larger than the support of the PSF otherwise the robustness to the
so-called "boundary e�ect" can be low. Along the boundary of the region of
interest, gray level values are inuenced by pixels from outside and convolution
is not well de�ned within this region. The distance threshold in Step 2 should be
low (typically less than 7 pixels), false matches could be found otherwise. The
neighborhoods for position improvement should be small (2 or 3 pixel radius)
because of high computational cost of this step and because the CPC detection
algorithm should not produce higher deviations of the candidate positions.

The sensed image is transformed using the mapping function { similarity
transform { whose coeÆcients were calculated via least-square technique by
means of the matched CPs. Inter-pixel gray values are estimated via bilinear
interpolation. The co-registered images are shown in Fig. 3. Intensity values in
the overlapped area are calculated as the mean of the corresponding intensity
values of the reference and sensed images.

5 Conclusion

In this paper, a consistent and well-developed theory of the invariants to image
blurring and rotation is presented. Arbitrarily large independent and complete
system of the combined invariants of any orders can be constructed by means
of the method described in this paper. These invariants can be used for object
recognition when an unknown rotation and blur are present. In that way, we
avoid image deblurring and geometric normalization.

Practical applications of the presented theoretical results can be found in
recognition of objects captured by a non-ideal imaging system, in medical and
remote sensing image registration as well as in other tasks when dealing with
non-ideal, blurred and geometrically distorted images.
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Abstract 

This paper introduces a plastic distortion model to cope with the non-
linear deformations characterizing fingerprint images taken with on-
line acquisition sensors. The problem has a great impact on several 
practical applications, ranging from the design of robust fingerprint 
matching algorithms to the generation of synthetic fingerprint images. 
The experimentation on real data validates the model and 
demonstrates its efficacy in registering minutiae data from highly 
distorted fingerprint samples. 
Keywords: Biometric systems, Personal identification, Fingerprint 
matching, Fingerprint Deformation, Distortion Model. 

1   Introduction 

In the age of the new economy, the advent of a great number of applications 
requiring users to be securely authenticated (e-commerce, e-trading, personal 
computer protection) has revived the interest in biometric techniques [4] and, in 
particular, in fingerprint recognition [8]. 

Great progress has been made in the development of on-line fingerprint sensing 
techniques [4] and, as a consequence, several small and inexpensive sensing 
elements have overrun the market. Significant improvements have been achieved on 
the algorithmic side as well, but a great number of challenging problems still exist. 
In particular, a mass-adoption of such technologies requires the matching algorithms 
to become more tolerant with respect to some factors which prevent the false 
rejection rate (i.e. the percentage of users who are erroneously rejected by the 
system) from decreasing beyond a certain limit. 

One of the main difficulties in matching two fingerprint samples of the same 
finger is to deal with the non linear distortions, often produced by an incorrect finger 
placement over the sensing element, which make a global rigid comparison 
unfeasible. Most of the existing matching techniques adopt strategies aimed at 
measuring local similarity (instead of global similarity) in order to improve their 
robustness with respect to the distortion affecting fingerprint patterns [6] [7] [8] 
[10]. To the best of our knowledge, none of these techniques explicitly attempts to 
model fingerprint distortion, but they tend to relax the definition of similarity to 
some extent in order to take into account small elastic deformations. 
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The aim of this work is to introduce a plastic distortion model to describe how 
fingerprint images are deformed when the user improperly places his/her finger on 
the sensor plate. The motivation of this effort is twofold: first, a good 
comprehension of the distortion dynamics can be very useful in designing new 
robust (distortion tolerant) fingerprint matching algorithms; secondly in the context 
of synthetic fingerprint image generation [1], that we are promoting as a powerful 
and inexpensive way of generating large fingerprint databases for performance 
evaluation, the deformation model provides an effective way of producing different 
realistic impressions of the same finger. 

2   The plastic distortion model 

Pressing the finger tip against the plain surface of an on-line acquisition sensor 
produces, as the main effect, a 3d to 2d mapping of the finger skin. However, the 
aim of this work is not to investigate the characteristic of such a mapping; here we 
consider a fingerprint image as non-distorted when it is produced by a correct finger 
placement; a finger placement is correct when the user: 

1. moves the finger towards the sensor in a direction which is perfectly orthogonal 
with respect to the sensor surface. 

2. does not apply traction or torsion once the finger touches the sensor surface. 
 
In fact, due to the skin plasticity, the application of forces, some of whose 

components are not orthogonal to the sensor surface, produces non-linear distortions 
(compression or stretching) in the acquired fingerprints. 
In general, the finger pressure against the sensor plate is not uniform but decreases 
moving from the centre toward the borders, and it is possible to distinguish 3 distinct 
regions (see figure 1): 

 
a) a close-contact region where the high pressure and the surface friction does not 

allow any skin slippage. 

c) an external region, whose boundary delimits the fingerprint visible area, where 
the light pressure allows the finger skin to be dragged by the finger movement. 

b) a transitional region where an elastic distortion is produced to smoothly combine 
regions a and c. The skin compression and stretching is restricted to region b, 
since points in a remain almost fixed and points in c rigidly move together with 
the rest of the finger. 

 

Let [ ]7\�[=Y be a generic point on the fingerprint surface; we introduce the 

function ℜ→ℜ2�VKDSHGLVWD to model both: 

- the shape of the close-contact region (a) 
- the distance of a generic point v from the region a. 
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( )YDVKDSHGLVW  indicates the position of v with respect to the region a; when v is 

outside a, this function returns a measure proportional to the distance between the 
point and the border of a ( ( )YDGLVW  is here intentionally left undefined to confer a 

greater generality to the model).  
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. Bottom view of a finger before and after the application of traction and torsion forces. 
In both cases the fingerprint area detected by the sensor (i.e. the finger touching area) is 
delimited by the external boundary of region c. 

 
The torsion and traction forces applied to the finger move the points in region c 

by an amount ∆(v), which can be computed on the basis of a rotation angle  and a 
displacement vector d (according to an affine transformation with no scale changes): 
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The gradual transition occurring in region b, is described by the following 
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Figure 2 plots the brake function for a given k: this parameter denotes the width of 
the transition interval.  

 

Fig. 2. The function brake plotted for k=3, t=0..4 

 
The overall distortion transformation can then be expressed as: 
 
 22 ℜ→ℜ�GLVWRUWLRQ ,     ( ) ( ) ( )( )N�VKDSHGLVWEUDNHGLVWRUWLRQ D YYYY ⋅∆+=  

 
The shape and size of regions b and c are implicitly determined by a, ( )YDGLVW  and 

k; in fact, the internal c boundary is the locus of points where   
( )( ) 1=N�VKDSHGLVWEUDNH D Y . The parameter k can be conceived as a skin plasticity 

coefficient, since using a higher k involves a larger b region and a smooth transition 
between a and c.  

Intuitively, the mapping given by the above distortion formula can be viewed as 
an affine transformation (with no scale changes) which is progressively “braked” as 
it moves from c towards a.    

 
During the experimentation (which will be discussed in the following section) we 

observed that the contact region is always near-elliptical; then a well-suited shape 
for the contact region is an ellipse (of centre HF  and semi-axes sx and sy) and a good 

definition of the dista function is the Mahalanobis distance [3] decreased by one: 
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Summarizing, when an ellipse is used to model region a, the parameters 
controlling the distortion model are: 

 
t translation vector 

, 0F  angle and centre of rotation 
k skin plasticity coefficient 

HF , A ellipse 
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In figure 3 the distortion of a square mesh is shown for different parameter values. 
 

 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 

Fig. 3. Distortions of a square mesh obtained by applying the above model with different 
parameter settings. The black square denotes the initial mesh position and its movement with 
respect to the mesh boundary indicates the amount of displacement and rotation that occurred. 
In the first row different transformations are shown (from the left to the right: a vertical 
displacement (dy=-21), a horizontal displacement (dx=18) and a combined displacement + 
rotation (dx=-6, dy=27, =-6°) ); the second row shows the effect of varying the skin 
plasticity coefficient k (2.0, 1.0 and 0.5 respectively) for a given transformation. 

3   Model validation 

In order to validate the distortion model discussed in section 2, we used two sets 
of distorted fingerprint images. The first set (A) of images was acquired in our 
laboratory by using a commercially available on-line fingerprint scanner; the second 
set (B) was extracted from NIST Special DB24 [2] [9] which contains 100 MPEG-2 
Digital Video of Live-Scan Fingerprint Data. In both cases, users are required to 
place their finger on the sensor, and, once they have touched the surface, to 
intentionally move the finger without lifting it from the surface: doing this produces 
exaggerated plastic distortions which can be exploited for a better comprehension of 
the phenomenon.   

Figure 4 contains two examples: one taken from set A (first row) and one from 
set B (second row); the first column shows non-distorted fingerprint images, the 
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second column shows distorted impressions of the same fingers and the third column 
shows the pixel-by-pixel difference of the two images on the left. Some minutiae 
points [5] have been manually labelled on both the images for a better analysis of 
image correspondences.    

In both cases, it is well evident (from the third column) that around a central 
region, where the image remains almost unchanged, significant differences exist. 
The shape of the constant region (corresponding to region a in our model) can be 
reasonably approximated by an ellipse.   

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 4. Two examples of fingerprint distortion: the third column shows the pixel by pixel 
difference between the fingerprint pairs on the left. 

In figure 5 (left column) the two distorted images in figure 4 (central column) are 
drawn together with their original minutiae (denoted by small squares) and the 
corresponding minutiae as located in the original images (denoted by small circles). 
Clearly evident displacements exist between pairs of corresponding minutiae, thus 
indicating the large amount of distortion affecting these images. In the central 
column, the same fingerprint images are shown, but now the minutiae from the non-
distorted samples have been re-mapped by applying the distortion function 
introduced in section 2. The good spatial minutiae matching obtained proves that the 
model is capable of dealing with such deformations. The model parameters have 
been manually adjusted and not necessarily constitute the best choice. The 
corresponding mesh distortion is plotted in the third column and shows that in the 
former case the deformation is mainly caused by a vertical (downward) traction 
producing a compression at the top, whereas in the latter a  (counter clockwise) 
torsion is the most evident cause. 

374 R. Cappelli, D. Maio, and D. Maltoni



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 5. Minutiae correspondence before (first column) and after (second column) the 
application of the distortion function. The third column shows the corresponding mesh 
deformation. 

To numerically evaluate how much the distortion model fits real data, we manually 
labelled minutiae points in 10 image pairs (5 pairs from set A and 5 from set B); for 
each pair, we manually adjusted the model parameters and we measured the average 
distance between corresponding minutiae before and after applying the 
“normalizing” distortion function (table 1).  

Table 1. Average distances between corresponding minutiae, before and after the application 
of the distortion function, respectively. 

Set A Set B 
Before After Before After 
10.37 3.82 12.14 1.98 
10.83 2.24 24.60 2.56 
10.04 2.88 24.74 5.10 
9.30 2.23 17.11 2.76 
5.77 2.32 26.96 3.00 
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Table 2 reports the average distances over all the fingerprints of the two sets: the 
results obtained are very good, thus proving that the distortion function here 
proposed is well-suited to model fingerprint plastic distortion.   

Table 2. Average over all the experiments. 

Average 
Before After 
15.19 2.89 

 

4   Conclusions 

This paper introduces a mathematical model for fingerprint plastic distortion, thus 
providing a valid instrument for developing new distortion-tolerant fingerprint 
matching algorithms. The experimental results prove that the problem, which was 
never adequately modelled to date, has been successfully addressed here. 

The study of an effective and efficient optimisation technique which is capable of 
automatically extracting the deformation parameters (given a pair of fingerprint 
images) constitutes a very interesting challenge and is the target of our future efforts.   
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Abstract 

 
The goal of this paper is to describe an efficient procedure for color-based image 
retrieval.  The proposed procedure consists of two stages.  First, the image data set 
is hierarchically decomposed into disjoint subsets by applying an adaptation of the 
k-means clustering algorithm.  Since Euclidean measure may not effectively 
reproduce human perception of a visual content, the adaptive algorithm uses a non-
Euclidean similarity metric and clustroids as cluster prototypes.  Second, the 
derived hierarchy is searched by a branch and bound method to facilitate rapid 
calculation of the k-nearest neighbors for retrieval in a ranked order.  The proposed 
procedure has the advantage of handling high dimensional data, and dealing with 
non-Euclidean similarity metrics in order to explore the nature of the image feature 
vectors.  The hierarchy also provides users with a tool for quick browsing.  
 

1. Introduction 

The increasing rate at which images are generated in many application areas, gives 
rise to the need of image retrieval systems to provide an effective and efficient 
access to image databases, based on their visual content.  While it is perfectly 
feasible to identify a desired image from a small collection simply by browsing, 
techniques that are more effective are needed with collections containing 
thousands, or millions of items.  The current image retrieval techniques can be 
classified according to the type and nature of the features used for indexing and 
retrieval. Keyword indexing techniques manually assign keywords or classification 
codes to each image when it is first added to the collection and use these 
descriptors as retrieval keys at search time.  Their advantages consist of high 
expressive power, possibility to describe image content from the level of primitive 
features to the level of abstract features, involving a significant amount of 
reasoning about the meaning and purpose of the objects or scenes depicted.   

On the other hand, manual indexing presents few drawbacks regarding the 
usefulness of the assigned keywords and the indexing time.  Since the same picture 
can have different meanings for different people, different keywords could be 
associated with the same picture [1].  When the indexing time for every image 
takes few minutes, to index a collection of million images is an intensive and time 
consuming work.   

Methods that permit image searching based on features automatically extracted 
from the images themselves are referred as content-based image retrieval (CBIR) 
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techniques [2].  Color retrieval yields the best results, in that the computer results 
of color similarity are similar to those derived by a human visual system [3].  The 
retrieval becomes more efficient when the spatial arrangement and coupling of 
colors over the image are taken into account or when one more low-level feature, 
such as texture or shape, is added to the system.  The most notable example of 
querying by color is IBM’s QBIC system [4] that has been applied successfully in 
color matching of items in electronic mail order catalogues.  One drawback of the 
current content-based image retrieval systems is their limitation to the low level 
features even if some researchers have attempted to fill the gap between low-level 
features and semantic features, by deriving high-level semantic concepts (harmony, 
disharmony, calmness, excitement) from color arrangements [5].  Another problem 
with the existing image retrieval systems is that these systems do not provide a 
summary view of the images in their database to their users.  The necessity of a 
summary view appears when the user has no specific query image at the beginning 
of the search process and wants to explore the image collection to locate images of 
interest [6].  The indexing structure is also a big issue for CBIR systems.  Image 
features are often very high dimensional or the similarity metrics are too complex 
to have efficient indexing structures.  The existing multi-dimensional indexing 
techniques concentrate only on how to identify and improve indexing techniques 
that are scalable to high dimensional feature vectors in image retrieval [7].  The 
other nature of feature vectors in Image Retrieval, i.e. non-Euclidean similarity 
measures, cannot be explored using structures that have been developed based on 
Euclidean distance metrics such as the k-d trees, the R-d trees and its variants. 

The goal of this paper is to provide a CBIR system that is scalable to large size 
image collection and is based on an effective indexing module that solves both 
high dimensionality and non-Euclidean nature of some color feature spaces.  The 
module is built using an adaptation of k-means clustering in which the metric is a 
non-Euclidean similarity metric and the cluster prototype is designed to summarize 
the cluster in a manner that is suited for quick human comprehension of its 
components.  These prototypes give the system the capability of quick browsing 
through the entire image collection.  The proposed system also uses a branch and 
bound tree-search module that applied to the hierarchy of the resultant clusters will 
facilitate rapid calculation of the nearest neighbors for retrieval. 

The paper is organized as follows.  Section 2 describes the color feature 
representation of the images from the database used in the proposed procedure.  
Section 3 explains how the hierarchy of similar groups is built by the adaptive k-
means algorithm and Section 4 describes how the search is carried out by the 
branch and bound algorithm.  Section 5 considers the effectiveness of the approach 
and how the user can browse elegantly through the image database; these 
considerations are expounded with experiments on a database of 2100 images.  The 
paper concludes with some final comments and a note on future work. 

2. Color feature representation 

Color is one of the most widely used features for image similarity retrieval.  This is 
not surprising given the facts that color is an easily recognizable element of an 
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image and the human visual system is capable of differentiating between infinitely 
large numbers of colors.    

In this paper, we use the Color-WISE representation for image retrieval described 
in detail in [8].  The representation is guided primarily on three factors.  First, the 
representation must be closely related to human visual perception since a user 
determines whether a retrieval operation in response to an example query is 
successful or not.  Color-WISE uses the HSV (hue, saturation, value) color 
coordinate system that correlates well with human color perception and is 
commonly used by artists to represent color information present in images.   
Second, the representation must encode the spatial distribution of color in an 
image.  Because of this consideration, Color-WISE system relies on a fixed 
partitioning scheme.  This is in contrast with several proposals in the literature [9] 
suggesting color-based segmentation to characterize the spatial distribution of color 
information.  Although the color-based segmentation approach provides a more 
flexible representation and hence more powerful queries, we believe that these 
advantages are outweighed by the simplicity of the fixed partitioning approach.  In 
the fixed partitioning scheme, each image is divided into M × N overlapping 
blocks as shown.  The overlapping blocks allow a certain amount of ‘fuzzy-ness’ to 
be incorporated in the spatial distribution of color information, which helps in 
obtaining a better performance.  Three separate local histograms  (hue, saturation 
and value) for each block are computed.  The third factor considered by the Color-
WISE system is that fact that the representation should be as compact as possible 
to minimize storage and computation efforts.  To obtain a compact representation, 
Color-Wise system extracts from each local histogram the location of its area-peak.  
Placing a fixed-sized window on the histogram at every possible location, the 
histogram area falling within the window is calculated.  The location of the 
window yielding the highest area determines the histogram area-peak.  This value 
represents the corresponding histogram.  Thus, a more compact representation is 
obtained and each image is reduced to 3 × M × N numbers (3 represents the 
number of histograms for HSV).  

3.  Hierarchy of clusters  

Clustering is a discovery process in data mining.  It groups a set of data in a way 
that maximizes the similarity within clusters and minimizes the similarity between 
two different clusters.  The discovered clusters can explain the characteristics of 
the underlying data distribution and serve as foundation for other analysis 
techniques [10].  Clustering is also useful in implementing the “divide and 
conquer” strategy to reduce the computational complexity of various decision-
making algorithms in pattern recognition. 

We use a variation of k-means clustering to build a hierarchy of clusters.  At every 
level of the hierarchy, the variation of k-means clustering uses a non-Euclidean 
similarity metric and the cluster prototype is designed to summarize the cluster in a 
manner that is suited for quick human comprehension of its components.  The 
resultant clusters are further divided into other disjoint sub-clusters performing 
organization of information at several levels, going for finer and finer distinctions.  
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The results of this hierarchy decomposition are represented by a tree structure in 
which each node of the tree represents a cluster prototype and at the last level, each 
leaf represents an image.  The hierarchy of the cluster prototypes gives the system 
the capability of quick browsing through the entire image collection. 

This adaptation of k-means algorithm is required since the color triplets (hue, 
saturation, and value) derived from RGB space by non-linear transformation, are 
not evenly distributed in the HSV space; the representative of a cluster calculated 
as a centroid also does not make much sense in such a space.  Instead of using the 
Euclidean distance, we need to define a measure that is closer to the human 
perception in the sense that the distance between two color triplets is a better 
approximation to the difference perceived by human.  We present below the used 
similarity metric that takes into account both the perceptual similarity between the 
different histograms bins and the fact that human perception is more sensitive to 
changes in hue values; we also present how the cluster representatives are 
calculated and what is the splitting criterion. 

3.1 Color similarity metric 

Clustering methods require that an index of proximity or associations be 
established between pairs of patterns [10].  A proximity index is either a similarity 
or dissimilarity.  The more two images resemble each other, the larger a similarity 
index and the smaller a dissimilarity index will be. 

Since our retrieval system is designed to retrieve the most similar images with a 
query image, the proximity index will be defined with respect to similarity.  
Different similarity measures have been suggested in the literature to compare 
images [3, 11].  

We are using in our clustering algorithm the similarity measure that, besides the 
perceptual similarity between different bins of a color histogram, recognizes the 
fact that human perception is more sensitive to changes in hue values [8].  It also 
recognizes that human perception is not proportionally sensitive to changes in hue 
value.   

Let iq and it represent the block number i  in a query Q and an image T , 
respectively.  Let  ( )

iii qqq vsh ,,  and ( )
iii ttt vsh ,,  represent the dominant hue-

saturation pair of the selected block in the query image and in the image T , 
respectively.  The block similarity is defined by the following relationship:
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Here hD , sD and vD represent the functions that measure similarity in hue, 

saturation and value.  The constants a , b and c  define the relative importance of 
hue, saturation and value in similarity components.  Since human perception is 
more sensitive to hue, a higher value is assigned to a than to b .  The following 
function was used to calculate hD : 

( )
2

256
2cos1
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The function hD explicitly takes into account the fact that hue is measured as an 
angle.  Through empirical evaluations, a value of k equal to two provides a good 
non-linearity in the similarity measure to approximate the subjective judgment of 
the hue similarity.  

The saturation similarity is calculated by: ( )
256
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The value similarity is calculated by using the same formula as for saturation 
similarity.  Using the similarities between the corresponding blocks from the query 
Q and image T , the similarity between a query and an image is calculated by the 

following expression: ( )
( )
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∑
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The quantity im in the above expression represents the masking bit for block i and 
NM × stands for the number of blocks. 

3.2. Cluster prototypes 

The cluster prototypes are designed to summarize the clusters in a manner that is 
suited for quick human comprehension of its components.  They will inform the 
user about the approximate region in which clusters and their descendants are 
found.  By building the hierarchical tree having the cluster prototypes as interior 
nodes, the system will allow users to browse the image collection at different levels 
of details. 

We define the cluster prototype to be the most similar image to the other images 
from the corresponding cluster; in another words, the cluster representative is the 
clustroid point in the feature space, i.e., the point in the cluster that maximizes the 

(2) 

(4) 

(3) 
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sum of the squares of the similarity values to the other points of the cluster.  If C  
is a cluster, its clustroid M  is expressed as: 

( )




= ∑

∈∈
CJ

CI
JISM ,maxarg 2  

Here I and J stand for any two images from the cluster C and ( )JIS , is their 
similarity value.  We use arg  to denote that the clustroid is the argument (image) 
for which the maximum of the sums is obtained. 

3.3. Splitting criterion 

To build a partition for a specified number of clusters K, a splitting criterion is 
necessary to be defined.  Since the hierarchy aims to support similarity searches, 
we would like nearby feature vectors to be collected in the same or nearby nodes.  
Thus, the splitting criterion in our algorithm will try to find an optimal partition 

that is defined as one that maximizes the criterion sum-of-squared-error function:  

kM  and I stand for the clustroid and any image from cluster Ck, respectively; 
( )kMIS ,2  represents the squared of the similarity value between I  and kM , 

and kn  represents the number of elements of cluster kC . 
The reason of maximizing the criterion function comes from the fact that the 
proximity index measures the similarity; that is, the larger a similarity index value 
is, the more two images resemble one another.   

Once the partition is obtained, in order to validate the clusters, i.e. whether or not 
the samples form one more cluster, several steps are involved.  First, we define the 
null hypothesis and the alternative hypothesis as follows: H0: there are exactly K 
clusters for the n samples, and HA:  the samples form one more cluster.  According 
to the Neyman-Pearson paradigm [12], a decision as to whether or not to reject H0 
in favor of HA is made based on a statistics ( )nT .  The statistic is nothing else 
than the cluster validity index that is sensitive to the structure in the data: 

( ) ( )
( )1+

=
KJ

KJ
nT

e

e  

To obtain an approximate critical value for the statistic, that is the index is large 
enough to be ‘unusual’, we use a threshold that takes into account that, for large 
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n , ( )KJe and ( )1+KJe  follow a normal distribution.  Following these 
considerations, we consider the threshold τ defined in [13] as:  
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The rejection region for the null hypothesis at the p-percent significance level is:  

( ) τ<nT  

The parameter α in (8) is determined from the probability p that the null hypothesis 
H0 is rejected when it is true and d is the sample size.  The last inequality provides 
us with a test for deciding whether the splitting of a cluster is justified.  

4. The browsing and search strategy 

The significant feature of our scheme is the possibility of quick browsing of the 
image set when no query image is specified.  The user can browse first the highest 
level of the tree representing the hierarchy and get summary views of the entire 
image collection in the form of the prototypes of the clusters at that level.  By 
traversing down the tree, the user gets finer and finer details from one level to 
another. Using an analogy with the view layers defined using a hierarchy of self-
organization maps [6], we can consider the first level of the tree as a global view 
level of the entire image collection, the intermediate levels as regional levels and 
the last layer of the tree as a local layer giving the most detailed summary views 
for the images.  Each node from the last layer points to a group of similar images 
named image layer. 

When a query image is present, the second phase of our algorithm is involved.  The 
search strategy implies a branch and bound algorithm in order to facilitate rapid 
calculation of the k-nearest neighbors for retrieval.  We use the method defined in 
[14] which tests the nodes of the tree by two simple stopping rules that eliminates 
the necessity of calculating many distances.  The first rule is meant to eliminate 
from consideration the node and its corresponding group of samples if the distance 
between the query and the node (clustroid) is greater than the sum between the 
current distance to the nearest neighbor and the farthest distance from the centroid 
to any sample from the cluster.  The second rule reduces the number of calculations 
of distances between the query and the samples of the node that survived to rule 1.  
If the distance from the query to the clustroid is greater than the sum between the 
current distance to the nearest neighbor and the distance from the clustroid to a 
sample, do not calculate the distance between the sample and the query anymore.  

(8) 

(9) 

383Image Retrieval Using a Hierarchy of Clusters



To perform similarity search, the color representation of the query image is first 
matched at the first layer to determine the most similar cluster prototypes (nodes) 
that should be searched further.  We eliminate from considerations each node from 
first layer for which rule 1 is satisfied. The matching is then repeated for the 
children of one of the nodes from the previous layer that survived to rule 1, and so 
on until the last layer is reached, which brings out a group of images that can be the 
most similar to the query image.  We do not need to compare each one of these 
images with the query image since rule 2 filters out the images that not satisfy it.  
For the images that finally survive, the distances to the query image are calculated 
and ordered to find the current nearest neighbors. Then the algorithm is applied for 
the next node that was carried on after applying rule 1 and the table of the current 
nearest neighbors is updated as needed. 

5. Experimental Results 

We evaluate our algorithm for browsing and retrieval on an image database of 
2100 images.  The color vector representation of each image has 3*8*8 elements 
since each image is partitioned into 8*8 overlapping blocks and the image color 
content is characterized by three components: hue, saturation and intensity.  To 
perform color-based similarity retrieval, the values of the constants (a , b and c ) 
in formula (1) are experimentally chosen as being 2.5, 0.5 and 0, respectively.  We 
rescale hue and saturation to values between 0 and 255.  In order to obtain the first 
level (global layer) of the hierarchy, we apply k-means algorithm for k = 2, 3 …  
and at each consequent k, the cluster validity is checked, to ensure that the number 
of elements in every cluster is a moderate one and the sum-of-squared-error 
criterion to be satisfied.  Comparing the values of the test statistic (7) and the 
values of the threshold (8) with respect to inequality (9), the possible number of 
clusters for different small values of the significance level is obtained.  Since the 
value of the statistic for K = 31 is greater than the threshold for consecutive small 
values of p, we choose the value of K to be 30.  Further, we split the nodes having 
at least 30 images (at least 2% out of the data set) by applying k-means algorithm 
again and so, a lower level (regional layer) of the hierarchy is obtained.  The 
minimum number of elements in every cluster to go further with splitting is 
decided as a compromise between the size of the terminal nodes and the number of 
nodes in the tree.  Fewer elements in the final groups produce fewer distance 
computations in the retrieval stage, but larger number of distance computation in 
the search stage.  We end up with a search tree having 81 nodes, 4 levels and an 
average of 40 images per terminal node. 
Fig. 2 shows a retrieval result for browsing mode. The user browses the first level 
(global layer) of the tree and hypothetically speaking, the user decides to look for 
images similar with the prototype of cluster 9. The image will be updated with the 
images (found in hierarchical clustering process) that are close to the centers of 
clusters at the next layer. Assuming that the user decides to see images similar with 
the first prototype of the second layer, the third layer (image layer) will display the 
group of images similar with the previous chosen prototype.  
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Figure 2. 
 

Fig. 3 shows a retrieval result for search mode. The image query is in the top left of 
the image. The user wants to retrieve the most three similar images with the image 
query. Applying the proposed scheme, the following nodes are reached in order to 
find the 3-nearest neighbors: node 5 at first level, node 28 at second layer, 76 at the 
final level. The nearest neighbors are picked up from the group of images pointed 
by node 76. 
 
  
 
   
 
   

 
 
 

Figure 3. 
 

For more results on color similarity retrieval visit our home page at http://iielab-
secs.secs.oakland.edu 
 
  
6.  Conclusions and future work 
 
This paper presented an efficient method for image retrieval.  Since the proposed 
procedure organizes the color information as a hierarchy of different clusters, the 
user is provided with summary views of the entire image collection at different 
level of details. Fast calculation of the k-nearest neighbors is possible by using a 
branch and bound algorithm as a search strategy.  As future work, we want to 
experiment our system with semantic features in addition to the low level ones.  
Since browsing computerized information has a social dimension, we will also 
develop an interface for better visualization of the information patterns being 
browsed and more effective means of communicating the browsing process.  
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Texture-adaptive active contour models

Thomas Lehmann, Jörg Bredno, and Klaus Spitzer
Institute of Medical Informatics,

Aachen University of Technology (RWTH),
D-52057 Aachen, Germany

Abstract

Unsupervised segmentation is a key challenge for automated
quantification of medical images. Although a balloon model is able
to detect arbitrarily shaped objects in images, it requires careful
adjustment of parameters prior to segmentation.
     Based on global texture analyses, our method allows to set these
parameters automatically for heterogeneous images such as MRI,
ultrasound, or microscopy. Cooccurrence matrices are extracted
from prototype images and used as feature vectors to train a
synergetic classifier. These matrices are computed likewise for all
other images. To control segmentation, similarity measures for
these features are applied to weight the linear combination of the
prototype parameters.
     The method was tested on 81 synthetic images and applied to a
set of 1616 heterogeneous radiographs. Setting the parameters of
active contour models by the proposed method improves the
acceptance rate of unsupervised segmentation from 31% up to 71%.
Keywords: unsupervised segmentation, active contours, balloon
model, parameterization, texture analysis

1 Introduction

In medical imaging, quantitative analyses require segmentation to identify objects
of interest [1]. Since manual segmentation is tedious, automatic or semi-automatic
segmentation methods have been examined [2]. Unsupervised segmentation of
images is a key challenge for any automated analysis of images and major goal of
research in bio-medical image processing.
     So far, systems for automated quantification rely on reproducibly acquired
images with similar appearance of considered objects. However, in medical
imaging this assumption often is violated. Normalization and fixed units for image
values are obtained from computed tomography but neither from magnetic
resonance, ultrasound, radiographic, nor microscopic imaging. Furthermore,
biological tissue often drastically varies in material properties the imaging is based
on (e.g. radiometric density or sonographic reflection coefficients). Hence, the
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appearance of medical images is not constant even if images are captured by
identical devices.
     When carefully adapted, active contours have been shown to result in reliable
segmentation [2,3,4]. However, the adjustment of parameters is required for each
task or application and still performed manually by technical experts. In our
approach, the parameter adjustment is done automatically. Different sets of
parameters are handled by texture-adaptive categorization of images.
     Following a brief introduction to the balloon model that is used for segmentation
(Sec. 2.1), we describe the training phase of a synergetic classifier for texture
discrimination (Sec. 2.2) and the adaptive parameterization for individual images
using this classifier (Sec. 2.3). In Section 2.4, our method is generalized to color
images. The classification that is based on the logarithm of coocurrence matrices is
evaluated in Section 3.1. Results are presented for a synthetic images (Sec. 3.2) as
well as a heterogeneous archive of radiographs (Sec. 3.3).

2  Method

Our method combines a robust and well-known balloon model with an a-priori
texture analysis that is used to determine the similarity of the current image with
trained images. This allows to adapt the parameterization of the segmentation
procedure.

2.1  Balloon model for segmentation

For segmentation of medical images, we apply a generalized balloon model [3] that
is based on finite element meshes [4]. The edge elements of simplex meshes move
under mechanical influences until they contact significant borders of objects in the

deformation force

deformation force

polygonal contour

Image influences

pressure forces

Figure 1: Influences acting on the balloon during iterative segmentation of a radiograph.
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image. The edges of a polygon are moved iteratively by forces resulting from the
pressure of the balloon, a deformation force that is reducing the 2nd order
derivative of the polygons, and image influences (Fig. 1). The gray or color values
are interpreted as image potentials resulting in region-based external forces and
give local resistance to the movement of edges (Fig. 2).
     Based on this model, the algorithm locates arbitrarily shaped structures in
images without any initial contour. In comparison to classic snake approaches and
all their variations [5], the balloon-based algorithm requires more careful
consideration of the parameters controlling the segmentation. For our model, the
following influences for the finite elements have to be adjusted according to the
image:
• The maximal and minimal length of edges of the polygonal contour.
• The scale of gradients in the image occurring at the border or relevant objects.
• The appearance and intensity of these gradients, which are coded in the

potentials of image values.
• The strength of the deformation force.
• The strength of the pressure force.
     A unique set of segmentation parameters can be used for all images with similar
appearance of objects of interest [6]. To enable automatic segmentation of arbitrary
images, a training phase is needed prior to segmentation.

2.2  Training of texture

For unsupervised segmentation of heterogeneous image sets, the parameters have to
be adjusted without a-priori knowledge on image contents. Therefore, global
texture statistics are used to determine the similarity of appearances between

Figure 2: Visualization of image potentials for the radiograph in Figure 1.
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images. In a training phase, we browse a representative subset of images to identify
significant differences in appearance. For each class of appearance, a prototype
image is chosen arbitrarily. The parameters for this prototype image are set using
an automated method that employs an exemplary manual segmentation. Therefore,
this initialization can be done easily by physicians [6]. Then, the appearance of
those prototypes is described by their cooccurrence-matrix [7]. Such texture
statistics are frequently used for texture classification [8,9].
     All prototypes are downscaled to 256x256 pixels and the gray-scale is reduced
to 64 using nearest-neighbor interpolation [10]. Cooccurrence matrices are
extracted for these images with a displacement of 5. The segmentation parameters
must be adjusted such that the balloon model is allowed to overcome irrelevant
structures in the image but stops at the border of considered objects, where notable
changes in the appearance of tissues occur. Therefore, the interesting entries in the
cooccurrence matrix lay with distance to the main diagonal. Even for large
displacements, the entries along the main diagonal significantly are larger than all
others. Hence, mathematical operations that compute discriminative measures for
these matrices face the danger of numerical instability. Therefore, the logarithm is
applied to all entries of the cooccurrence matrix (Fig. 3). The resulting matrix is
regarded as a high-dimensional feature vector c

�

 and normalized to mean zero and
length one. For these features, we use the synergetic classifier proposed in [11] to
achieve robust similarity measures.
     This classifier relies on an orthonormal basis of adjoint vectors +

jc
�

 for the

prototype features ic
�

. We demand

ijji cc δ=⋅ +��

(1)

for all prototype feature vectors, where δ denotes the Kronecker delta symbol with

0,1 jiij =∀=δ else. The adjoint cooccurrence features +
jc

�

 are build as a linear

g1 g1

g2 g2

a b

Figure 3: The cooccurrence matrix for gray values g1 and g2 of a radiograph are displayed
without and with the logarithm of all values, (a) and (b), respectively. The histograms of
both images have been stretched individually for contrast enhancement.
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combination of all n prototype features kc
�

:

∑
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+ =
n

k
kjkj cac
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(2)

Multiplying (2) with the prototype vectors ic
�

 and using (1) for the left side, we

obtain a system of n2 linear equations
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with I denoting the identity matrix. The ajk can be calculated by inverting the
matrix of the scalar products of all prototype feature vectors
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They are used to compute the adjoint prototype vectors +
jc

�

 in (2).

2.3  Texture-adaptive parameterization

The parameter sets for prototype images resulting from training as well as the
adjoint cooccurrence feature vectors +

jc
�

 are used for the segmentation of

heterogeneous images.
     During segmentation, a cooccurrence feature vector is computed for each image.
The scalar products of this vector with the adjoint vectors of all prototypes
represent similarities. Therefore, these scalar products are used to automatically
create an individual set of parameters for the image.
     Let imagec

�

 denote the cooccurrence matrix of an image that has to be segmented

and jP
�

 be a vector containing the parameters that are used for the segmentation of

prototype image j. Then, the required parameters imageP
�

 are calculated from the

similarity of the cooccurrence feature imagec
�

 and the adjoint prototype features +
jc
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When segmenting an image, the parameters of the balloon model linearly are
interpolated from all parameter sets of the prototypes using the weights wj, which
depend on the scalar products with the respective adjoint features. The balloon
model detects significant contours in the image by a balance of all forces acting on
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an edge. Note that mechanical forces strictly are additive. This allows linear
interpolation of their strengths.

2.4  Color images

For color images, the feature vector is composed by combining the within- and
cross-cooccurrence matrices of the color channels [12]. The within-cooccurrence
matrices contain separate entries for all color channels using the same displacement
whereas the cross-cooccurrence matrices count the presence of image values at the
same image position in different channels. For an RGB image, this results in a
feature vector containing the cooccurrence matrices of the red, green, and blue
channel as well as the cross-cooccurrence between red and green, red and blue, and
green and blue. The dimension of this feature vector is six times the dimension of a
grayscale feature vector. Since the complexity of similarity measures that are based
on adjoint feature vectors only linearly depends on the dimension of the feature
vectors, the method can be applied easily to color images.
     External influences for the segmentation method are combined from all color
channels and weighted according to the intensity of color gradients that occur at the
border of objects of interest in the color channels. This gives also need to set
appropriate parameters for each color channel separately. This setting is handled by
the automated method described in [6].

3  Evaluation and Results

Numerical tests are performed to evaluate the stability of the adjoint vector
computation, the segmentation of synthetic phantoms, and that of radiographs
taken from diagnostic procedures in clinical routine.

3.1  Logarithm of cooccurrence matrix entries

So far, it has been postulated that the use of the logarithm increases the numerical
stability of distance measures that are computed from the cooccurrence matrices. A
test was performed to validate this supposition.
     Four color images were extracted from an endoscopic video of vocal folds.
Single frames do not contain textures of high contrast [12] and their histograms are
compact. The numerical stability of the computation of adjoint feature vectors were
assessed by the error measure

( )ijji

n

ji

cce δ−⋅= +

=

��

max
1,

(6)

It determines the maximal deviation of the scalar products between all feature
vectors and all corresponding vectors of prototypes.
     In our test, we used single-precision floating point instructions of a Pentium II
processor. The matrix inversion was taken from the image analysis tool Khoros 2
compiled under Linux with a standard GNU compiler. Using normalized
cooccurrence matrices for the feature vectors, the error measure e reached
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unacceptable 0.78. It was reduced to 0.006 applying the logarithm to all entries in
the cooccurrence matrices prior to normalization.

3.2  Evaluation using synthetic images

Gold-standards yielding a valid segmentation usually do not exist in medical
imaging. Inter- as well as intra-observer variability hinder the quantification of
segmentation quality. In order to give quantitative measures, 81 synthetic images
have been created. These images of the size 128x128 pixel contain a centered object
described by )sin(0 ϕkrrr ∆+<  with r0=50, r∆ =10 and k=5. Inside and outside

are filled with Gaussian-distributed noise of mean µ in and µout, respectively, and
standard deviation σ. In order to prevent high gradients at the object’s border, the
gray values linearly are interpolated from inside to outside within a five pixel
region (Fig. 4). Parameters for the creation of synthetic images were combined
from }150,140,130{∈inµ , }20,10,5{∈−=∆ inout µµµ  and }10,6,2{∈σ . Each

combination is based on three different images, giving an amplitude signal-to-noise
ration of

σ
µ∆= log20SNR (7)

ranging from -6dB to 20dB. These images were segmented using either a fixed
parameter set trained for the image with 140=inµ , 150=outµ , and 6=σ (see the

third example from the left in Fig. 4) or using an adaptive parameter set resulting
from training of 4 or 8 prototype images from this set, respectively. The mean and
Hausdorff (maximum) distances were calculated using the vertex positions in a
Chamfer distance-transformed image of the original object. Additionally, the
overlap measure

BA

BA
O

∪
∩= (8)

was calculated with A and B denoting the segmented and the original object,
respectively. Segmentations were accepted for O > 85%.
     Segmentation using the balloon model fails if a fixed parameter set is used (Tab.
1). The contours either collapse or expand over the object towards the image border
resulting in large distances and a small overlap measure. Only one third of all

Figure 4: Synthetic images are used for evaluation. The parameters ),( σµ∆  that are used to
create the displayed images are from left to right: (20,2), (20,6), (10,6), and (5,10). Note
that the images have been histogram optimized for printing.
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images is segmented sufficiently without parameter adaptation. Using 4 different
images in training, nearly 80% of all segmentations are accepted. The mean
difference reduces from about 20 down to 4.4. When 8 different prototypes are
trained, the rate of acceptance raises to 89%. Now, the mean distance between all
segmentations and the real contour is below 2 pixels. Nevertheless, the average
Hausdorff distance about 7 still is notable. In many images, only parts of the
contour are detected correctly due to the high amount of noise.

3.3  Segmentation of an heterogeneous image archive

The method was applied to a set of 1616 radiographs from the IRMA-project [13].
The images have been taken from daily routine at the Department of Diagnostic
Radiology, Medical School, Aachen University of Technology. The radiographs
were acquired by several modalities and partly scanned from film using different
scanners. Aim of the IRMA-project is content-based access to medical image
archives without manual indexing. Therefore, the main contours of imaged body
regions have to be segmented automatically without user supervision. First, the
balloon model was parameterized by an analysis of the images’ histograms. Using
the same model, all images were segmented again with the parameters
automatically set by the method described above. All together, 19 different
appearances have been identified. One of each class was used as a prototype.
     All results were manually rated (Fig. 5). A physician either accepted or rejected
the segmentation subjectively following his visual impression. Note that it is easier
and less time consuming to decide whether a given segmentation result matches the
expectation than to draw a manual segmentation. Furthermore, manual reference
segmentations are not reproducible.
     Using the heuristic histogram analysis, the relevant contours were detected
sufficiently in only 496 out of 1616 images. Using the texture adaptation of the
balloon model, the automatic segmentation was accepted for 1145 radiographs. The
method improves the ratio of acceptance from 31% to 71%. As a main problem, the

parameter set mean distance
σµ ±

Hausdorff distance
σµ ±

overlap
σµ ±  in %

# accepted /
# total

fixed 19.9 ± 13,7 37.9 ± 24.7 45.1 ± 38.5 27 / 81

adaptive,
4 prototypes

4.4 ± 7.8 9.5 ± 12.8 83.7 ± 22.7 64 / 81

adaptive,
8 prototypes

2.0 ± 3.6 7.1 ± 10.2 90.9 ± 9.3 72 / 81

Table 1: Results for the segmentation of synthetic images with and without adaptive
parameterization.
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segmentation method was disturbed by collimator fields in the radiographs that
were neither manually cut nor chosen according to image quality.

4.  Discussion

Unsupervised segmentation of medical images can be done by balloon models.
However, the parameterization of active contours is time consuming and requires
expert knowledge on the model so far. Using global texture analysis, this
parameterization is done automatically. Numerical robustness of texture
calculations is increased by logarithm of cooccurrence matrices that are based on
images with similar content and weak texture.
     The IRMA archive that is used for evaluation of our method contains images of
various regions of body, orientations, imaging modalities and scanning devices.
The imaging parameters were not optimized to show contours but for the ability to
perform findings in diagnostic regions of interest. Therefore, the increase of 31% to
71% and hence, acceptance of more than two thirds of all segmentations is
absolutely reliable. Further improvement may result from optimizing both, texture
feature extraction and similarity measures.
     So far, the texture-adaptive parameterization method has been used for a balloon
model. Note that this method of parameter adjustment is not bound to balloons and
could be used for many other segmentation methods that require the choice of
appropriate parameters. However, not all segmentation algorithms may be suitable
for a linear interpolation of parameters according to the similarity to image
prototypes.
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Abstract. This paper presents generalizations to the gray scale and rotation
invariant texture classification method based on local binary patterns that we
have recently introduced. We derive a generalized presentation that allows for
realizing a gray scale and rotation invariant LBP operator for any quantization
of the angular space and for any spatial resolution, and present a method for
combining multiple operators for multiresolution analysis. The proposed
approach is very robust in terms of gray scale variations, since the operator is
by definition invariant against any monotonic transformation of the gray scale.
Another advantage is computational simplicity, as the operator can be realized
with a few operations in a small neighborhood and a lookup table. Excellent
experimental results obtained in a true problem of rotation invariance, where
the classifier is trained at one particular rotation angle and tested with samples
from other rotation angles, demonstrate that good discrimination can be
achieved with the occurrence statistics of simple rotation invariant local binary
patterns. These operators characterize the spatial configuration of local image
texture and the performance can be further improved by combining them with
rotation invariant variance measures that characterize the contrast of local
image texture. The joint distributions of these orthogonal measures are shown
to be very powerful tools for rotation invariant texture analysis.

nonparametric texture analysis distribution histogram Brodatz contrast

1 Introduction
Most approaches to texture classification assume, either explicitly or implicitly, that the
unknown samples to be classified are identical to the training samples with respect to
spatial scale, orientation and gray scale properties. However, real world textures can
occur at arbitrary spatial resolutions and rotations and they may be subjected to varying
illumination conditions. This has inspired a collection of studies, which generally
incorporate invariance with respect to one or at most two of the properties spatial scale,
orientation and gray scale, among others [1,2,3,4,5,6,7,8,10,11,13,14].

This work focuses on gray scale and rotation invariant texture classification, which
has been addressed by Chen and Kundu [2] and Wu and Wei [13]. Both studies
approached gray scale invariance by assuming that the gray scale transformation is a
linear function. This is a somewhat strong simplification, which may limit the useful-
ness of the proposed methods. Chen and Kundu realized gray scale invariance by glo-

S. Singh, N. Murshed, and W. Kropatsch (Eds.): ICAPR 2001, LNCS 2013, pp. 397−406, 2001.
 Springer-Verlag Berlin Heidelberg 2001



bal normalization of the input image using histogram equalization. This is not a general
solution, however, as global histogram equalization can not correct intraimage (local)
gray scale variations.

 Recently, we introduced a theoretically and computationally simple approach for
gray scale and rotation invariant texture analysis based on Local Binary Patterns, which
is robust in terms of gray scale variations and discriminated rotated textures efficiently
[8,10]. A novel contribution of this paper is the generalized presentation of the operator
that allows for realizing it for any quantization of the angular space and for any spatial
resolution. We derive the operator for a general case based on a circularly symmetric

neighbor set of P members on a circle of radius R. We call this operator LBPP,R
riu2. P

controls the quantization of the angular space, whereas R determines the spatial resolu-
tion of the operator. In addition to evaluating the performance of individual operators of
a particular (P,R), we also propose a straightforward approach for multiresolution anal-
ysis, which combines the information provided by multiple operators.

The proposed operator LBPP,R
riu2 is an excellent measure of the spatial structure of

local image texture, but it by definition discards the other important property of local
image texture, contrast, since it depends on the gray scale. If the stability of the gray

scale is not a concern, the performance of LBPP,R
riu2 can be further enhanced by com-

bining it with a rotation invariant variance measure VARP,R that characterizes the con-
trast of local image texture. We present the joint distribution of these two

complementary operators, LBPP,R
riu2/VARP,R, as a powerful tool for rotation invariant

texture classification. The proposed operators are also computationally attractive, as
they can be realized with a few operations in a small neighborhood and a lookup table.

The performance of the proposed approach is demonstrated with an image data
used in a recent study on rotation invariant texture classification [11]. Excellent experi-
mental results demonstrate that our texture representation learned at a specific rotation
angle generalizes to other rotation angles.

The paper is organized as follows. The operators, the classification principle and
a simple method for multiresolution analysis are described in Section 2. Experimen-
tal results are presented in Section 3 and Section 4 concludes the paper.

2 Methodology
2.1 Generalized Rotation Invariant LBP Operator
We start the derivation of our gray scale and rotation invariant texture operator by
defining texture T in a local neighborhood of a monochrome texture image as the joint
distribution of gray levels {gc, g0, ..., gP-1} (P>1). The gray value gc corresponds to the
gray value of the center pixel of the local neighborhood and gp (p=0,...,P-1) correspond
to the gray values of P equally spaced pixels on a circle of radius R (R>0) that form the
circularly symmetric neighbor set N(P,R). If the coordinates of gc are (0,0), then the
coordinates of gp are given by (-Rsin(2p p/P), Rcos(2p p/P)). For brevity we omit the
derivation presented in [8], and obtain the following generalized operator for gray scale
and rotation invariant texture description:
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where

and

Invariance against any monotonic transformation of the gray scale is achieved by
considering the signs of the differences s(gp-gc), which effectively corresponds to
binary thresholding of the local neighborhood, hence the expression Local Binary Pat-
tern. Rotation invariance is achieved by recognizing that a set of rotation variant pat-
terns originates from a particular rotation invariant pattern upon rotation.

Uniformity measure U corresponds to the number of spatial transitions, i.e. bitwise
0/1 changes between successive bits in the circular representation of the LBP. We argue
that the larger the uniformity value U is, i.e. the larger number of spatial transitions
occurs in the pattern, the more likely the pattern is to change to a different pattern upon
rotation in digital domain. Based on this argument we designate those rotation invariant
patterns that have U value of at most 2 as ‘uniform’, and use the occurrence statistics of
different ‘uniform’ patterns for texture discrimination.

By definition exactly P+1 ‘uniform’ binary patterns can occur in a circularly sym-
metric neighbor set of P pixels. Eq.(2) assigns an unique label to each of them, the label
corresponding to the number of ‘1’ bits in the pattern (0->P), while the ‘nonuniform’
patterns are grouped under the miscellaneous label P+1. The selection of ‘uniform’
patterns with the simultaneous compression of ‘nonuniform’ patterns is also supported
by the fact that the former tend to dominate in deterministic textures [8]. In practice the

computation of LBPP,R
riu2, which has P+2 distinct output values, is best implemented

with a lookup table of 2P elements.
The expression in Eq.(2) allows generalizing the operator for any quantization of

the angular space and for any spatial resolution. The quantization of the angular space

is defined by (360o/P). However, certain considerations have to be taken into account in
the selection of P and R. First, they are related in the sense that for a given R, additional
new elements placed on the circle are not likely to provide any useful information

beyond a certain point. Second, an efficient implementation with a lookup table of 2P

elements sets a practical upper limit for P.

2.2 Rotation Invariant Variance Measures of Texture Contrast

The LBPP,R
riu2 operator is a truly gray scale invariant measure, i.e. its output is not

affected by any monotonic transformation of the gray scale. It is an excellent measure

LBPP R,
riu2 s gp gc–( )

p 0=

P 1–

å if U N P R,( )( ) 2£

P 1 otherwise+
ï
í
ï
ì

= (2)

s x( )
1 x 0‡,
0 x 0<,í

ì
= (3)

U N P R,( )( ) s gP 1– gc–( ) s g0 gc–( )– s gp gc–( ) s gp 1– gc–( )–
p 1=

P 1–

å+= (4)
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of the spatial pattern, but it by definition discards contrast. If we under stable lighting
conditions wanted to incorporate the contrast of local image texture as well, we can
measure it with a rotation invariant measure of local variance:

VARP,R is by definition invariant against gray scale shifts. Since LBPP,R
riu2 and

VARP,R are complementary, their joint distribution LBPP,R
riu2/VARP,R is expected to be

a very powerful rotation invariant measure of local image texture. Note that even

though we in this study restrict ourselves to using only joint distributions of LBPP,R
riu2

and VARP,R operators that have the same (P,R) values, nothing would prevent us from
using joint distributions of operators with different neighborhoods.

2.3 Nonparametric Classification Principle
In the classification phase a test sample S was assigned to the class of the model M that
maximized the log-likelihood measure:

where B is the number of bins, and Sb and Mb correspond to the sample and model
probabilities at bin b, respectively. This nonparametric (pseudo-)metric measures like-
lihoods that samples are from alternative texture classes, based on exact probabilities of
feature values of pre-classified texture prototypes. In the case of the joint distribution

LBPP,R
riu2/VARP,R, the log-likelihood measure was extended in a straightforward man-

ner to scan through the two-dimensional histograms.
Sample and model distributions were obtained by scanning the texture samples and

prototypes with the chosen operator, and dividing the distributions of operator outputs

into histograms having a fixed number of B bins. Since LBPP,R
riu2 has a completely

defined set of discrete output values (0 -> P+1), no additional binning procedure is
required, but the operator outputs are directly accumulated into a histogram of P+2
bins. Variance measure VARP,R has a continuous-valued output, hence quantization of
its feature space is needed, together with the selection of an appropriate value for B [9].

2.4 Multiresolution Analysis
By altering P and R we can realize our operators for any quantization of the angular
space and for any spatial resolution. Multiresolution analysis can be accomplished by
combining the information provided by multiple operators of different (P,R). In this
study we perform straightforward multiresolution analysis by defining the aggregate

VARP R,
1
P
--- gp m–( )2

p 0=

P 1–

å= , where m 1
P
--- gp

p 0=

P 1–

å= (5)

L S M,( ) Sb Mblog
b 1=

B

å= (6)
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(dis)similarity as the sum of individual log-likelihoods computed for individual opera-
tors:

where O is the number of operators, and So and Mo correspond to the sample and
model histograms extracted with operator o (o=1,...,O), respectively.

3 Experiments
We demonstrate the performance of our operators with imagery used in a recent study
on rotation invariant texture classification by Porter and Canagarajah [11]. They pre-
sented three feature extraction schemes for rotation invariant texture classification,
employing the wavelet transform, a circularly symmetric Gabor filter and a Gaussian
Markov Random Field with a circularly symmetric neighbor set. They concluded that
the wavelet-based approach was the most accurate and exhibited the best noise perfor-
mance, having also the lowest computational complexity.

We first replicate the original experimental setup as carefully as possible, to get
comparable results. Since in the original setup the training data included samples from
several rotation angles, we also present results for a more challenging setup, where the
samples of just one particular rotation angle are used for training the texture classifier,
which is then tested with the samples of the other rotation angles. In each case we
report as the result the error rate, i.e. the percentage of misclassified samples of all sam-

ples in the testing data, for the individual operators LBPP,R
riu2 and VARP,R, and their

joint distribution LBPP,R
riu2/VARP,R.

Regarding the selection of P and R, in order to incorporate three different spatial

resolutions and three different angular resolutions we chose to realize LBPP,R
riu2 and

VARP,R with (P,R) values of (8,1), (16,2), and (24,3). In multiresolution analysis we use
the three 2-resolution combinations and the one 3-resolution combination these three
alternatives can form. Regarding the quantization of the continuous VARP,R feature
space, histograms contained 128 bins when VARP,R operator was used by itself, and

(P+2)/16 bins in the case of the joint LBPP,R
riu2/VARP,R operator.

3.1 Image Data and Experimental Setup
Image data included 16 texture classes from the Brodatz album shown in Fig. 1. For
each texture class there were eight 256x256 images, of which the first was used for
training the classifier, while the other seven images were used to test the classifier.
Rotated textures had been created from these source images using a proprietary inter-
polation program that produced images of 180x180 pixels in size. If the rotation angle

was a multiple of 90 degrees (0o or 90o in the case of present ten rotation angles), a
small amount of artificial blur had been added to the original images to simulate the

LO L S
o

M
o,( )

o 1=

O

å= (7)

401A Generalized Local Binary Pattern Operator



effect of blurring on rotation at other angles [11].
In the original experimental setup the texture classifier was trained with several

16x16 subimages extracted from the training image. This fairly small size of training
samples increases the difficulty of the problem nicely. The training set comprised rota-

tion angles 0o, 30o, 45o, and 60o, while the textures for classification were presented at

rotation angles 20o, 70o, 90o, 120o, 135o, and 150o. Consequently, the test data
included 672 samples, 42 (6 angles x 7 images) for each of the 16 texture classes.
Using a Mahalanobis distance classifier Porter and Canagarajah reported 95.8%
accuracy for the rotation invariant wavelet-based features as the best result.

3.2 Experimental Results
We started replicating the original experimental setup by dividing the 180x180 images

of the four training angles (0o, 30o, 45o, and 60o) into 121 disjoint 16x16 subimages. In
other words we had 7744 training samples, 484 (4 angles x 121 samples) in each of the
16 texture classes. We first computed the histogram of the chosen operator for each of
the 16x16 samples. We then added the histograms of all samples belonging to a partic-
ular class into one big model histogram for this class, since the histograms of single
16x16 samples would have been too sparse to be reliable models. Also, using 7744 dif-

Fig. 1. Texture images printed at particular orientations.

WOOL 0o

CANVAS 0o CLOTH 20o

MATTING 70oLEATHER 60o

RAFFIA 135o RATTAN 150o REPTILE 0o

PIGSKIN 120o

SAND 20o

COTTON 30o

PAPER 90o

GRASS 45o

WOOL 70oWOOD 60oSTRAW 30o WEAVE 45o
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ferent models would have resulted in computational overhead, for in the classification
phase the sample histograms were compared to every model histogram. Consequently,

we obtained 16 reliable model histograms containing 484(16-2R)2 entries (the opera-
tors have a R pixel border). The performance of the operators was evaluated with the

672 testing images. Corresponding sample histograms contained (180-2R)2 entries,
hence we did not have to worry about their stability.

Classification results are given in Table 1. As expected, LBP16,2
riu2 and LBP24,3

riu2

clearly outperformed their simpler counterpart LBP8,1
riu2. LBP8,1

riu2 had difficulties in
discriminating strongly oriented textures, as misclassifications of rattan, straw and
wood contributed 70 of the 79 misclassified samples. Interestingly, in all 79 cases the
model of the true class ranked second right after the most similar model of a false class

that led to misclassification. LBP16,2
riu2 did much better, classifying all samples cor-

rectly except ten grass samples that were assigned to leather. Again, in all ten cases the

model of the true class ranked second. LBP24,3
riu2 provided further improvement by

missing just five grass samples and a matting sample. In all six cases the model of the

true class again ranked second. These results demonstrate that the 45o quantization of

the angular space by LBP8,1
riu2 is too crude.

Combining the LBPP,R
riu2 operator with the VARP,R operator, which did not too

badly by itself, generally improved the performance. The lone exception was (24,3)
where the addition of the poorly performing VAR24,3 only hampered the excellent dis-

crimination by LBP24,3
riu2. We see that LBP16,2

riu2/VAR16,2 fell one sample short of a

faultless result, as a straw sample at 90o angle was labeled as grass. The error rates for
single resolutions are so low that there is not much room for improvement by the mul-
tiresolution analysis, though two alternatives of the joint distribution provided a perfect
classification. The largest gain was achieved for the VARP,R operator, especially when
VAR24,3 was excluded.

Even though a direct comparison to the results of Porter and Canagarajah may not

Table 1: Error rates (%) for the original experimental setup, where training is done

with rotations 0o, 30o, 45o, and 60o.

P,R LBPP,R
riu2 VARP,R LBPP,R

riu2/VARP,R

8,1 11.76 4.46 1.64

16,2 1.49 11.61 0.15

24,3 0.89 13.39 3.57

8,1+16,2 1.04 1.34 0.30

8,1+24,3 0.45 1.64 0.00

16,2+24,3 1.04 12.05 0.89

8,1+16,2+24,3 0.89 3.42 0.00
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be meaningful due to the different classification principle, the excellent results for our
operators demonstrate their suitability for rotation invariant texture classification.

Table 2 presents results for a more challenging experimental setup, where the clas-
sifier was trained with samples of just one rotation angle and tested with samples of
other nine rotation angles. We trained the classifier with the 121 16x16 samples
extracted from the designated training image, again merging the histograms of the
16x16 samples of a particular texture class into one model histogram. The classifier
was tested with the samples obtained from the other nine rotation angles of the seven
source images reserved for testing purposes, totaling 1008 samples, 63 in each of the
16 texture classes. Note that in each texture class the seven testing images are physi-
cally different from the one designated training image, hence this setup is a true test for
the texture operators’ ability to produce a rotation invariant representation of local
image texture that also generalizes to physically different samples.

Table 2: Error rates (%) when training is done at just one rotation angle, and the
average error rate over the ten angles.

OPERATOR P,R
TRAINING ANGLE

AVERAGE
0o 20o 30o 45o 60o 70o 90o 120o 135o 150o

LBPP,R
riu2

8,1 31.3 13.6 15.3 23.6 15.0 15.7 30.6 15.6 23.7 15.2 19.94

16,2 3.8 1.0 1.4 1.1 1.5 0.9 2.4 1.4 1.3 2.5 1.72

24,3 1.3 1.1 0.9 2.4 0.8 1.8 0.0 1.3 3.3 2.0 1.48

8,1+16,2 5.7 0.5 0.2 0.2 1.5 2.8 7.1 0.4 0.8 0.8 1.99

8,1+24,3 3.8 0.4 0.6 1.4 0.6 1.1 2.8 0.5 1.7 0.6 1.34

16,2+24,3 2.3 0.0 0.2 0.8 0.7 0.0 0.4 0.6 1.5 1.6 0.80

8,1+16,2+24,3 2.4 0.0 0.0 0.8 0.0 0.0 1.5 0.0 1.4 0.2 0.63

VARP,R

8,1 7.3 3.4 5.4 6.0 4.4 3.1 6.1 5.8 5.4 4.4 5.10

16,2 10.1 15.5 13.8 9.5 12.7 14.4 9.0 10.2 9.2 11.5 11.60

24,3 14.6 13.6 14.3 15.6 14.6 14.4 14.0 13.3 13.7 14.1 14.21

8,1+16,2 2.5 3.1 1.2 1.0 2.1 2.3 2.5 0.9 1.2 2.1 1.88

8,1+24,3 4.8 3.0 1.3 1.1 2.5 1.5 3.9 0.5 1.0 2.1 2.15

16,2+24,3 11.7 13.5 13.2 13.1 14.5 13.5 10.7 13.1 12.5 12.9 12.87

8,1+16,2+24,3 5.1 5.4 3.0 1.7 3.8 3.8 5.0 1.8 1.9 2.7 3.39

LBPriu2
P,R/VARP,R

8,1 0.9 5.8 4.3 2.7 4.8 5.6 0.7 4.0 2.7 4.4 3.56

16,2 0.0 0.5 0.6 0.6 0.6 0.4 0.0 0.5 0.5 0.3 0.40

24,3 4.2 5.0 3.8 2.6 4.0 4.5 4.4 2.8 2.1 2.1 3.52

8,1+16,2 0.0 0.7 0.9 0.8 0.7 0.8 0.0 0.7 0.7 0.6 0.59

8,1+24,3 0.2 0.2 0.4 0.2 0.4 0.2 0.4 0.3 0.2 0.1 0.26

16,2+24,3 2.8 1.1 1.1 0.2 0.4 0.1 2.7 0.4 0.2 0.1 0.90

8,1+16,2+24,3 0.0 0.3 0.5 0.2 0.4 0.3 0.2 0.4 0.2 0.1 0.26
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Training with just one rotation angle allows a more conclusive analysis of the rota-

tion invariance of our operators. For example, it is hardly surprising that LBP8,1
riu2 pro-

vides highest error rates when the training angle is a multiple of 45o. Due to the crude

quantization of the angular space the presentations learned at 0o, 45o, 90o, or 135o do
not generalize that well to other angles. Again, the importance of the finer quantization

of the angular space shows, as LBP16,2
riu2 and LBP24,3

riu2 provide a solid performance
with average error rates of 1.72% and 1.48%, respectively. Even though the results for
multiresolution analysis generally exhibit improved discrimination over single resolu-
tions, they also serve as a welcome reminder that the addition of inferior operator does
not necessarily enhance the performance.

4 Discussion
We presented a theoretically and computationally simple yet efficient multiresolution
approach to gray scale and rotation invariant texture classification based on local binary
patterns and nonparametric discrimination of sample and prototype distributions. We
derived a generalized presentation that allows for realizing the gray scale and rotation

invariant operator LBPP,R
riu2 for any quantization of the angular space and for any spa-

tial resolution, and proposed a method for multiresolution analysis.
The proposed approach is very robust in terms of gray scale variations, since the

LBPP,R
riu2 operator is by definition invariant against any monotonic transformation of

the gray scale. This should make it very attractive in situations where varying illumina-
tion conditions are a concern, e.g. in visual inspection. Gray scale invariance is also nec-
essary if the gray scale properties of the training and testing data differ. This was clearly
demonstrated in our recent study [9] on supervised texture segmentation with the same
the image set that was used by Randen and Husoy in their recent extensive comparative
study [12]. However, real world textures with a large tactile dimension can also exhibit
non-monotonic intensity changes, e.g. due to moving shadows, which neither our
approach nor any other 2-D texture operator tolerates.

We achieved rotation invariance by recognizing that the LBP operator encodes a set
of rotation invariant patterns. An interesting alternative to obtain rotation invariant fea-
tures would be to carry out 1-D Fourier transform on the circularly symmetric neighbor
set [1].

We showed that the performance can be further enhanced by multiresolution analy-
sis. We presented a straightforward method for combining operators of different spatial
resolutions for this purpose. Experimental results involving three different spatial resolu-
tions showed that multiresolution analysis is beneficial, except in those cases where a
single resolution was already sufficient for a very good discrimination. Ultimately, we
would want to incorporate scale invariance, in addition to gray scale and rotation invari-
ance.

We also reported that when there are classification errors, the model of the true class
very often ranks second. This suggests that classification could be carried out in stages,
by selecting features which best discriminate among remaining alternatives.
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Abstract. This paper presents a simple approach to the recovery of dense orienta-

tion estimates for curved textured surfaces. We make two contributions. Firstly, we

show how pairs of spectral peaks can be used to make direct estimates of the slant

and tilt angles for local tangent planes to the textured surface. We commence by

computing the aÆne distortion matrices for pairs of corresponding spectral peaks.

The key theoretical contribution is to show that the directions of the eigenvectors

of the aÆne distortion matrices can be used to estimate local slant and tilt angles.

In particular, the leading eigenvector points in the tilt direction. Although not as

geometrically transparent, the direction of the second eigenvector can be used to

estimate the slant direction. The main practical bene�t furnished by our analysis

is that it allows us to estimate the orientation angles in closed form without re-

course to numerical optimisation. Based on these theoretical properties we present

an algorithm for the analysis of regularly textured curved surfaces. We apply the

method to a variety of real-world imagery.

Keywords: shape-from-texture, spectral analysis, shape analysis, needle map re-

construction, texture, surface shape.

1 Introduction

The recovery of surface shape using texture information is a process that is
grounded in psychophysics [1]. Moreover, it has been identi�ed by Marr [2]
as being a potentially useful component of the 2 1

2
D sketch. Stated succinctly

the problem is as follows. Given a two dimensional image of a curved tex-
tured surface, how can the three dimensional shape of the viewed object
be recovered? This is clearly an ill-posed problem. In order to be rendered
tractable, restrictive simpli�cations must be made. These frequently hinge
on the assumed periodicity, homogeneity [3] and isotropy of the underlying
surface texture. When viewed from the standpoint of shape recovery, there
are two distinct areas of activity in the literature. The �rst of these con�nes
its attention to planar surfaces and focuses on the recovery of perspective
geometry from texture gradient or vanishing point location [4{7]. The second
problem is that of interpreting the geometry of curved surfaces [8{12]. With-
out detailed knowledge of the viewing geometry or camera optics, the latter
problem involves recovering local surface orientation from texture gradient.
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This second problem is perhaps the most interesting from the standpoint
of shape perception and is the focus of this paper. The problem can be ap-
proached in two ways. The �rst of these is to use pre-segmented structural
texture primitives and to measure texture gradient using the variation in the
size of the primitives. This approach will clearly be sensitive to the process
used to segment the required texture primitives. However, the method can
be used with aperiodic textures. The second commonly used method is to
adopt a frequency domain representation of the underlying texture distribu-
tion. The frequency domain approach can be applied more directly to the
raw image data and is potentially less sensitive to the segmentation process.
The applicability of the method is restricted to periodic textures.

2 Spectral distortion under perspectivity

This paper is concerned with recovering a dense map of surface orientations
for surfaces which are uniformly painted with periodic textures. Our approach
is a spectral one which is couched in the Fourier domain. We make use of
an analysis of spectral distortion under perspective geometry extensively de-
veloped by Super and Bovik [5], Krumm and Shafer [13], and, by Malik and
Rosenholtz [10] among others. This analysis simpli�es the full perspective
geometry of texture planes using a local aÆne approximation. Suppose that
Ut represents the frequency vector associated with a spectral peak detected
at the point with position-vectorXt on the texture plane. Further, letUi and
Xi represent the corresponding frequency vector and position vector when
the texture plane undergoes perspective projection onto the image plane. If
the perspective projection can be locally approximated by an aÆne distortion
TA(Xi), then the relationship between the texture-plane and image-plane fre-
quency vectors is Ui = TA(Xi)

�T
Ut. The aÆne distortion matrix is given

by

TA(Xi) =



hf cos�

�
xi sin� + f cos � cos� �f sin �
yi sin� + f sin � cos� f cos �

�
(1)

where f is the focal length of the camera, � is the slant angle of the texture-
plane, � is the tilt angle of the texture-plane and 
 = f cos� + sin� �
(xi cos � + yi sin �).

In this paper we aim to show how an aÆne analysis of local spectral
distortion can be used to recover the parameters of planar pose in closed form.
Although aÆne analysis has previously been used by Krumm and Shafer
in their work on shape-from-texture [13], the recovery of pose parameters
has relied on exhaustive numerical search and spectral back-projection. In
this paper, we demonstrate that the eigenvectors of the aÆne transformation
matrix can be used to directly estimate the slant and tilt angles.
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2.1 Spectral homographies

Our aim is to make local estimates of the slant and tilt angles using the
observed distortions of the texture spectrum across the image plane. To do
this we measure the aÆne distortion between corresponding spectral peaks.
To commence, consider the point S on the texture plane. We sample the
texture projection at two neighbouring points A and B laying on the image
plane. The co-ordinates of the two points are respectively XA = (x; y)T and
XB = (x+�x; y+�y)T where�x and�y are the image-plane displacements
between the two points. Figure 1 illustrates the idea.

Fig. 1. AÆne distortion between two neighbour local spectra

Consider a local-planar patch on the observed texture surface which has a
spectral peak with frequency vector US = (us; vs)

T . Suppose that we sample
the corresponding image plane spectral peak at two distinct locationsXA and
XB where the measured frequency vectors are respectively UA = (uA; vA)

T

and UB = (uB ; vB)
T . Provided that the two image-plane locations belong to

the same planar region of the observed texture, then the image plane peak
frequency vectors are related to the texture-surface frequency vector via the
equations UA = (TA(XA)

�1)TUS and UB = (TA(XB)
�1)TUS, where TA(XA)

is the local aÆne projection matrix of the planar surface patch at the point A
and TA(XB) is the corresponding aÆne projection matrix at the point B. As
a result, the frequency vectors for the two corresponding spectral peaks on
the image-plane are related to one-another via the local spectral distortion

UB = �UA (2)
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where � = (TA(XA)TA(XB)
�1)T is the texture-surface spectral distortion

matrix. This 2 � 2 matrix relates the aÆne distortion of the image plane
frequency vectors to the local planar pose parameters. Substituting for the
aÆne approximation to the perspective transformation from Equation (2),
the required matrix is given in terms of the slant and tilt angles as

� =

 (A)


2 (B)

"

 (A) +�y sin� sin � ��y sin� cos �

��x sin� sin � 
 (A) +�x sin� cos �

#
(3)

where 
(A)= f cos� + sin� (x cos � + y sin �) and

(B)= f cos�+sin� ((x +�x ) cos � + (y +�y) sin �). The above matrix rep-
resents the distortion of the spectrum sampled at the location B with respect
to the sample at the location A.

2.2 Eigenstructure of the AÆne Distortion Matrix

Let us consider the eigenvector equation for the distortion matrix �, i.e.

�wi = �iwi (4)

where �i; i = 1; 2 are the eigenvalues of the distortion matrix � and wi are
the corresponding eigenvectors. Since � is a 2x2 matrix the two eigenvalues
are found by solving the quadratic eigenvalue equation det[���I ] = 0 where
I is the 2x2 identity matrix. The explicit eigenvalue equation is

�2 � Trace(�)�+ det(�) = 0 (5)

where Trace(�) and det(�) are the trace and determinant of �. Substituting
for the elements of the transformation matrix �, we have

�2 �

�

 (A)


 (B)
+


2 (A)


2 (B)

�
�+

�

 (A)


 (B)
�


2 (A)


2 (B)

�
= 0 (6)

The two eigenvalue solutions of the above quadratic equation are

�1 =

2 (A)


2 (B)
and �2 =


 (A)


 (B)
(7)

The eigenvectors depend on the quantities 
(A) and 
(B). These are just
the lengths of the projections of the position-vectors of the two-points onto
the z-axis after counterclockwise rotations by the slant angle and the tilt
angle. The corresponding eigenvectors are w(�1) = [wx(�1);wy(�1)]

T and
w(�2) = [wx(�2);wy(�2)]

T . More explictly, the eigenvectors are

w(�1) = [1; tan � ]
T

and w(�2) =

�
1;�

�x

�y

�T
(8)
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As a result we can directly determine the tilt angle from the vector compo-
nents of the eigenvector associated with the eigenvalue �1. The tilt angle is
given by

� = arctan(
wy (�1)

wx (�1)
) (9)

The intuitive justi�cation for this result is that under perspective projec-
tion the only direction which remains invariant at all locations on the image
plane is the tilt direction. As a result, a frequency vector which is aligned in
the tilt direction will maintain a constant angle, but it will change in mag-
nitude according to the position on the image plane. In other words, the tilt
direction is an eigenvector of the local aÆne transformation.

Once the tilt angle has been obtained, we recover the slant angle by solving
the equation

�2 =

 (A)


 (B)
=

f cos� + sin� (x cos � + y sin �)

f cos� + sin� (x +�x) cos � + (y +�y) sin �)
(10)

The solution is

� = arctan

�
f (�2 � 1)

(y(1� �2)� �2�y) sin � + (x(1� �2)� �2�x) cos �

�
(11)

The complete derivation of the above equations is presented in the Appendix
of this paper. With the slant and tilt angles to hand the surface normal n
may be computed.

3 Computing local planar orientation

In this Section we explain how to recover local planar surface orientation
using our aÆne distortion method. The �rst step in orientation recovery is
to estimate the aÆne distortion matrix which represents the transformation
between di�erent local texture regions on the image plane. These image tex-
ture regions are assumed to belong to a single local planar patch on the
curved texture surface. We do this by selecting pairs of neighbouring points
on the image plane. At each point there may be several clear spectral peaks.
Since the aÆne distortion matrix � has four elements that need to be esti-
mated, we need to know the correspondences between at least two di�erent
spectral peaks at the di�erent locations. Suppose that U

p1
1

= (up1
1
; v

p1
1
)T

and U
p2
1

= (up2
1
; v

p2
1
)T represent the frequency vectors for two distinct spec-

tral peaks located at the point with co-ordinates X1 = (x1; y1)
T on the

image plane. The frequency vectors are used to construct the columns of a
2x2 spectral measurement matrix V1 = (Up1

1
jUp2

1
). Further, suppose that

U
p1
2

= (up1
2
; v

p1
2
)T and U

p2
2

= (up2
2
; v

p2
2
)T represent the frequency vectors for

the corresponding spectral peaks at the point X2 = (x2; y2)
T . The corre-

sponding spectral measurement matrix is V2 = (Up1
2
jUp2

2
). Under the aÆne
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model presented in Section 2, the spectral measurement matrices are related
via the equation V2 = �V1. As a result the local estimate of the spectral
distortion matrix is � = (V T

1
)�1V2.

In practice, we only make use of the most energetic peaks appearing in the
power spectrum. That is to say we do not consider the detailed distribution
of frequencies. Our method requires that we supply correspondences between
spectral peaks so that the distortion matrices can be estimated. We use the
energy amplitude of the peaks is establish the required correspondences. This
is done by ordering the peaks according to their energy amplitude. The or-
dering of the amplitudes of peaks at di�erent image locations establishes the
required spectral correspondences.

In order to improve the orientation estimates returned by eigenvectors
of the aÆne distortion matrix, we use the robust vector smoothing method
developed by Worthington and Hancock [15] for shape-from-shading.

4 Experiments with Curved Surfaces

In this section we experiment with real world textured surfaces. We have
generated the images used in this study by moulding regularly textured sheets
into curved surfaces. The images used in this study are shown in the �rst
column of Figure 2. There are two sets of images. The �rst four have been
created by placing a table-cloth with a rectangular texture pattern on top
of surfaces of various shapes. From top-to-bottom, the surface shapes are a
ridge, a bulge, a series of ripples and a sphere (a balloon). The second group
of images which appear in the �fth, sixth and seventh rows have been created
by bending a regularly textured sheet of wrapping paper into various tubular
shapes. The �rst of these is a cylinder, the second is a \wave" while the �nal
example is an irregular tube. The textures in all seven images show strong
perspective e�ects.

The remaining columns of Figure 2, from left to right, show the initial
needle-map and the �nal smoothed needle-map. In the case of this real world
data, the initial needle maps are more noisy and disorganised than their
synthetic counterparts. However, there are clear regions of needle-map con-
sistency. When robust smoothing is applied to the initial needle maps, then
there is a signi�cant improvement in the directional consistency of the needle
directions. In the case of the ridge in the �rst image, the de�ning planes are
uniform and the ridge-line is cleanly segmented. In the case of the bulge in
the second image, the ridge or fold structure at the bottom of the picture is
well identi�ed. The ripples stand our clearly in the third image. The radial
needle-map pattern emerges clearly in the case of the sphere. This radial
pattern is also clear for the three \tubular" objects.

Finally, we illustrate how our method can be used to identify multiple tex-
ture planes. Here we use the Gustavson-Kessel [16] fuzzy clustering method
to locate clusters in the distribution of needle-map directions after robust
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smoothing has been applied. Each cluster is taken to represent a distinct
plane. The mean surface normal direction for the cluster represents the ori-
entation of a distinct plane. Figure 3 show results obtained for real world
images containing multiple texture-planes. In each �gure panel a) is the orig-
inal image, panel b) shows the initial distribution of needle-map directions,
panel c) is the �nal needle-map distribution after robust smoothing and panel
d) is the segmentation obtained by clustering the needle-map directions. The
surface normal data is visualised on a unit sphere. The points indicate the
positions where the surface normals intercept the sphere. In each case the ini-
tial distribution of needle-map direction is dispersed. After robust smoothing
clear clusters develop corresponding to distinct planes. The cluster centres
detected by Gustavson-Kessel method are indicated by circles, whose radius
indicates the cluster-variance. The segmentations shown are obtained by la-
belling the smoothed surface normals according to the nearest cluster. In
both cases the planar segmentation is in good subjective agreement with the
image contents.

5 Conclusions

We have presented a new method for estimating the local orientation of tan-
gent planes to curved textured surfaces. The method commences by �nding
aÆne spectral distortions between neighbouring points on the image plane.
The directions of the eigenvalues of the local distortion matrices can be used
to make closed form estimates of the slant and tilt directions. The initial ori-
entation estimates returned by the new method are iteratively re�ned using a
robust smoothing technique to produce a needle map of improved consistency.

The method is demonstrated on real-world images of man-made textured
surfaces. The method proves useful in the analysis of both planar and curved
surfaces.

There are a number of ways in which the ideas presented in this paper
could be extended. Firstly, our texture measures are relatively crude and
could be re�ned to allow us to analyse textures that are regular but not
necessarily periodic. Secondly, there is scope for improving the quality of
the needle map through measuring the back-projection error associated with
the smoothed surface normal directions. Finally, we are investigating ways of
utilising the extracted needle maps for recognising curved textured objects.
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Fig. 2. Real curved surfaces. (a) original image; (b) recovered needle map; (c)
Smoothed needle map
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Fig. 3. 3D-plane segmentation. (a) original images; (b) estimated needle map; (c)
spherical clusters; (d) segmented planes
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Texture Analysis Experiments with Meastex and Vistex
Benchmarks

S. Singh and M. Sharma
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Abstract. The analysis of texture in images is an important area of study.
Image benchmarks such as Meastex and Vistex have been developed for
researchers to compare their experiments on these texture benchmarks. In this
paper we compare five different texture analysis methods on these
benchmarks in terms of their recognition ability. Since these benchmarks are
limited in terms of their content, we have divided each image into n images
and performed our analysis on a larger data set. In this paper we investigate
how well the following texture extraction methods perform: autocorrelation,
co-occurrence matrices, edge frequency, Law’s, and primitive length. We aim
to determine if some of these methods outperform others by a significant
margin and whether by combining them into a single feature set will have a
significant impact on the overall recognition performance. For our analysis
we have used the linear and nearest neighbour classifiers.

1. Texture Benchmarks

Performance evaluation of texture analysis algorithms is of fundamental importance
in image analysis. The ability to rank algorithms based on how well they perform on
recognising the surface properties of an image region is crucial to selecting optimal
feature extraction methods. However, one must concede that a given texture analysis
algorithm may have inherent strengths that are only evident when applied to a specific
data set, i.e. no single algorithm is the best for all applications. This does not imply
that benchmark evaluation studies are not useful. As synthetic benchmarks are
generated to reflect naturally found textures, algorithm performances on these can be
analysed to gain an understanding on where the algorithms are more likely to work
better. For our study the objective is to compare texture algorithms from feature
extraction perspective, and therefore the recognition rate of a classifier trained on
these features is an appropriate measure of how well the texture algorithms perform.

Texture benchmark evaluation is not a new area of work, however previous work has
either compared too few algorithms or used very small number of benchmark images
that makes it difficult to generalise results (see [15] for a criticism of various studies
on performance evaluation). Texture methods used can be categorised as: statistical,
geometrical, structural, model-based and signal processing features [17]. Van Gool et
al. [18] and Reed and Buf [13] present a detailed survey of the various texture
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methods used in image analysis studies. Randen and HusØy [12] conclude that most
studies deal with statistical, model-based and signal processing techniques. Weszka et
al. [20] compared the Fourier spectrum, second order gray level statistics, co-
occurrence statistics and gray level run length statistics and found the co-occurrence
were the best. Similarly, Ohanian and Dubes [8] compare Markov Random Field
parameters, multi-channel filtering features, fractal based features and co-occurrence
matrices features, and the co-occurrence method performed the best. The same
conclusion was also drawn by Conners and Harlow [2] when comparing run-length
difference, gray level difference density and power spectrum. Buf et al. [1] however
report that several texture features have roughly the same performance when
evaluating co-occurrence features, fractal dimension, transform and filter bank
features, number of gray level extrema per unit area and curvilinear integration
features.  Compared to filtering features [12], co-occurrence based features were
found better as reported by Strand and Taxt [14], however, some other studies have
supported exactly the reverse. Pichler et al. [10] compare wavelet transforms with
adaptive Gabor filtering feature extraction and report superior results using Gabor
technique. However, the computational requirements are much larger than needed for
wavelet transform, and in certain applications accuracy may be compromised for a
faster algorithm. Ojala et al. [9] compared a range of texture methods using nearest
neighbour classifiers including gray level difference method, Law’s measures, center-
symmetric covariance measures and local binary patterns applying them to Brodatz
images. The best performance was achieved for the gray level difference method.
Law’s measures are criticised for not being rotationally invariant, for which reason
other methods performed better.

In this paper we analyse the performance of five popular texture methods on the
publicly available Meastex database [7,15] and Vistex database [19]. For each
database we extract five feature sets and train a classifier. The performance of the
classifier is evaluated using leave-one-out cross-validated method. The paper is
organised as follows. We first present details of the Meastex and Vistex databases.
Next, we describe our texture measures for data analysis and then present the
experimental details. The results are discussed for the linear and nearest neighboour
classifiers. Some conclusions are derived in the final section.

1.1 Meastex Benchmark

Meastex is a publicly available texture benchmark. Each image has a size of 512x512
pixels and is distributed in raw PGM format. We split each image into 16 sub-images
to increase the number of samples available for each class. The textures are available
for classes asphalt, concrete, grass and rock. Finally we get a total of 944 images from
which texture features are extracted. Table 1 shows the number of features extracted
for each texture method. Table 2 shows the composition of the Meastex database.
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Table 1. The number of features for each texture algorithm

Feature extraction
method

No. of
features

Autocorrelation 99
Co-occurrence 14
Edge frequency 70

Law’s 125
Primitive length 5

Table 2.  Details of Meastex data

Label Class Samples
1 Asphalt 64
2 Concrete 192
3 Grass 288
4 Rock 400

We find that the data for these classes is overlapping no matter what feature
extraction method is employed. Therefore, their classification is not a trivial task.

1.2 Vistex Benchmark

All images in the Vision Texure database are stored as raw ppm (P6) files with a
resolution of 512x512 pixels. The analysis of Vistex data is more complicated than
Meastex. There are several reasons for this. First, there is a larger number of classes
involved. The increase in the number of classes does not always increase the
complexity of the classification problem provided that the class data distributions are
non-overlapping. However, in our case we find that Vistex class distributions are
overlapping and the classification problem is by no means solvable using linear
techniques alone. Second, Vistex data has much less number of samples for each class
and it is expected that the imbalance between samples across different classes will
make the classification more difficult. Third, and of most concern is the significant
variability across samples of the same class in Vistex benchmark. The original Vistex
database consists of 19 classes. Some of these classes have less than 5 sample images
that have been removed from our analysis. We are finally left with 7classes that are:
bark, fabric, food, metal, sand, tile, and water. Each image is divided into 4 images to
increase the number of available samples.

Table 3. Details of Vistex data

Label Class Samples
1 Bark 36
2 Fabric 80
3 Food 48
4 Metal 24
5 Sand 28
6 Tile 32
7 Water 32
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In Table 3 we summarise data details for Vistex analysis. Fig. 1 shows some of the
samples of Meastex and Vistex benchmark data.

    (a)

      (b)
Fig. 1 (a) Samples of Meastex data including asphalt, concrete, grass and rock; (b) Samples of
Vistex data inluding bark, fabric, food, metal, sand, tile and water

We next present the details of how our texture features are computed.

2. Texture Features

Each texture extraction algorithm is based on capturing the variability in gray scale
images. The different methods capture how coarse or fine a texture is in their own
ways. The textural character of an image depends on the spatial size of texture
primitives [5]. Large primitives give rise to coarse texture (e.g. rock surface) and
small primitives give fine texture (e.g. silk surface). To capture these characteristics,
it has been suggested that spatial methods are superior than spectral approaches. The
five feature extraction methods used as a part of this study are based on this spatial
element rather than analysing the frequency domain information of the given images.
The autocorrelation method is based on finding the linear spatial relationships
between primitives. If the primitives are large, the function decreases slowly with
increasing distance whereas it decreases rapidly if texture consists of small primitives.
However, if the primitives are periodic, then the autocorrelation increases and
decreases periodically with distance. The set of autocorrelation coefficients are
computed by estimating the relationship between all pixel pairs f(x,y) and f(x+p,
y+q), where the upper limit to the values of p and q is set by the user. The co-
occurrence approach is based on the joint probability distribution of pixels in an
image [3]. A co-occurrence matrix is the joint probability occurrence of gray levels i
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and j for two pixels with a defined spatial relationship in an image. The spatial
relationship is defined in terms of distance d and angle q. If the texture is coarse and
distance d is small compared to the size of the texture elements, the pairs of points at
distance d should have similar gray levels. Conversely, for a fine texture, if distance d
is comparable to the texture size, then the gray levels of points separated by distance d
should often be quite different, so that the values in the co-occurrence matrix should
be spread out relatively uniformly. Hence, a good way to analyse texture coarseness
would be, for various values of distance d, some measure of scatter of the co-
occurrence matrix around the main diagonal. Similarly, if the texture has some
direction, i.e. is coarser in one direction than another, then the degree of spread of the
values about the main diagonal in the co-occurrence matrix should vary with the
direction q.  Thus texture directionality can be analysed by comparing spread
measures of co-occurrence matrices constructed at various distances d. From co-
occurrence matrices, a variety of features may be extracted. The original investigation
into co-occurrence features was pioneered by Haralick et al. [4]. From each matrix, 14
statistical measures are extracted. For edge frequency method, we can compute the
gradient difference between a pixel f(x,y) and its neighbours at a distance d. For a
given value of distance, the gradient differences can be summed up over the whole
image. For different values of d (in our case 1�d �70), we obtain different feature
measurements for the same image. For Law’s method, a total of 25 masks are
convolved with the image to detect different features such as linear elements, ripples,
etc. These masks have been proposed by Law’s [6]. . We compute five amplitude
features for each convolution, namely mean, standard deviation, skewness, kurtosis,
and energy measurement. Finally, for primitive length features, we evaluate the
number of strings of pixels that have the same gray level. Coarse textures are
represented by a large number of neighbouring pixels with the same gray level,
whereas a small number represents fine texture. A primitive is a continuous set of
maximum number  of pixels in the same direction that have the same gray level. Each
primitive is defined by its gray level, length and direction. Five statistical features
defining the characteristics of these primitives are used as our features. The detailed
algorithms for these methods are presented by Sonka et al. [16].

3. Experimental Details and Results

In this paper we present the experimental details of Meatex and Vistex separately.
The texture feature sets have been derived from the above discussed methods. In
addition, we also generate a combined feature set that contains all features from the
five methods. There are total of 944 samples for Meastex data and 280 samples for
Vistex data. We use leave-one-out method of cross-validation for exhaustively testing
the data. In this method, for N samples, a total of N trials are conducted. In each trial
a sample is taken out from the data set and kept for testing and the others are used for
training. In each trial, therefore, we have a different set of training data and a different
test data. The recognition performance is averaged across all trials. This methodology
is superior to random partitioning of data to generate training and test sets as the
resultant performance of the system may not reflect its true ability for texture
recognition.
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3.1 Meastex Results

The results for Meastex data are shown in Table 4.

Table 4. The performance of the linear and nearest neighbour classifier on Meastex

Texture Method Linear
Classifier

Best
k

kNN Classifier
on original data

Best
k

kNN Classifier on
PCA data

Autocorrelation 76.1% 5 79.4% 7 86.1%
Co-occurrence 79.2% 5 86.8% 5 93.5%

Edge Frequency 63.4% 3 70.7% 5 74.9%
Law’s 82.8% 7 75.1% 7 69.3%

Primitive Length 43.1% 7 54.1% 7 55.9%
Combined 87.5% 5 83.3% 5 83.6%

We have used the classical linear discriminant analysis and the k nearest neighour
method. For the nearest neighbour method, the best performance has been selected for
k=1, 3, 5 and 7 neighbours. We find that the best results have been produced by the
linear classifier on the combined feature set. For individual feature sets, their
performance with the linear classifier can be ranked as: Law’s, co-occurrence,
autocorrelation, edge frequency and primitive length. Similarly the performance with
the linear classifier can be ranked as: co-occurrence, autocorrelation, Law’s, edge
frequency and primitive length. For the nearest neighbour method, the combined
feature set does not produce better results compared to the individual best
performance of the co-occurrence method. We find that except for Law’s and
combined feature sets, the nearest neighbour classifier is a better classifier with an
improvement of between nearly 3 to 10% better recognition. On the whole, most
methods perform reasonably well on recognising this benchmark. A close evaluation
of the confusion matrices shows that rock samples are by far the most difficult to
classify. There is a considerable improvement in performance once PCA data is used.
One of the reasons for this is that the PCA scores give low weight to features that are
not too variable, thereby reducing their effect. As a result, nearest neighbour distance
computations on the PCA data are more discriminatory across different class
distributions than on original data. The improvements are for autocorrelation nearly
7% better, co-occurrence nearly 7% better, edge frequency nearly 4% better, primitive
length 1% better and on combined features less than 1% better. The only inferior
performance is that of Law's feature set where the recognition rate falls by nearly 6%.

3.2 Vistex Results

The results for Vistex data are shown in Table 5. On Vistex data, the nearest
neighbour classifier is once again superior on all data sets except Law’s and combined
feature set with an improvement of up to 13% better performance. The most
noticeable result using the linear classifier is with the combined feature set that gives
a recognition performance of 94.6%. This is a considerable improvement on any
single feature set performance. The same performance improvement is however not
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noticeable for nearest neighbour classifier. In ranked order of how well the feature
sets perform with the linear classifier, we have: co-occurrence, Law’s,
autocorrelation, edge frequency and primitive length. For nearest neighbour, these
ranks in descending order are: co-occurrence, autocorrelation, edge frequency, Law’s
and primitive length method.

Table 5. The performance of the linear and nearest neighbour classifier on Vistex

Texture Method Linear
Classifier

k KNN Classifier Best
k

kNN Classifier on
PCA data

Autocorrelation 66.7% 1 75.3% 1 91.4%
Co-occurrence 73.9% 1 80.7% 1 93.6%

Edge Frequency 53.2% 3 66.8% 3 76.1%
Law’s 68.8% 7 56.1% 5 53.2%

Primitive Length 34.8% 7 42.4% 1 56.1%
Combined 94.6% 5 61.3% 3 85.0%

As before, PCA data gives a considerable amount of improvement on nearest
neighbour classifier results. The results improve by nearly 16% on autocorrelation
features, by nearly 13% on co-occurrence matrices, by nearly 10% on edge frequency
features, by nearly 12% on Law’s feature set and by nearly 24% on combined feature
set. Once more, the results on law’s feature set are slightly inferior by nearly 3%. On
the whole, all methods demonstrate good performance on this database.

4. Conclusion

We find that for both Meastex and Vistex data excellent results are obtained with
most of the texture analysis methods. The performance of the linear classifier is very
good especially when we use a combined feature set for both benchmarks. For most
feature sets, the performance can be further improved if we use a nearest neighbour
classifier. Also, we find that for both Meastex and Vistex benchmarks, the ranked
order of texture methods is similar. For example, co-occurrence matrix features are
the best and primitive length features the worst for recognition. This ranked order is
classifier dependent as we find that the order changes when we switch from a linear
classifier to nearest neighbour method.
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1 Introduction

Object learning is an important problem in machine vision with direct implica-
tions on the ability of a computer to understand an image. The goal of this paper
is to demonstrate an object learning-detection-segmentation-matching paradig-
m (Fig. 1) meant to facilitate image understanding by computers. We will show
how various types of objects can be learned and subsequently retrieved from gray
level images without attempting to completely partition and label the image.

examples
Object

Test Image

Bounding box
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Shape Appearance

learning

Appearance
model
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 Non object
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O
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Fig. 1. Schematic diagram of the learning-detection-segmentation-matching paradigm

for an object learning and retrieval system. The actions performed by the system are

shown inside ellipsoidal boxes while the data involved in the process are shown inside

rectangular boxes.

1. De�ning and training an object model. A shape and/or appearance model
is trained from several examples of the object of interest, and possibly, of the
remaining pictorial universe (negative examples).
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2. Object detection. We believe that in order to segment and recognize an object,
we must �rst detect it [15]. In other words, we need to determine if the object
we are looking for (or at least a part of it) is present in the image and if yes,
then we determine a region of interest (or a bounding polygon) that contains it.
3. Object segmentation. After detection, an object may need to be segmented
from the nearby background, either for computing some instance-speci�c prop-
erties (area, shape, etc.) or for verifying its identity.
4. Object matching. In some applications, after an object belonging to a general
object class (e.g., human faces, hands, etc.) has been detected and segmented, the
�nal goal is to assign/verify a precise identity (out of a set of possible identities).

(d)                                     (e)                                     (f)

(a)                                     (b)                                    (c)

Fig. 2. Practical applications considered in this paper.

Our work addresses the following types of applications (Fig. 2):
1.Medical (i) Detection and segmentation of the left ventricle walls in MR cardiac
images (Fig. 2a). The automatic segmentation is helping physicians diagnose
heart diseases, but automatic diagnosis can be envisioned as a long term goal. (ii)
Segmentation and shape analysis of Corpus Callosum in midsagittal MR brain
images (Fig. 2b) of normal and dyslexic subjects for assessing if the disorder can
be predicted by the Corpus Callosum shape. (iii) Segmentation and model design
of neuroanatomic structures in coronal-viewed MR brain images (Fig. 2c).
2. Human-computer interaction Detection of human faces (Fig. 2d) is the �rst
step towards a vision-based human-computer interaction system [14, 15].
3. Biometric systems Hand shapes [4] (Fig. 2e) and palmprints [7] (Fig. 2f) are
some of the biometrics that can be used in applications that require some sort
of user identity veri�cation [10].
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2 Object detection

Object detection can be de�ned as follows: given an object O and an arbitrary
black and white, still image, �nd the pose (location and scale) of every instance of
O contained in the image. Appearance-based object detectors have the advantage
that their representation is less ambiguous than the representation which uses
pure shape features or high level object speci�c features [1, 4].

Most appearance-based detection systems are inherently slow since for each
window centered at a pixel in the test image, a feature vector with large di-
mensionality is extracted and classi�ed. Two approaches have been proposed
to speed up the detection process: (i) Amit et al. [1] employed an eÆcient fo-
cusing method during which a relatively small number of regions of interest is
identi�ed based on spatial arrangements of edge fragments. Only image patches
centered at pixels that belong to the identi�ed regions of interest are further
classi�ed into object or non-object. (ii) A fast way to perform the classi�cation
(Information-based Maximum Discrimination) was adapted by Colmenarez and
Huang [3] for object detection. The object appearance is modeled as a Markov
chain that maximizes the discrimination (Kullback distance) between positive
and negative examples in a training set. The main advantage of the method is
that the log-likelihood ratio of a test pattern can be computed extremely fast,
only one addition operation per feature is needed.

Fig. 3. Face detection results produced by the maximum discrimination classi�er on
a group image. No arbitration has been performed; all patterns classi�ed as faces are
shown. 57 out of the 89 faces (64%) were successfully detected. About 35 background
windows were misclassi�ed as faces inducing a false accept rate of 1/49,000. The de-
tection time was 362 secs.

A typical detection result produced by the MD classi�er on a 620 � 1152
group image containing 89 faces from the CMU demo page is shown in Fig.
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3. For complete details about training, testing, as well as a comparison of the
results produced by 6 di�erent classi�ers on this problem see [4].

Fig. 4. Left ventricle detection results produced by the maximum discrimination clas-

si�er on a spatio-temporal study.

The cardiac ventricle detection system was tested on 1,350 MR cardiac im-
ages from 14 patients in a 2-way cross validation using the MD classi�er and a
signal warping-based arbitration (for details, including the ventricle walls seg-
mentation procedure see the description of the commercial package Argus avail-
able on the Siemens MRI scanners [11]). For each patient, a number of slices
(4 to 10) were acquired at di�erent time instances (5 to 15) of the heart beat,
thus producing a matrix of 2D images (in Fig. 4, slices are shown vertically and
time instances are shown horizontally). For complete details about training and
testing procedures see [6, 4, 11]. A typical detection result on a spatio-temporal
(2 slice positions, 6 sampling times) sequence of one patient is shown in Fig. 4.

3 Automatic 2D shape model design

A current trend in automatic image interpretation is to use model-based meth-
ods. Shape models are especially useful when the object of interest has a homo-
geneous appearance and can be distinguished from other objects mostly by its
shape (e.g. medical structures). Regardless of the shape representation used, the
training data consists of a set of coordinates of some points along the contour
of the object of interest from several images. It is usually desirable for a model
to describe an average object (prototype), to contain information about shape
variation within the training set and to be independent of the object pose. There
have been few attempts to automate the shape alignment/averaging process in
the least-squares framework: Bookstein [2] used thin-plate splines and Hill [9]
used polygonal matching. However, none of these methods consider rejecting a
training shape if it is signi�cantly di�erent from the majority in the training set.

We have developed a fully automated shape learning method (Fig. 5) which
is based on a Procrustes analysis to obtain prototypes for sets of shapes. The
main di�erence from previously reported methods is that the training set is �rst
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Fig. 5. The shape learning method.
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Fig. 6. Procrustes averages (prototypes) of the shapes in the main clusters for 11 brain
structures with the aligned shape examples overlaid.

automatically clustered and those shapes considered to be outliers are discard-
ed. The second di�erence is in the manner in which registered sets of points are
extracted from each shape contour. We have proposed a exible point match-
ing technique that takes into account both pose/scale di�erences as well as
non-linear shape di�erences between a pair of objects [5]. Our shape learning
method was employed to design a shape model for 11 brain structures (re-
sults from several other applications are presented in Sections 4,5, [8] and at
http://web.cse.msu.edu/�dutanico). The data set consisted of observer-de�ned
contours identi�ed by a neuroanatomist in 28 individual MR images of the hu-
man brain, imaged in the coronal plane with in-slice resolution of 256�256 pixels.
Figure 6 shows the main cluster prototypes for 11 structures with the aligned
shape examples overlaid.

440 N. Duta and A.K. Jain



(a) (b)

Fig. 7. a) Registration of an average CC to the edge map produced by a pixel clustering
gray matter segmentation. b) Warping the average CC onto the edge image in (a).

Fig. 8. Automatic segmentation of the Corpus Callosum in eight MR images using the
warping-based paradigm.

4 Warping-based segmentation

When the object of interest is homogeneous and has a good contrast with re-
spect to the immediate background, one can combine low-level with high-level
segmentation methods. Low-level methods include edge detection and unsuper-
vised segmentation followed by edge detection. High-level methods learn the
shape and/or appearance of the object of interest and re�ne the low-level result-
s using this additional information. For example, the main characteristic that
makes the CC distinguishable from other structures in the brain is its shape.
The CC shape can be learned from manual tracings (as shown in Section 3) and
can be used in a model-based segmentation guided by a low-level edge map. The
�rst stage of the warping-based segmentation is the alignment of a learned CC
prototype to the edge image. Figure 7(a) shows the alignment of a CC prototype
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to an edge map obtained following a low-level pixel classi�cation (for details on
the CC detection and low-level gray matter segmentation see [12]). The sec-
ond stage of the segmentation warps the CC prototype to the edge image: each
vertex of the prototype moves towards its corresponding edge (Fig. 7(b)). If a
vertex has no corresponding image edge, one can either keep the position of the
model vertices with no corresponding image evidence after the alignment (if we
are con�dent that the object of interest does not deviate signi�cantly from the
shape template) or one can simply exclude them from the template. Results of
the automatic segmentation of the Corpus Callosum in eight MR images using
the warping-based paradigm are shown in Fig. 8.
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Fig. 9. Alignment-based hand veri�cation system (left) and its performance. (a) Mean
alignment error distributions for the genuine class (left) and imposter class (right).
The distributions are derived based on a total of 353 hand images of 53 persons.
(b) ROC curve for the hand shape-based veri�cation system. The annotations on the
curve represent di�erent thresholds on the MAE distance. (c) ROC curves generated
by taking into account three, four and �ve �ngers in the alignment error computation.

5 Object matching

In many cases, after an object has been detected and segmented, one needs to
classify it into one of several classes (assign it an \identity"). There are broad-
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ly two domains where visual object matching systems obeying the veri�cation

paradigm are currently employed: biometric-based personal identi�cation [10]
and medical image-based di�erentiation between healthy and sick patients [2].
We will now present an application from each of these domains.

Deformable matching of hand shapes for user veri�cation Given a pair
of top views of hand images acquired by a hand scanner, we propose the following
hand shape matching paradigm (Fig. 9):

1. Finger extraction and alignment. The �ve pairs of corresponding �ngers are
extracted from each contour and aligned separately with respect to the rigid
transformations group as described in [5].

2. Pairwise distance computation. Each alignment in Step 1 produces a set of
point correspondences. TheMean Alignment Error (MAE) between the two hand
shapes is de�ned as the average distance between the corresponding points.

3. Veri�cation. A pair of hand shapes is said to belong to the same hand if their
MAE is smaller than a threshold T . Usually, the Neymann-Pearson rule that
minimizes the False Reject Rate (FRR) for a �xed False Accept Rate (FAR) is
employed to compute T .

A data set of 353 hand images belonging to 53 persons was collected (the
number of images per person varied between 2 and 15). To each pair of images
of the same hand, we applied the algorithm presented above and obtained a
complete set of 3,002 intra-class pairwise distances. We also randomly chose a
set of 3,992 pairs of images of di�erent hands and obtained a set of inter-class
distances. Based on these distance sets, we computed genuine and imposter
distributions (Fig. 9(a)). The ROC curve associated with the two distributions
is shown in Fig. 9(b). One can see that the classi�cation system is very accurate:
e.g, for a threshold of T = 1:80, the genuine accept rate is 96:5% for a 2% false
accept rate.

(a) (b)

Fig. 10. Comparing the normal (light gray) and dyslexic (dark gray) group means
of Corpus Callosum shapes. (a) Rostrum alignment. (b) Both rostrum and splenium

alignment. The dyslexic prototype is actually cut into two parts which are aligned
separately.

Corpus Callosum shape analysis We have investigated the possible di�er-
ences in the Corpus Callosum shape associated with dyslexia by comparing the
group means (prototypes) of CC shapes (for a description of the data set see
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[13]). The choice of the group mean shapes was motivated by the fact that a
simple visual inspection or set of features (e.g., perimeter, area, bounding box,
etc.) did reveal any signi�cant di�erence between the CC shapes belonging to
di�erent classes (e.g., dyslexic vs. normal). After aligning the rostrum of the two
prototype shapes, one can notice a four-pixel length di�erence between them
(Fig. 10(a)). Based on that fact, we have built a classi�cation system which can
distinguish a normal CC shape from dyslexic one about 80% of the time [4].
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Abstract 

Identity verification becomes a challenging task wizen it has to be automated with high accuracy and non- 
repudiabili~. Existing automatic verification methods such as passwords and credit cards are vulnerable to 
misuse and fraud. Automated biometrics-based attthentication methods soh, e these problems by providing a 
strong guarantee of  the user's identity: In this tutorial, we present an overview of  the fast-developing and 
excithzg area of  automated biometrics. Several popular biometrics including fingerprint, face and iris are 
reviewed, and an introduction to accuracy evaluation methods is presented. 

1 Introduction 

In the modem networked society, there is an ever-growing need to determine or verify the identity of a per- 
son. Where authorization is necessary for any action, be it picking up a child from daycare or boarding an 
aircraft, authorization is almost always vested in a single individual or a class of individuals. There are a num- 
ber of methods to verify identity adopted by society or automated systems. These are summarized in Table I. 
Traditional existing methods can be grouped into three classes [25]: (i) possessions; (ii) knowledge and (iii) 
biometrics. Biometrics is the science of identifying or verifying the identity of a person based on physiological 
or behavioral characteristics. Physiological characteristics include fingerprints and facial image. The behav- 
ioral characteristics are actions carried out by a person in a characteristic way and include signature and voice, 
though these are naturally dependent on physical characteristics. Often, the three identification methods are used 

in combination. The possession of a key is a physical conveyor of authorization; a password plus a user ID is a 
purely knowledge-based method of identification; an ATM card is a possession that requires knowledge to carry 

out a transaction; a passport is a possession that requires biometric verification. 
Early automated authorization and authentication methods relied on possessions and knowledge, however, 

there are several well-known problems associated with these methods that restrict their use and the extent to 
which they can be trusted. These methods verify attributes which are usually assumed to imply the presence of 
a given person. The most important drawbacks of these methods are (i) possessions can be lost, forged or easily 
duplicated; (ii) knowledge can be forgotten; (iii) both knowledge and possessions can be shared or stolen. Con- 
sequently, repudiation is easy, that is, it is easy to deny that a given person carried out an action, because only the 
possessions or knowledge are checked, and these are only loosely coupled to the person's identity. Clearly, this 
cannot be tolerated in applications such as high security physical access control, bank account access and credit 
card authentication. The science of biometrics provides an elegant solution to these problems by truly verifying 
the identity of the individual. For contemporary applications, biometric authentication is automated to eliminate 
the need for human verification, and a number of new biometrics have been developed, taking advantage of im- 
proved understanding of the human body and advanced sensing techniques [17]. Newer physiological biometric 

Method 

What you know 

What you have 

What you are 

Examples 

userid, password. PIN 

Cards, badges, keys 

Fingerprint, face ..... 

Comments 

Forgotten 
Shared 
Many passwords are easy to guess 

Lost or stolen 

Shared 
Can be duplicated 
Non-repudiable authentication 

Table I" Identification technologies. 
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authentication technologies that have been developed include iris patterns, retinal images and hand geometry; 
newer behavioral biometrics technologies, still very much in the research stage, are gait and key stroke patterns. 

The behavioral characteristics must ~3e insensitive to variations due to the state of health, mood of the user or 

passage of time. The physiological characteristics remain fairly constant over time. A biometrics system works 
with an enrolled biometric (identity) which is the first step. After enrolling, the user can be a verified many 
times. 

1.1 Ident i f ica t ion  vs. a u t h e n t i c a t i o n  

Basically, there are two types of application scenarios: (i) identification and (ii) authentication. For identifica- 
tion, also known as 1 : N matching, the system uses the biometric to determine the corresponding person from 
a database containing many identities, or decides that a particular subject is not enrolled in the database. For 
authentication, also known as 1 : 1 matching or identity verification, the system matches the input biometric 

against a single biometric record. The latter could be stored on a card presented at the transaction time, or 
retrieved from a database with the help of a key such as an account number or employee ID. The output of the 

match is either "Yes" if the two biometrics match or "No" otherwise. Often during the enrollment process, an 
identification system is employed to ensure that the subject is not already enrolled and that subsequent uses are 

authentication instances associated with the unique identifier assigned to the user during the enrollment. 

1.2 Application characteristics 

Several applications require biometrics. In general, wherever there is a password or PIN, one can replace these 
with biometrics. However, each application has a different set of requirements. For example, an ATM requires an 

unattended type of biometric authentication whereas a welfare disbursement center has a supervisor available. 
An application can be characterized by the following characteristics: (i) attended vs. unattended; (ii) overt 
vs. covert; (iii) cooperative vs. non-cooperative; (iv) scalable vs. non-scalable and (v) acceptable vs. non- 

acceptable. By scalable, we mean that the performance degrades slowly as the database size increases. 

2 Pattern recognition-based biometrics systems 

Biometric systems can be cast as a generic pattern recognition system as shown in Figure 1. The input subsystem 

consists of a special sensor needed to acquire the biometric signal. Reliable acquisition of the input signal is 
a challenge for sensor designers, especially in light of interpersonal and intrapersonal variations and varying 
environmental situations. The signal in its raw form contains the required identifying information hidden among 
much irrelevant information. Invariant features are extracted from the signal for representation purposes in the 

--I 
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Figure l" A generic biometrics system. 

Figure 2: Impostor and genuine distributions with classification error definitions. 

feature extraction subsystem. During the enrollment process, a representation (called template) of the biometaSes 
in terms of these features is stored ia the sys~m. The matcb.ing subsystem accepts query and reference templates 

and returns the degree of match or m i:;m~_tcb ~_s ~ score .~ i~ .... a similarity measure. A final decision step compares 
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the score to a decision threshold to deem the comparison a match or non-match. The overall performance of 
the system depends on the performance of all the subsystems. In addition, the system designer has to focus on 

efficient storage and retrieval, error free transmission and possible encryption and decryption of the result as 

well as intermediate signals. 

2.1 Class i f icat ion e r r o r s  a n d  p e r f o r m a n c e  e v a l u a t i o n  

To assess the performance of a biometric system, we analyze it in a hypothesis testing framework. Let B ~ and B 

denote biometrics, e.g., two fingers. Further, let the stored biometric sample or template be pattern P~ = S ( B  ~) 
and the acquired one be pattern P = S ( B ) .  Then. in terms of hypothesis testing, we have the null and alternative 

hypotheses: 

Ho " B = B' ,  the claimed identity is correct (1) 

Ht " B # B ' ,  the claimed identity is not correct. 

Often some similarity measure s = Sire  (P, P ' )  is defined and H0 is decided if s > Ta and Ht  is decided if 
s < Ta, with Ta a decision threshold. (Some systems use a distance or dissimilarity measure. Without loss of 

generality we assume a similarity measure throughout.) 

2.2 M e a s u r e s  of  p e r f o r m a n c e  

The measure s is also referred to as a score. When /3  =/3~,  s is referred to as a match score and t3 and/3~ are 
called a mated pair or matched pair. W h e n / 9  # /9i, s is referred to as a non match score and/3  and/31 are 

called a non-mated pair. 
For expression 1, deciding H0 when Ht  is true gives a false acceptance; deciding Hz when H0 is true results 

in a false rejection. The False Accept Rate (FAR) (proportion of non-mated pairs resulting in false acceptance) 
and False Reject Rate (FRR) (proportion of mated pairs resulting in false rejection) together characterize the 
accuracy of a recognition system for a given decision threshold. Varying the threshold Td trades FAR off against 

r . r _  

\ 

r . ~  r.o 

Figure 3: Receiver Operating Curve (ROC). 

FRR. In Figure 2, the FAR is the area under the H1 density function to the right of the threshold and the FRR is 
the area under the H0 density function to the left of the threshold. More specifically for biometric systems, we 

can express the two errors as False Match Rate (FMR) and False Non-Match Rate-(FNMR) [40]. 
The Equal Error Rate (EER) is the point at some threshold (TEER) where FRR = FAR, i.e., where the areas 

marked under the two curves in Fig. 2 are equal. 
Rather than showing the error rates in terms of probability densities as in Figure 2, it is desirable to report 

system accuracy using a Receiver Operating Curve (ROC) [ 13, 27]. An ROC is a mapping Ta -e (FAR,, FP~R.), 

ROC(Td) = (FAR(T~), FRR(Td)), 

as shown in Fig. 3. 
Note that in a typical recognition system, all the information contained in the PDFs is also contained in the 

ROC. The ROC can be directly constructed from the probability density functions as 

FAR(Ta) = Prob(s  > TalHI = true)  = [1 - f Y a  p(sIH1 = true) ds] 

FRR(T~) = Prob(s  < Td Ho = true)  = p(slHo = true) ds. 
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If we let Ta go to zero, the FAR goes to one and the FRR goes to zero; if we let T go to Tmaz, the FAR goes to 
zero and the FRR goes to one. 

A measure of "goodness" d' (d-prime) can be defined in terms of parameters of the PDFs as [9]: 

d' = ~1 - # 2  (2) 

This measure was originally developed to measure the separability of two normal (or at least symmetric) distri- 
butions. 

3 Six most commonly used biometrics 

We provide a brief description of the most widely used biometrics. 

3.1 Fingerprint 

Fingerprint is the mother biometric and the most widely used biometric. The advent of several inkless fingerprint 
scanning technologies coupled with the exponential increase in processor performance has taken fingerprint 
recognition beyond criminal identification applications to several civilian applications such as access control; 
time and attendance; and computer user login. Over the last decade, many novel techniques have been developed 

to acquire fingerprints without the use of ink. These scanners are known as "livescan" fingerprint scanners. The 
basic principle of these inkless methods is to sense the ridges on a finger, which are in contact with the surface 
of the scanner. The livescan image acquisition systems are based on four types of technology: 

�9 Frustrated total internal reflection (FTIR) and other optical methods [14]: This technology is by far the 
oldest livescan method. A camera looks at the reflected signal from the prism as the subject touches a side 
of the prism. The typical image size of 1" x 1" is converted to 500 dpi images using a CCD or CMOS 
camera. Many variations of this principle, such as use of tactile sensors in place of a prism and the use of a 
holographic element [24], are also available. The main issue with these scanners is that the reflected light 
is a function of skin characteristics. If the skin is wet or dry, the fingerprint impression can be "saturated" 
or weak, respectively, and hard to process. 

�9 CMOS capacitance [18]: The ridges and valleys of a finger create different charge accumulations when 
the finger touches a CMOS chip grid. With suitable electronics, the charge is convened to a pixel value. 

Normally at 500 dpi these scanners provide about 0.5" x 0.5" of scan area. This can be a problem as the 
two images acquired at two different times may have little overlap. They also tend to be affected by the 
skin dryness and wetness. In addition, these devices are sensitive to electrostatic discharge. 

�9 Thermal [22]: The pyro-electric material in the sensor measures temperature changes as the finger is 
swiped over the scanner and produces an image. This technology is claimed to overcome the dry and wet 
skin issues in the optical scanners and can sustain higher static discharge. However, the images are not 
rich in gray values, i.e., dynamic range. 

�9 Ultrasound [5]: An ultrasonic beam is scanned across the fingerprint surface to measure the ridge depth 
from the reflected signal. Skin conditions such as dry, wet and oil on the skin do not affect the imaging 
and the images better reflect the actual ridge topography. However, these units tend to very bulky and 
require larger scanning time than the optical scanners. 

Recently, non-contact [2] fingerprint scanners have been announced that avoid problems related to touch-based 
sensing methods, including elastic distortion of the skin pattern. 

The most commonly used fingerprint features are ridge bifurcations and ridge endings, collectively known 
as minutiae, which are extracted from the acquired image. The feature extraction process starts by examining the 
quality of the input gray-level image. Virtually every published method of feature extraction [23, 29] computes 
the orientation field of the fingerprint image which reflects the local ridge direction at every pixel. The local 
ridge orientation has been used to tune filter parameters for enhancement and ridge segmentation. From the 
segmented ridges, a thinned image is computed to locate the minutiae features. Usually, one has to go through 
a minutia post-processing stage to clean up several spurious minutiae resulting from either enhancement, ridge 
segmentation or thinning artifacts. The main goal of the fingerprint authentication module is to report some 
sort of distance between two fingerprint feature sets accurately and reliably. The authentication function has to 
compensate for (i) translation, (ii) rotation, (iii) missing features, (iv) additional features, (v) spurious features 
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and, more importantly, (vi) elastic distortion between a pair of feature sets. Often storage and transmission of 
fingerprint images involves compression and decompression of the image. Standard compression techniques 
often remove the high frequency areas around the minutia features. Therefore, a novel fingerprint compression 
scheme called as Wavelet Scalar Quantization (WSQ) is recommended by the FBI. The main advantages of 
fingerprint as a biometric is the high accuracy and low cost of the system. 

3.2 Iris  

Although iris [41] is a relatively new biometric, it has been shown to be very accurate and stable. The colored 
part of the eye bounded by the pupil and sclera is the iris and is extremely rich in texture. Like fingerprints, this 

biometric results from the developmental process and is not dictated by genetics. So far, in the literature, there 
has been only a couple of iris recognition systems described. The primary reason being the difficulties in de- 
signing a reliable image acquisition stage. Often iris recognition is confused with the retinal recognition system 
which has a much harder-to-use input acquisition subsystem. In the Daugman system [8] for iris recognition, 
the texture of the iris is represented using Gabor wavelet responses and the matcher is an extremely simple and 

fast Hamming distance measure. 

3.3 H a n d  geomet ry  

Hand geometry based authentication is a limited scalable but extremely user-friendly biometric. The lengths of 
the fingers and other hand shape attributes are extracted from images of a hand and used in the representation. To 
derive such gross characteristics, a relatively inexpensive camera can be employed resulting in a overall low cost 
system. As the computation is also fairly light weight, a standalone system is easy to build. As this biometrics is 
not seen to compromise user privacy, it is quite widely accepted. However, hand geometry based authentication 

systems have relatively high FAR and FRR. 

3.4 Face  recogni t ion 

Face recognition [7, 31 ] is a particularly compelling biometric because it is one used every day by nearly every- 
one on earth. Since the advent of photography it has been institutionalized as a guarantor of identity in passports 
and identity cards. Because faces are easily captured by conventional optical imaging devices, there are large 
legacy databases (police mug-shots and television footage, for instance) that can be automatically searched. 
Because of its naturalness, face recognition is more acceptable than most biometrics, and the fact that cameras 
can acquire the biometric passively means that it can be very easy to use. Indeed, surveillance systems rely on 
capturing the face image without the cooperation of the person being imaged. 

Despite these attractions, face recognition is not sufficiently accurate to accomplish the large-population 
identification tasks tackled with fingerprint or iris. One clear limit is the similarity of appearance of identical 
twins, but determining the identity of two photographs of the same person is hindered by all of the following 

problems, which can be divided into three classes. 

�9 Physical changes: Expression change; aging; personal appearance (make-up, glasses, facial hair, hairstyle, 

disguise). 

�9 Acquisition geometry changes: Change in scale, location and in-plane rotation of the face (facing the 

camera) as well as rotation in depth (facing the camera obliquely). 

�9 Imaging changes: Lighting variation; camera variations; channel characteristics (especially in broadcast, 

or compressed images). 

No current system can claim to handle all of these problems well. Indeed there has been little research on 
making face recognition robust to aging. In general, constraints on the problem definition and capture situation 

are used to limit the amount of invariance that needs to be afforded algorithmically. 
The main challenges of face recognition today are handling rotation in depth and broad lighting changes, 

together with personal appearance changes. Even under good conditions, however, accuracy could be improved. 
There is interest in other acquisition modalities such as 3D shape through stereo or range-finders; near infrared 
or facial thermograms, all of which have attractions, but lack the compelling reasons for visible-light face recog- 

nition outlined above. 
In general, face recognition systems proceed by detecting the face in the scene, thus estimating and nor- 

malizing for translation, scale and in-plane rotation. Approaches then divide [6] into appearance-based and 
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geometric approaches, analyzing the appearance of the face and the distances between features respectively. In 
many systems these are-combined, and indeed to apply appearance-based methods in the presence of facial ex- 
pression changes requires generating an expressionless "shape-free' face by image warping. Appearance based 
methods can be global [4, 12. 19, 34] where the xvhole face is considered as a single entity, or local, where many 
representations of separate areas of the face are created. [32, 33, 42]. 

Considerable progress has been made in recent years, with much commercialization of face recognition, but 
a lot remains to be done towards the 'general" face recognition problem. 

3.5 S p e a k e r  ident i f ica t ion 

Like face, speaker identification [15] has attractions because of its prevalence in human communication. We 
expect to pick up the phone and be able to recognize someone by their voice after only a few words, although 
clearly the human brain is very good at exploiting context to narrow down the possibilities. Telephony is the 
main target of speaker identification, since it is a domain with ubiquitous existing hardware where no other 
biometric can be used. Increased security for applications such as telephone banking and 'm-commerce' means 
the potential for deployment is very large. Speaking solely in order to be identified can be somewhat unnatural, 
but in situations where the user is speaking anyway (e.g., a voice-controlled computer system, or when ordering 
something by phone) the biometric authentication becomes "passive'. Physical and computer security by speaker 
ID have received some attention, but here it is less natural and poorer performing than other biometrics. Speaker 
ID is necessary for audio and video- indexing. Where a video signal is available lip-motion identification has 
also been used [ 1 I, 20, 21 ]. 

Speaker identification suffers considerably from any variations in the microphone [16, 30] and transmis- 
sion channel, and performance deteriorates badly when enrollment and use conditions are mismatched This, of 
course, inevitably happens when a central server carries out speaker ID on telephone signals. Background noise 
can also be a considerable problem in some circumstances, and variations in voice due to illness, emotion or 
aging are further problems that have received little study. 

Speaker verification is particularly vulnerable to replay attacks because of the ubiquity of sound recording 
and play-back devices. Consequently more thought has been given in this domain to avoiding such attacks. 
We can categorize speaker ID systems depending on the freedom in what is spoken, this taxonomy based on 
increasingly complex tasks also corresponds to the sophistication of algorithms used and the progress in the art 
over time. 

| Fixed text: The speaker says a predetermined word or phrase, which was recorded at enrollment. The 
word may be secret, so acts as a password, but once recorded a replay attack is easy, and re-enrollment is 
necessary to change the password. 

,, Text dependent: The speaker is prompted by the system to say a specific thing. The machine aligns 
the utterance with the known text to determine the user. For this, enrollment is usually longer, but the 
prompted text can be changed at will. Limited systems (e.g., just using digit strings) are vulnerable to 
splicing-based replay attacks. 

�9 Text independent: The speaker ID system processes any utterance of the speaker. Here the speech can 
be task-oriented, so it is hard to acquire speech that also accomplishes the impostor's goal. Monitoring 
can be continuous - -  the more that is said the greater the system's confidence in the identity of the user. 
The advent of trainable speech synthesis might enable attacks on this approach. Such systems can even 
identify a person when they switch language. 

While traditionally used for verification, more recent technologies have started to address identification, one 
particular domain being in audio and video indexing [3]. 

3.6 S i g n a t u r e  ver i f ica t ion 

Signature verification [26] is another biometric that has a long pedigree before the advent of computers, with 
considerable legal recognition and wide current usage in document authentication and transaction authorization 
in the form of checks :rod credit card receipts. Here the natural division is on-line vs. off-line, depending on 
the sensing morality. Off-line or "static" signatures are scanned from paper documents where they were written 
in the conventional way [28]. On-line or "dynamic" signatures are written with an electronically instrumented 
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device and the dynamic information (pen tip location through time) is usually available at high resolution, even 
when the pen is not in contact with the paper. Some on-line signature capture systems can also measure pen 
angle and contact pressure [ 10]. These systems provide a much richer signal than is available in the on-line case, 
and making the identification problem correspondingly easier. These additional data make on-line signatures 
very robust to forgery. While forgery is a very. difficult subject to research thoroughly, it is widely believed that 
most forgery is very simple and can be prevented with even relatively simple algorithms. 

Because of the special hardware needed for the more robust on-line recognition, it seems unlikely that 
signature verification will spread beyond the domains where it is already used, but the volume of signature 
authorized transactions today is huge, making automation through signature verification very important. 

Naturally, signature verification can be generalized to writer identification with the same categories (text 
dependent/independent) as speaker verification, but as a working biometric technology, attention has focussed 

on signature. 

Maturity 
Best FAR 
Best FRR 
Scalability 
Sensor cost 
Sensor type 
Sensor size 

Template size 

Fingerprint 

very high 
10-8 
10-3 

high 
< $100 
contact 
small 

< 200 bytes 

Speech 

high 
10 -2 
10-3 

medium 
<$5 

unobtrusive 

very small 
< 2K bytes 

Face 

medium 
10-2 
10-2 

medium 
< $50 

unobtrusive 
small 

< 2k Bytes 

Iris 

high 
10-1o 
10-4 

very high 

< $3000 
unobtrusive 

medium 
256 bytes 

Hand 

medium 
10-4 
10-4 
low 

< $500 
contact 

large 
< 10 bytes 

Signature 
, 

medium 
10 -4 
10-4 

medium 
<$300 
contact 
medium 

< 200 bytes' 

Table 2: Comparison of six popular biometrics. 

4 Standards, standard databases and interoperability issues 

For wide acceptance of biometrics, standards for interfaces and performance evaluation are needed. Several 
standards are in the process of being developed and promoted. NIST is playing an important role in designing 
several fingerprint databases [35, 36, 37, 38, 39] and conducting speaker verification tests. The US Dept. of 
Defense runs the FERET face recognition test. The BioAPI [1] is a standard for the application programmer in- 
terface allowing the decoupling of biometrics-technologies from the applications that use them. At the hardware 
level, the devices for biometrics still remain non-interoperable except when sharing a common existing standard 

such as NTSC video. 

4.1 W h i c h  b iometr i c?  

Table 2 compares the six biometrics. The comparison is based on the following factors: (i) maturity; (ii) accu- 
racy; (iii) scalability; (iv) cost; (v) obtrusiveness; (vi) sensor size; and, (vii) representation (template) size. No 
single biometric really is appropriate for all the different applications. 

5 Conclusions 

The existing methods of automatic authentication involving knowledge or possessions have a number of limita- 
tions, particularly in that they can be transferred from one person to another. Automated biometrics can address 
that problem while overcoming other problems such as loss, sharing and forgery. Automated biometrics, by 
measuring hard-to-foge characteristics inherent in a person provide a non-repudiable guarantee of identity. Re- 
cent innovations in hardware and algorithms have meant that the field of biometrics has expanded tremendously, 
and many applications, not just in security, are being implemented with the use of biometric technology. 

We have presented six popular biometrics with a comparison of their main attributes. We have also discussed 
how automated biometric systems can be modeled as pattern recognition systems, particularly when evaluating 
performance. While technologies continue to advance, and new biometrics will be pioneered, it seems clear that 
the complementary features of different biometrics will continue to mean that each finds its own domains of 

applicability, with no single biometric dominating the field. 
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